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]. Singular Homology Theory

§1.1 Singular Homology Groups

Let R® denote the generalized Euclidean space E”, with .J being the set of positive integers. An
element of the vector space R* is an infinite sequence of real numbers (functions from N to R) with
finitely many nonzero entries. Let A, denote the p-simplex in R* having vertices

80:(1,0,0,...,0,...),
61:(0,1,0,...,0,...),

e =(0,0,0,..., 1 ..
(p + 1)-th entry

We call A, the standard p-simplex. In this notation, A,_; is a face of A,,.

Definition 1.1 (Singular p-simplex). Let X be a topological space. We define a singular p-
simplex of X to be a continuous map 7' : A, — X. The free abelian group generated by singular
p-simplices of X is denoted by S, (X), and is called the singular chain group of X in dimension
p. We shall denote an element of S, (X) by a Z-linear combination of singular p-simplices of X.

Singular means that T could be a “bad” map, i.e. it may not be an imbedding. All we want that T’
is just continuous. Now, recall that

P
A, = {(mo,xl,...,xp,o,...) € R*|0<x; <1and Zx, = 1} . (1.1)
i=0
Given ag, a1, ...,ap € R, there is a unique affine map l(4, . q,) : Ap — R that maps ¢; to a;. It is
defined by
P P
l(ao,...,ap) (CUOa T1,y...,Tp, 0, Z Lia; = Z Tia; + ap — Z Ziag
i=0 i=0
P
=ap+ Y _xi(a; — ao). (1.2)
1=0
We call this map the linear singular simplex determined by ag,a1,...,a, € R*. Now, what is
l(co,....ep)? Observe that
l(507~~~75p)€i = l(507~~-75p) (0, ceey 0, 1 ,0, .. ) =£&;. (1.3)
(¢ + 1)-th entry
Therefore, [, . .,) maps g to itself, for every i =0,1,...,p. Also,
leo,ep) (@0, @15+ oo, Tp, 0, ) = Z zig; = (To, 21,...,2p,0,...). (1.4)
Therefore, I(,, ... ,) is just the inclusion map of A, into R*°. Now, suppose (zo,21,...,7p-1,0,...) €

A,_1, so that Zf;(} z; = 1. Then

l(€07~~-,ﬁ',-~.7ap) (zo, 1, ... s Tp—1,0,.. J=zee0+ -+ xi16i~1+ 08 +x01841 + - + Tp—_1Ep

:(mo,...,xi_l,O,a:iH,...,mp_l,O,...), (15)
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which is a point on the face of A}, opposite to the vertex g;. In fact, [, . 5. ,) IS a linear homomor-
phism of A,_; into the face of A, that is opposite to the vertex ¢;. In other words,

l(so,...,a,...,sp) : Apfl — Ap

maps A,_1 to the face of A, opposite to the vertex ;. Therefore, given a singular p-simplex T": A, —

X, one can form the composite

T ole,.., PAp1 = X,

57,7 7 p)

which is a singular (p — 1)-simplex. We think of it as the i-th face of the singular p-simplex T'.

Definition 1.2 (Boundary homomorphism). We define 0 : S, (X) — Sp—1 (X) as follows. If T :
A, — X is a singular p-simplex, we define 97" to be

p

T =) (-1)'T ol &..cr): (1.6)

=0

In other words, 0T is a formal sum of singular simplices of dimension p — 1, which are the faces
of T.

Remark 1.1 (IMPORTANT!). Note that only the singular p-simplices are maps, not the singular
p-chains. The p-chains are just formal sum of continuous maps from A, to X. If 71 and T3 are
two singular p-simplices, i.e. continuous maps A, — X, then 77 + 75 is NOT a map. The sum
present here is nothing but a formal notation. So one cannot act 71 4+ 1> on a point of A,. For
the same reason, 97T} is not a map. It is merely a formal linear combination of the continuous

maps To l(Eo,-..,EAz',--.,Ep)'

\ J

If f: X =Y is a continuous map, we define a group homomorphism fx : S, (X) = S, (Y) by defining
it on singular p-simplices by the equation

f4(T)=foT (L.7)

for a singular p-simplex T
A, Lo x L5y

foT

Theorem 1.1

The homomorphism f4 commutes with 9. Furthermore, 8% = 0.

Proof. Given a singular p-simplex T,

p
Ofy (T) = => (=1 (foT)olicy,.c1,0): (1.8)
=0
p P ‘
fa ( (Z )'Tol 507...@,...,5,,)) =Y (=1)'foToliy a.cp) (1.9)
=0 1=0
Therefore, 0f4 (T') = fy (0T). Now, to prove 0% = 0, we first compute O for linear singular simplices
l(aoz"-vap)'
p .
Miagy.an) = 3 (1) Uag,.nap) © Ueorfiven)- (1.10)
i=0
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Observe that

Uagynap) © Ueosiyep) (T0s s Tp=1,0,...) = l(qaq....ap) (T0, - s Tio1, 0, 2i2p-1, 0, )
=xoag + -+ Ti—1ai—1 +0-a; + Tia;41 + - Tp_10p
= l(ag,...,d},.‘.ap) (.T(), ceey SCp_l, 0, .. ) . (1.11)
Hence,
ag,sap) © Ueosnfirey) = Uaos@isemap)- (1.12)
Therefore, from 1.10, it follows that
p .
Nag,.ap) = 2 (=)' Uag....51...ap)- (1.13)
i=0

Let’s now evaluate 004, ... q,)-

0l (=1)" (ag,....51....ap)

ag;..,ap)

I
-M“

I
o

(DD (1 lagrydiveay) T D (1D (=1 iagodi oy

|
.
1M

=0 j<i j>i
p p

_ E E Z+J E ZJFJ

= l(ao, @yl Op l(ao, @y @)y Gp) ® (114)
i=0 j<i 1=0 ]>z

Now fix 0 < jg < 79 < p. In the first summand of 1.14, the contribution of ¢ = ig, j = jg is

-
(—1)10 Jo l(aow.’({j\ow‘@)w.%). (1,15)
On the other hand, in the second summand of 1.14, the contribution of ¢ = jg, 7 = ¢ is also
-
D U ) (1.16)

These two contributions cancel each other. This way, one finds that the RHS of 1.14 vanishes. Hence,
86l(a0,m7%) =0. (1.17)

In particular,

00l

Now, lc.....c,) * Ap = Ap is continuous, so I . o) € Sp(Ap). Furthermore, it is the identity map as
we have seen in 1.4. Since T': A, — X is continuous, we can form T% : S, (A,) = S, (X).

= 0. (1.18)

€0,-sEp)

T (o) =T 0 Lo,y = Toida, =T (1.19)
Therefore, using the fact that 7 commutes with 0, we obtain
OOT = 00Ty (l(zy,....c)) = Tu (00l(y, ) = 0. (1.20)
Hence, 0°T = 0. |
Definition 1.3 (Singular homology groups). Th family of groups S, (X) and homomorphisms 0, :
Sp (X) = Sp—1 (X) is called singular chain complex of X, and is denoted by S (X).

Op+1 Ip

C = S (X) —= 5(X) —— Spa(X) —— -

The homology groups of this chain complex are called the singular homology groups of X,
and are denoted by H) (X).
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Definition 1.4 (Augmentation map). The chain complex S (X) is augmented by the homomor-
phism € : Sp (X) — Z defined by setting € (T) = 1 for each singular 0-simplex T : Ag — X. (A
generic singular 0-chain is a Z-linear combination of singular 0-simplices.)

It’s immediate that if T" is a singular 1-simplex, then € (0T) = 0. Indeed,

€ (8T) =€ (T e} l(éf)ﬁl)) — € (T e} l(507a)) =0. (121)

Definition 1.5 (Reduced homology groups). The homology groups of {S(X),e} are called the
reduced singular homology groups of X, and are denoted by H, (X).

Now, given continuous map f : X — Y and T': Ag — X a singular O-simplex on X, then fy (T) =
f oT :Ag—Y.

AOLXL>Y

foT

Now, consider the augmented singular chain complexes {S (X),eX } and {S (Y) ,ey}. Noting contin-
uous T : Ag — X and fy (T): Ag — Y, one obtains X (T) = 1 and €' (f4 (T)) = 1. In other words,
the following diagram commutes

Therefore, fz : S, (X) — S, (Y) is an augmentation preserving chain map between {S (X), e~}
and {S (Y),EY}. Thus, fx induces a homomorphism f, in both ordinary and reduced singular
homology.

In Theorem 1.1, we saw that the chain map fyx commutes with the boundary operator 0. In
other words, (f4), : Sp (X) = 5, (Y) takes cycles to cycles and boundaries to boundaries. Suppose

¢p € Zp (X) = Ker §;', so that 9,X¢, = 0. Now,

o (), e0) = (f), 1 (05 er) =0 (1.22)

Hence, (f#),cp € Zp (Y). On the other hand, let b, € B, (X) =Im 85(“. Then b, = Zﬁldpﬂ for
some dpy1 € Spt1 (X). Then

)y b = () (0adpin) = 0 ()1 o) (1.23)

In other words, (fx),bp € Bp(Y). This reflects the fact that (fx), : 5p(X) — Sp(Y) induces a
homomorphism between the singular homology groups (fs), : Hy (X) = Hp (Y). (fs), is given by

(f*)p (cp+ By (X)) = (f#)pcp+Bp (Y). (1.24)

If the reduced homology groups of X vanishes in all dimensions, we say that X is acyclic (in singular
homology).
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Theorem 1.2
If i : X — X is the identity, then so is (ix), : Hp (X) = Hp(X). If f: X =Y and g: Y — Z are
continnous, then (g £),), = (9., ° ().

Proof. 1t is sufficient to show that the equations hold at the chain level. We know from the definition
of (f#), : Sp (X) = Sp (V) that it maps T € Sp (X) to foT € S, (Y). Since i : X — X is the identity
map,

(ig),(T)=ioT =T. (1.25)
So (i4), : Sp (X) — Sp (X) is the identity homomorphism. As a result,
(i*)p (cp+ Bp (X)) = (i#)p ¢+ By (X) = ¢p + By (X). (1.26)
Therefore, (i*)p = idpy,(x)-

Given continuous f: X - Y andg:Y — Z, ((g o f)#> :Sp (X) = Sp(2) is defined by
P

(0oy) T=(aonoT=go(oT)=(94), (), 7). (1:27)

Therefore, ((g o f)#>p = (g9#), © (f#),- Now, at the homology level, for ¢, + B, (X) € H, (X) =
Zp (X) /By (X)

((901)), (ep+ By (X)) = (a0 Fly) e+ By(2) = (94), ((Fp)yer) + Bp(2).  (1.28)
Also,
(9:), 0 (), (ep + By (X)) = (9), (), &0 + By (V) = (94), (), ) + Bo(2). (1:29)
From 1.28 and 1.29, we can deduce that ((g o f)*)p = (gx), 0 (f4),- |
Corollary 1.3

If h: X =Y is a homeomorphims, then (hy), : Hy, (X) — Hp (Y) is an isomorphism.

p

Proof. Both h: X —Y and h™! : Y — X are continuous, and h o b~ = idy. Therefore,
(he)yo ((h71),), = ((hoh™),) = ((dy),), = id,)- (1.30)

Similarly, starting with h=! o h = idx, we will get ((hfl)*)p o (h*)p = idy,(x). Therefore, ((hfl)*)p
is the inverse of (hs),,. In other words, (h.)

p

p Isan invertible homomorphism, i.e. an isomorphism. M

Theorem 1.4

Let X be a topological space. Then Hy (X) is free abelian. If {X,} is the collection of path
components of X, and if T, is a singular 0-simplex with image in X, for each «a, then the
homology classes of the chains T}, form a basis for Hy (X). The group Ho (X) is also free abelian;
it vanishes if X is path connected. Otherwise, let ag be a fixed index, then the homology classes
of the chains T;, — Ti,, for a # o form a basis for ﬁ[o (X).
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Proof. Let xq = Ty, (Ag) € Xq, with Ty, : Ag — X being a singular 0-simplex. Here, A consists of the
point €g = (1,0,0,...) € R®. Also, let T': Ay — X be any singular 0-simplex such that T (Ag) € X,,.
Since X, is path connected, there is a path connecting T (Ag) and Ty, (Ag). In other words, there is
a singular 1-simplex f : A; — X such that

£(1,0,0...) =T (Ag) and f(0,1,0...) = Ty (Ag) . (1.31)
Then we have
of=folige)— foles) (1.32)
Now,
fo 1(50751) (1,0,0,...) = f(1,0,0,...) =T (Ao) =T (1,0,0,...), (1.33)
folge (1,0,0,...) = f(0,1,0,...) = T (Ag) = Ta (1,0,0,...). (1.34)

Therefore, O f =T, —T.

An arbitrary singular 0-chain is a Z-linear combination of singular O-simplices. Let’s take ¢ € Sp (X).
Then ¢ = - 53mpTy, with mg € Z and T} being singular 0-simplices. Each T} (Ag) belongs to some
Xo, and hence homologous to T,. Therefore, ¢ is homologous to some Z-linear combination ) n,Tq
of the Ti,’s. We will now show that no such nontrivial O-chain ) o Mot bounds.

Assume the contrary that > n.T, = 01d for some d € S; (X). Now, the singular 1-chain d is a
formal linear combination of singular 1-simplices with path connected image, i.e. the image lies in
one of the path components X,. Thus we can write d = ) dq, where d, consists of the terms whose
images are in X,. Therefore,

> naTo=01d="> Oida. (1.35)

Hence, we get
nalo = 01dqy (1.36)

for each . Applying € to both sides of 1.36, we get
€ (naTs) = €(Ohdy) = ne =0. (1.37)

Therefore, no non-trivial 0-chain ), n,T, bounds. Since every 0-chain is automatically a 0-cycle, an
element of Hy (X) is homologous to a 0-chain of the form ) n,T,. Hence, the homology classes of
the singular O-simplices {7, } form a basis for the free abelian group Hy (X).

S1(X) —2 Sp(X) —= 7

Hy (X) is defined as Hy (X) = Kere/Imd;. Given a singular 0-chain T € S; (X), we've seen that
T is homologous to a 0-chain of the form 77 = " n.Tu; and 7" bounds iff 7" = 0, i.e. n, = 0 for
every «. If further T' € Kere, then € (T') = 0. Since T and T" are homologous, T'= T" 4+ 91d for some
d € S1 (X). Therefore,

0=e(T)=e(T) +¢(drd) =€ (Z naTa> => Ma. (1.38)

If X is path connected, there is only one component, and hence there is only one n, involved. Thus
ne = 0 from 1.38. This gives us 77 = 0, leading to the fact that every T € Ker € is homologous to
0,ie. T =0+ 8:d for some d € S; (X). So Kere = Imd,. Therefore, Hy (X) = 0, when X is path
connected.

Now, suppose X has more than one path components. Fix ag. Then from 1.38, we get

0:Zna:na0—|—2na e naoz—Zna. (1.39)
(0%

aFap aFag



1 Singular Homology Theory 10

Then T is
T = ZnaTa = Z noTa + nagTa, = Z naTo — Z nalo, = Z na (To — Tay) - (1.40)
a a#ag aFag aFap aFag

1.40 suggests that 7" is a linear combination of the singular O-chains {7\ — T} 444, And 77 bounds
iff it is trivial, as shown earlier. Therefore, the homology classes of O-chains {71, — Ty, },, Zao form a

basis for Ho (X). [ |
Theorem 1.4 illustrates the following result:
H,(X if
H,(x) = | ) ip=>0 (1.41)

§1.2 Bracket Operation

Definition 1.6 (Star convex set). A set X C E” is said to be star convex relative to the point
w € X, if for each z € X, the line segment from x to w lies in X.

Definition 1.7 (Bracket operation). Suppose X € E’ is star convex relative to w. We define
bracket operation on singular chains of X. Let us first define it for singular p-simplices. Let
T : A, — X be a singular p-simplex of X. Define a singular (p + 1)-simplex

[T, Uj] g Ap+1 — X

by letting [T',w] carry the line segment from x to €1, for z €€ A, (the collection of all such line
segments as x varies in A, constitutes A,41), linearly onto the line segment 7' (z) to w in X. In
other words,

[T, w] (tepp1 + (1 —t)x) =tw+ (1 —¢) T (x), (1.42)

for t € [0,1]. Now, extend the definition of bracket operation to arbitrary p-chains as follows: if
¢ = >_n;T; is a singular p-chain of X with each T; being a singular p-simplex, then we define

[e, w] = Z n; [T;, w] . (1.43)

In other words, [-,w] : Sy (X) = Spt1 (X), ¢ = [c, w] is a homomorphism.

From Figure 1.1, it’s immediate that the restriction of [T, w] to the face A, of A, is just the map
T. Now, consider the case when 7' is the linear singular simplex l(4,, . 4,) for ag,...,a, € R*. We
want to calculate what [l(ao,...,ap)a w] is.

Recall that 4 . 4,) : Ap = R™ is defined as

P
l(ao,...,ap) (:UOa sy xp) = szaz (144)
i=0
Consider a point (xo, ..., Zp, Tp+1,0,...) € Apr1. We want to see where [l(ao,...,ap)v w] takes this point
to. Since (zo,...,Zp, Tp+1,0,...) € Apiq, each x; is nonnegative with Zfiol x; = 1. Now,
P .
Y —— =1, (1.45)
/28|
X x x
SO (%, %, ey $7 07 .. ) c Ap. Therefore,
Zo T1 Tp
TO, ..., LTp, T 0,...)0=01—-=z ye e 0,...) +zpr16p1- (1.46
( 05 sy Lpy Lp41, Y, ) ( p+1) <1 — f[fp—l-l, 1 Tpi1 ) 1_ xp—&-l’ 3 > p+1ep+1 ( )

10
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T(x)
T
JANS 2 _ >
w
Ep+1
[T, w]
%
Apt1
T(x)
x
Figure 1.1
By the definition of bracket operation,
[l(aow’ap),w] (0, ... Zp, Tpt1,0,...)
i) il Tp
= (1-— l e 0,...
( 1'p+1) (ag,..,ap) (1 — xp—i—l’ 1_ xp+17 1 — $p+17 y ) + Tp+1W
P
x
= (1= zpp1) Z 1— xzp i + Tp1w
=0
P
= Z Tia; + Tp41W. (147)
i=0
Furthermore,
p
Uag,...apw) (T05 - -+ Tps Tpt1, 0, . .) = Toag + -+ - + Tpap + Tpp1w = Z L@ + Tp+1W. (1.48)
i=0
Equating 1.47 and 1.48, we get
Laossap)> @] = Lao,...apw)- (1.49)

Now we will showo that [T, w] : Apy1 — X is continuous. We have seen earlier that given z € A, a
point in Ay is expressed as tep1 + (1 — )z, with 0 < ¢ < 1. Hence, we are concerened with the
following quotient map 7 : A, x [0,1] = A,41 defined by

m(x,t) =tepr1 + (1 —t) . (1.50)
If x = (z0,...,2p,0,...) € Ap, then 1.50 takes the familiar form
7 ((xo,...,2p,0,...),8) = (1 —t)xg,..., (1 —t)xp,t,0,...). (1.51)

Observe that W’A <o) Ap x [0,1) = Aptq is 1-1, and 7 (A, x {1}) = {epy1}, showing that 7
P )
collapses Ay x {1} to the (p + 1)-th vertex e,41 of A, 1. Now, the continuous map f: Ay x[0,1] = X

defined by
f(z,t)=tw+ (1 —-1t)T (x) (1.52)

11
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is constant on A, x {1}. In fact, f (A, x {1}) = {w}. Since 7 is 1 — 1 for other points, f is seen to
be constant for 7! (y) with y € Api1 \ {ep+1}- In other words, f : A, x [0,1] — X is constant for
each w1 (y) with y € Apt1. Therefore, f induces a unique continuous map f: Apt1 — X such that
the following diagram commutes

A, x [0,1]

1N

Apyr ——— X
This unique map fis precisely [T, w], since
([T ,w)om) (z,t) = [T,w] (tepp1 + (1 —t)x) =tw+ (1 —t) T (x) = f (z,t). (1.53)
Therefore, f = [T, w], and hence it is continuous. So [T, w] is indeed a singular (p + 1)-simplex.

Lemma 1.5

Let X be a star convex set with respect to w; let ¢ be a singular p-chain of X. Then

0 —1)Ptt if p > 0
ole,w] = 4 0ewI+ (=1 e tp=9 (1.54)
e(c)Ty —c iftp=0
where T, is the singular O-simplex mappting Ag to w.
Proof. If T is a singular 0-simplex, [T, w] is a singular 1-simplex. Then
0 [T, w] = [T, w] o 1(50751) — [T, w] o 1(80751). (1.55)

Now, recall [T, w] : A; — X maps the line joining €1 to gp to the line joining w to T (gp). So
[T,w] (1 —tt0,...)=tw+ (1—1t)T (e). (1.56)

Now,
([T, w] o lzery) (1,0,...) = [T,w] (0,1,0,...) = w =T, (1,0,...). (1.57)

Therefore, ([T,w] ol z,)) = Tw-
([T, w] ol z)) (1,0,...) = [T,w] (1,0,...) = T (e0) = T (1,0,...), (1.58)
so [T,w] ol(zyz) =T. By 1.55, we get
O[T, w) =T, —T. (1.59)

Now, let ¢ = >, n;T; be a singular O-chain with 7; being singular O-simplices. Then

d [ZnTw = nd[T,w =Y ni (T —T) = (Zn) Ty — Y . (1.60)

Now, applying the augmentation map to ¢, we get

e(c)=c¢ (Z nﬂ}) = Znie (T;) = an (1.61)

Therefore, 1.60 gives us
dlc,w] =€(c) Ty — c. (1.62)

12
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Now we shall consider the case when T is a singular p-simplex, and we shall prove that 0 [T, w] =
[OT, w] + (—1)P* T
1 .
9 [T’ ’LU] = (_1)1 [Ta w] o l(so,...gi,A..,eerl)
0

3
+

(]

Il
.Mﬁ

I
o

(=)' [T, w] ol )+ (=L)PT T w] o (1.63)

EiyesEptl €0y rEprEp+1)°

1

Ueo,...epepi) 18 the inclusion map of A, into Apy1. So [T, wlol, ooz .1)
of [T, w] to A,, which is the same as 7. Now we want to show that

is nothing but the restriction

[T, w] o l(ao,...gi,...,sp+1) = [T o l(eo,.l.’e},...,sp)’ w] . (1'64)
Both sides of 1.64 are maps from A, to X. Let (zo,...,2,0,...) € A,. Then

([T, w] o l(gov_.gi’._.,apﬂ)) (o, ..., 2p,0,...) =[T,w] (xo,...,2i-1,0,24,...,2p—1,2p,0,...).  (1.65)

Now, (xo,...,2i—1,0,24,...,Zp—1,2p,0,...) is a point in A,y;. We can write it as
Zo Ti—1 xX; Tp—1
(:Uo,...,xi,l,O,xi,...,xp,l,xp,o,...) = (1 — acp) <1 _xp,..., 1 ixp, 1 _zxp,.. 7 i xp,o,...>+.%’p5p+1.
(1.66)
Now, (122:;7’ ce fi;;,o, lf;p, ce fﬁ;;,o, .. ) is a point in A, since its nonzero components are all
non-negative and they add to 1. Therefore,
[T, w] (zo, ..., 2i-1,0,2i,...,Tp—1,2p,0,...)
Zo Ti—1 €T Tp—1
= (1- T ey ,0, ey ,0,... . 1.67
(=) (1—:51,’ l—z, "1-uz, 1—=, )+:Upw (1.67)
On the other hand, we can write (xo,...,2,,0,...) as
i) Tp—1
(0., 2p,0,...) = (1 —zp) <1 myat R 15%707“') + zpep, (1.68)
Tp—
where (ﬁ?ﬂp,..., 1f£;,0,...> € Ap_1. So
[T @) l(€0,--.§¢,-..,8p)7w] (.730, . ,IL’p, 0, .. )
i) Tp—1
= 1-— Tol ~ e 0,...
TpwW + ( xp) ( © (50,...8“...@?)) (1 — CCp’ 1 xpv s )
Zo Ti—1 T Tp—1
= 1- T 0,...]. 1.69
mpw-i-( $p) <1_xp7 71_xp7 71_xpa 71_xpa 5 > ( )
Combining 1.65, 1.67 and 1.69, we get that 1.64 indeed holds, i.e.
[T,w] oliey, ziepin) = [T 0 lieg, 20,ep)s W) -
Now, from 1.63, we then get
P
O[T, w] =) (1) [Tolry 2. e w) + (-1 T
i=0
p .
= D) (D' Toley. zepw| + (1P T
i=0
= [T, w] + (=1)PT' T. (1.70)
Now, if ¢ = ), n;T; is a singular p-chain with T; being singular 0-simplices, then
dle,w] = nd[Tw] =Y ni [0T;,w] + (1P 3" Ty = [9e,w] + (~1)7 e (1.71)
]

13



1 Singular Homology Theory 14

Theorem 1.6

Let X C E’ be star convex with respect to w. Then X is acyclic in singular homology.

Proof. To show that Hy (X) =0, let ¢ € Kere.
S1(X) —2 So(X) — 7
So € (¢) = 0. Now, by Lemma 1.5,
O [c,w] =€(e) Ty —c= —c. (1.72)

Hence, ¢ € Imd; leading to Kere C Imd;. We already know Hence, Im9; C Kere. Therefore,

Hy(X)=0.
Now we shall show that Hy, (X) =0 for p > 0. Let z € Ker d,. Then 0,2z = 0. By Lemma 1.5 again,
i1 [z, 0] = [Opz, w] + (—1)PT 2 = (—1)PT 2, (1.73)

Hence, z € Im 0)1. Therefore, H, (X) = 0. In other words, ffp (X)=0forall p,i.e. X isacyclic. B

Corollary 1.7

Any simplex is acyclic in singular homology.

14



2 Axioms of Singular Homology

In this chapter, we shall verify that singular homology does, in fact, satisfy the Eilenberg-Steenrod
axioms. The axioms can be found in chapter 6 of [AT2 lecture notes].

§2.1 Relative Homology Groups

If X is a space and A is a subspace of X, there is a natural inclusion S, (4) < S, (X). The group of
relative singular chains is defined by

Sp (X, 4) = 5, (X) /S, (A). (2.1)

The boundary operator 9X : S, (X) — Sp_1 (X) restricts to the boundary operator on S, (4), i.e.
85( ‘ S,(4) ¢ Sp (A) = Sp—1 (A). It, therefore, induces a boundary operator at the relative singular chain
level:

" (2.2)
T+ 5, (A) = 5T + S, 1 (4),

with T'= )" nT, being a singular p-chain, where n, € Z and T, singular p-simplices. If any of the
T.’s are such that T, (Ap) C A, then T, € S, (A). So, we can assume Tj, (A,) \ A # @. Such T3,’s
generate the group S, (X, A), and so Sy, (X, A) is a free abelian group.

The family of groups S, (X, A) and homomorphisms 81(;X’A) is called the singular chain complex
of the pair (X, A), and is denoted by S (X, A). The homology groups of the chain complex S (X, A)
of the pair (X, A) are called the singular homology groups of the pair (X, A), and are denoted by
H,(X,A).

The chain complex S (X, A) is free, i.e. S, (X, A) is free for each p. The group S, (X, A) has as
basis all the cosets of the form 7"+ S, (A), where T is a singular p-simplex with T'(A,) \ A # @.

If f:(X,A) — (Y, B) is a continuous map (recall that by the continuity of f between pairs (X, A)
and (Y, B), we actually mean that f : X — Y is continuous, with f (A) C B), then homomorphisms
(f#), + Sp(X) — Sp(Y) carries singular p-chains of A into singular p-chains of B. So it induces a
homomorphism (also denoted by (fx),) at the level of relative singular p-chains:

(f#), : Sp (X, A) = S, (Y, B),

(2.3)
T+ 8, (A) = (f), T+ Sy (B) = foT + 8, (B).

where T is a singular p-simplex with T'(A,) \ A # @. This map can be seen to commute with the
boundary oeprator at the relative singular chain level. To be precise,

(Fdpor 005 = 07 0 (£4),, . (2.4)
In other words, the following diagram commutes.

(X,A)

Sp(X,A) =—— Sp_1(X, A)

(74),] |G,
Sp(Y,B) ——— Sp—1(Y, B)

gYE)

Therefore, fu induces a homomorphism
(feo), + Hp (X, A) — Hp (Y, B),

(2.5)
¢+ Im a;ff‘) = (f#),c+Im 8](23_;’{5).

15
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2 Axioms of Singular Homology 16

Theorem 2.1
If i : (X,A4) — (X, A) is the identity, then so is (ix), :

p (X
(Y,B) and k : (Y, B) — (Z,C) are continuous, then ((ko h)

JA) = H, (X, A). Ifh: (X, A) —
=

(k*)p © (h*)p'

Proof. Since (i#)p : Sp (X) — Sp (X) is the identity map (as proven while proving Theorem 1.2), so
is (ig), : Sp(X,A) = Sp (X, A). Then from 2.5, we get that (i), : Hp (X, A) — Hy (X, A) is the
identity, i.e. (i*)p = idg,(x,4)-
Now, let us prove ((k: oh) #)p = (ky), 0 (hy),. The equality at the homology level will then follow
from 2.5.
(hy), : Sp (X, A) = S, (Y, B) , (kg),: S (Y,B) = 5, (Z,0).

We choose a singular p-simplex T such that T'(A,) \ A # @. Then the cosets of the form T'+ S, (A4)
form a basis of S, (X, A).

A, Lo x Lty kg

Using 2.3, we get
(ha), (T + S, (A) =hoT + 8, (B), (2.6)
(), (), (T + 5, (A))) = (k) (B0 T+ 8, (B)) = ko ho T + 5, (C), (2.7)
((koh)#>p(T+Sp(A)):kohoT+Sp(C’). (2.8)
Therefore, we can conclude that <(k oh) #)p = (ky), o (hy),. n

Theorem 2.2

There is a homomorphism (), : Hp (X, A) — Hp—1 (A), defined for A C X and all p, such that
the sequence

(ix)p

(04),
- —— Hy(A) —

Hy(X) 22 o (x, 4) 20 B (A) ——
is exact, where ¢ and 7 are the inclusions
(A,2) —— (X,2) —— (X, A).

The same holds if reduced homology is used for X and A, provided A # @.
A continuous map f : (X, A4) — (Y, B) induces a homomorphism of the corresponding exact
sequences in singular homology, either ordinary or reduced.

Proof. Let us recall the Zig-Zag lemma (Lemma 4.4.1 in the lecture note of AT2). Given a short exact
sequence of chain complexes C = {Cp,ag}, D= {Dp, 85} and £ = {Ep,af}, ie.

¢ ¥

0 C » D X » 0
with ¢ and 1 being chain maps, i.e. family of homomorphisms {¢,} and {i,} such that
0——C,-sp, s B 0

is exact for each p, then there is a long exact homology sequence

16
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H, (€) 5 Hy (D) =

Hy1 (€) G Hpot (D) ——— -

We shall use Zig-Zag lemma with C), = S, (A), D, = S, (X) and E, = S, (X, A), with chain maps
given as follows:

(i), (m#),,

0—— Sp(A) — S, (X) — S, (X, 4) —— 0.

Then the above sequence is exact, since S, (X, A) = S, (X) /Sy (A). Now, Zig-Zag lemma guaran-
tees the existence of the homomorphism (0.), : Hy (X, A) — Hp—1 (A) and the following long-exact
sequence

(i), (0-),

s HA) 2 ) T xa) e ()

Now, given a continuous map f : (X,A) — (Y, B), we shall verify that the following diagram
commutes:

0 —— Sp(4) % Sp(X) @ Sp(X,A) —— 0
((ﬂA)#)p <(f‘X>#)er l(f#)ll
0 —— Sp(B) W} Sp(Y) ﬁ Sp(Y,B) —— 0
), ),

Here, by f | +» we mean the map f: X — Y. First, let’s show the commutativity of the left hand
square. Let’s take a singular p-simplex T" of A, i.e. T': A, — A is continuous. Then

(ig), T=ioT =T, (f4), ((i#)pT) — foT. (2.9)

((f\A)#>pT= flueT=foT, (i), (((f\A)#)pT> —iofoT=foT. (2.10)

f ’ 4 0T = foT because the image of T lies entirely in A. Therefore, the left hand square commutes.
Now we shall show that the right hand square commutes as well. Let’s take a singular p-simplex T" of
X,ie T:A, = X is continuous.

(), T =T+ 8, (A), (f), ((04),T) = (f), T+ 5, (B) = (w}p), ((f),T) . (211)

Therefore, the right hand square commutes. So the diagram is commutative. Now, applying Theorem
5.1.1 from the lecture note of AT2, we obtain that the following diagram commutes:

=
=
=
=
B
=
B
=
£
=

((f(A)*)}i (1| |6 l((f’A)*)p_l

T p */p

This establishes the induced homomorphisms between the respective long exact sequences of the
singular homology. Following the same procedure, one can show that the same result holds in reduced
homology. |

17


https://atonurc.github.io/assets/MAT432_AT2.pdf

2 Axioms of Singular Homology 18

Theorem 2.3
If P is a one-point space, then H), (P) = 0 for p # 0, and Hy (P)

1

Z.

Proof. We provide a direct proof here. We first compute the chain complex S (P). Observe that there
is exactly one singular p-simplex in each non-negative dimention p > 0: 7}, : A, — P, because P is a
singleton. Therefore, the group of p-chains S, (P) = Z, which is infinite cyclic. Each of the “faces” of
T,: A, = P is given

Tp o l(507.-.,€i,---75p) : Ap — P

and is precisely T,,—1. All (p + 1) faces of T}, are just T,_;. Therefore, if p is even, then the singular
p-simplex (p 4 1) faces, which is an odd number. Hence, in the formula

p
Ty = Z (=1)'T}0 o) (2.12)
i=0
only one term will survive, the others will cancel in pairs. Hence, we find that 0,7, = T,,—1, when p

is even.

On the other hand, when p is odd, 7}, will have an even number of faces, and all the terms in 2.12
will cancel in pairs. Therefore, 0,7, = 0, when p is odd. The chain complex S (P) is, thus, of the
following form:

«— Sop(P) —— Sap—1(P) S1(P) —— So(P) —— 0

7 0o ... 7 0 7 0

1%

Z

Here, 0 maps everything to 0. In dimension (2k — 1), every (2k — 1)-chain is a cycle, and every
(2k — 1)-chain can be seen to be a boundary of a 2k-chain. Hence, there is no nontrivial (2k — 1)-cycle
that is not a (2k — 1)-boundary. Therefore, Hoj—1 (P) = 0.

In dimension 2k, for k > 0, there is no nontrivial chain that is a cycle. Hence, Hop = 0. In dimension
0, every chain is a cycle, and no nontrivial 0-chain is a bounday. Therefore, Hy (P) = Z. |

§2.2 Compact Support Axiom
In this section, we shall verify that singular homology theory satisfies the compact support axiom.

Definition 2.1 (Minimal carrier). If T : A, — X is a singular p-simplex of X, then the minimal
carrier of T is defined to be the image set T'(A,). If ¢ = )" n;T; is a singular p-chain, with T;
being singular p-simplices and each n; nonzero, then the minimal carrier of ¢ is defined to be the
union of the minimal carriers of the singular p-simplices T;.

A singular p-simplex T is a continuous map from A, to X. Since A, is compact, so is T'(A,) since
continuous map takes compact sets to compact sets. Now, a finite union of compact sets is also
compact. Therefore, the minimal carrier of a singular p-chain is compact.

Theorem 2.4

Given o € H, (X, A), there is a compact pair (Xo, Ag) C (X, A), with ¢ : (Xo,4g) — (X, A)
such that (¢.), (8) = o for some 8 € Hp (Xo, Ag), where (i4), : Hyp (Xo, Ao) = Hp (X, A) is the
homomorphism induced by the inclusion .

p

Proof Given a € H, (X ,A) = Z,(X,A) /B, (X,A), a is of the form C + B, (X, A), with C €
Zy(X,A) C Sy (X, ) = Sp (X) /Sp (A). Therefore,

a=(cp+5,(A)+B,(X,A), (2.13)

18



2 Axioms of Singular Homology 19

where ¢, € S, (X) such that dpc, is carried by A. The minimal carrier of dyc, is a compact set
contained in A. Let us denote this compact set by Ag. On the other hand, ¢, is minimally carried by
a compact set X contained in X. Now, we define

D= Cp + Sp (Ao) S Sp (Xo, Ao) . (2.14)

Since dpcp is carried by Ao, D € Z, (Xo, Ag). Now, we claim that

8= D+ By(Xo, Ag) = (¢ + Sy (A0)) + By (Xo, Ao) € Hy (Xo, Ag) (2.15)
is the required element of H, (Xo, Ag) whose image under (i4),, is a. Now,
(¢x),, (B) = (1x), ((ep + Sp (Ao)) + By (Xo, Ag)) = ((L#)p cp+Sp (A)) +B,(X,A). (2.16)
If ¢, = > nT;, with T; being singular p-simplices, then
(), cp =D mi(y), (1) =D mi(toTy) = > nT;=cp (2.17)
Therefore,
(t)p (B) = (cp + Sp (A)) + By (X, A) = av. (2.18)
|
Theorem 2.5

Let i : (Xo, Ag) — (X, A) be inclusion, where (Xo, Ag) is a compact pair. If a € H, (Xo, Ag) with
(ix), (@) = 0, then there are a compact pais (X1, A1) and inclusions

(Xo, Ao) —2— (X1, A1) —E (X, A)

such that (j), (@) = 0.

Proof. Let a = (¢, + Sp (Ap)) + By (Xo, Ao) € Hp (X0, Ap), where ¢, € S, (Xo) and 9,c¢, is carried by
Ap. Now, (ix), : Hp (Xo, Ag) = Hp (X, A), so (ix), (o) =0+ B, (X, A).

0+ By (X, 4) = (i), (@) = ((i), &p + 5y (4)) + By (X, 4). (2.19)
Using a similar method as in 2.17, one can show that (i#)p ¢p = ¢p. S0 2.19 reads
0+ B, (X,A) =(cp +Sp(A)) + By (X, A). (2.20)

Therefore, ¢, + S, (A) € B, (X,A). In other words, there exists a (p+ 1)-chain dp;q such that
¢p — Op+1dp41 is carried by A. Now, dp,; is carried by

X1 = Xo U (minimal carrier of dp;1),
and ¢, — Op41dp 41 is carried by
Ay = Ap U (minimal carrier of ¢, — Opy1dp+1) -
Consider the inclusion maps

(X0, Ap) —1 (X1, A1) —E (X, A).

\/

i=koj

19



2 Axioms of Singular Homology 20

Then (j), (@) is

(321, () = (32), (e + Sy (A0)) + By (X0, 40)) = (i), + S (A1) + By (X1, A1) (221)
Again, similarly as in 2.17, one can show that ( j#)p Cp = Cp.
(J2)p (@) = (¢p + Sp (A1) + By (X1, A1) (2.22)
¢p — Opy1dp41 is carried by Ay, so ¢, — Opr1dpy1 € Sp (A1). Therefore,
cp + Sp (A1) = ¢p — (¢p — Optrdpt1) + Sp (A1) = Opradpr1 + Sp (A1)

= Op+1 (dp+1 + Spy1 (A1) € By (X1, A1) . (2.23)

Combining 2.22 and 2.23, we get
(j*)p (a) = 8p+1 (derl + Sp+1 (Al)) + Bp (XlaAl) =0+ Bp (leAl) : (2-24)
|

§2.3 Chain Homotopy

Definition 2.2. Given chain complexes C = {C},8,} and ' = {C},9,} and chain maps ¢, :
C — (', a chain homotopy of ¢ to 1 is a family of homomorphisms D, : C;, — C;,,; such that
the following holds

1 Dp - D10, = 1, — ¢p. (2.25)

The following diagram might be useful for to understand the above formula in 2.25. Note that this is
NOT a commutative diagram.

Now, consider the inclusions 7,7 : X — X x I (I is the unit interval [0, 1]) given by
i(x) = (x,0) and j () = (z,1). (2.26)

The corresponding chain maps are denoted by (ix),, (j#), : Sp (X) = Sp (X x I). Construct a chain

p
homotopy DX between the chain map ix and ju as follows:

DX :S(X) = S(X x1I), (2.27)
Dy Sy (X) = Sp (X xT). '

For DX to be a chain homotopy, the following equation must hold:

Sper (X x 1)

D;f
ey
(i%),
Sp(X) /= Sp(X x 1)

(7#)

20



2 Axioms of Singular Homology 21

One can now construct the following diagram to find that Fly o DX is a chain homotopy between the
chain maps fy,g# : S(X) — S(Y), where X and Y are topological spaces and F' is a homotopy
between the maps f,g: X — Y, ie. FF: X x I — Y is a continuous map such that

F(z,0)=f(z) and F (z,1) = g(x).

Using 2.26, we then have
Foi=fand Foj=g. (2.29)

Fu:8(X xI)— S(Y). In order to show that Fz o DX is a chain homotopy between fu and gy, one
needs to prove that

Opi1 0 (Fy), g 0 D + (Fy), 0 Dply 0 055 = (g4), — (f4),,- (2.30)

Spir(Y)

(F#)H/

Sp+1(X x I 911

y (F4),

Sp(X) ¢ Sp(Y)

(94), /(F#)'

01 Sp(X x I)

e

Sp—1(X) ’

p

Let us quickly see how 2.30 comes from 2.28. Since chain maps commute with the boundary operator,
we have the following commutative diagram:

(Fa), 1
Sp+1(X x 1) —— Sp41(Y)

X XTI
ap+><1 l \Lazz;l

Sp(X x I) ———— Sp(Y)

(Fu),
ie. 0Y 1 © (F#)IDJrl (F#) G;SFXII Therefore, one obtains
a;,il o (Fy)yy 0 DX Fy), o a;"jlf o DX

(
= (Fg), o |(G4), — (ig), — D"y 0 0]

<Foy ) ((Foi)#>p—(F#)poD£ilo@£(
= (94), — (f4), (Fg), 0 Dy 1 0 Oy, (2.31)

which can be rearranged to obtain 2.30. The existence of the chain map D¥ : S(X) — S (X x I) is
governed by the following lemma.

Lemma 2.6

There exists, for each space X, and each non-negative integer p, a homomorphism D]‘;( 1S (X) —
Sp+1 (X x I) having the following properties:

(a) f T': A, — X is a singular p-simplex then
NIDYT + Dy 05T = (jiy), T — (ig), T. (2.32)

Here, the map i : X — X x I carries x to (z,0) and the map j : X — X x [ carries z to
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2 Axioms of Singular Homology 22

(x,1).

(b) Dg( is natural; i.e. given f: X — Y continuous, the following diagram commutes:

X

D
Sp(X) — Spa(X x I)

(f#)pl ) l((fxidz)#)pﬂ
55(7) 2 Sy (¥ x 1)

Note that continuous f : X — Y induces a continnuous map f xid;: X x I — Y x I given
by (z,t) — (f (z),t). Hence there is a group homomorphism

((f X id,)#)p LS, (X x I) = 8, (Y x I)

for each non-negative integer p.

Proof of the lemma is omitted.

Theorem 2.7

If f,g: (X, A) — (Y, B) are homotopic, then (f.),, = (g«), for all p, with (f.),, , (9+), : Hp (X, A) —
H, (Y, B) group homomorphisms. The same holds in the reduced homology if A = B = @.

Proof. Let F : (X xI,AxI) — (Y xI,B x I) be the homotopy between f,g : (X,A) — (Y, B).
Let 7,7 : (X,A) — (X xI,AxI) be given by i(x) = (2,0) and j(z) = (z,1), for x € X. Let
DI))( : S, (X) — Sp (X x I) be the group homomorphism associated with the chain homotopy DX :
S(X) — S (X x I) constructed in Lemma 2.6. Naturality of DX with respect to the inclusion map
t: A — X dictates that the following diagram commutes:

A

D.
Sp(A) "5 Spra(Ax D)

(L#>pi . i((LXidI)#)erl
Sp(X) 2 (X x 1)

Consider T' € Sp41 (A x I) such that T is a (p + 1)-singular simplex of A x I, i.e. T : Apy; — A XTI
is continuous. For a given x € Aptq, let T (z) = (a,t) € A x I. Now,

((L X idj)#>p+1 T(z) = (e xidy) o T (z) = (¢ x idy) (a,t) = (a,8) = T (). (2.33)

Hence, ((L X id[)#> . T =T. So, we have
p+

((L x idI)#>p+1 o DA = DA, (2.34)

Now, commutativity of the above diagram yields

. A
((L X 1d1)#>p+1 oD, = Di( o (i), = Dg(‘sp(A)' (2.35)
Therefore, combining 2.34 and 2.35, we get
X A
Dy s 4y =Dy (2.36)

In other words, D]i( 1 Sp (X) = Sp41 (X x I) carries Sy, (A) into Sp (X x I), and thus induces a chain
homotopy on the relative level. The constituent group homomorphisms are given by

D) 1 8, (X, A) = Sp1 (X x [,Ax I). (2.37)
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2 Axioms of Singular Homology 23

Now, 2.32 indeed holds for DI(,X’A) as it is induced by Dgf . Then we have
()13 0 DY 5 8, (X, 4) = Spit (V. B),
where the homomorphism (Fy) | associated with the chain map Fi : S (X x I,Ax I) = S(Y, B) is
(F#)p-l-l : Sp+1 (X X I,A X I) — Serl (Y,B) .
Then
i1 © (Fy), 0 DS = (Fy), 0 04" o DY
. X,A
(Fy), o [(), = (i), - DS 0 0]
. ‘ X,A
= (Fo])#>p—((Foz)#>p—(F#)poD( )6 0%
X,A
= (94), — (f), — (Fy), o DSV 0 0. (2.38)

This proves that Fy o DA 1 S (X, A) — S (Y, B) is a chain homotopy between fu,gx : S (X, A) —
S (Y, B). It now remains to prove that (f.), = (gs),, for all p.

Let a € Z, (X, A). It suffices to show that (f#), (@) and (g%), (o) differ by a boundary term. Given
a€ Z,(X,A), a=c,+ Sy (A) for some ¢, € S, ( ) such that d,c¢, is carried by A. By 2.38,

T
A
=

(9), (@) = (f), (@) = 0¥y 0 (Fy), ., 0 DY (a) + (Fy), 0 DY 0 9 (a)
= 0ps1 0 (Fy),y 0 DY (a) (2.39)

proving that (fx),(a) and (g4), (a) differ by a boundary term. Therefore, (fi), (o + B, (X, A)) =
(fe)p (@ + By (X, A)).

The result in reduced homology is left as an exercise. |

§2.4 Homotopy Equivalence

Definition 2.3 (Retraction). Let A C X. A retraction of X onto A is a continuous map r : X — A
such that r (a) = a for every a € A, i.e. T‘A = id . If there is a retraction of X onto A, we say
that A is a retract of X,

Definition 2.4 (Deformation retraction). A deformation retraction of X onto A is a continuous
map F : X x I — X such that

F(z,0) =2, F(z,1) € A, and F (a,t) = a (2.40)

forall x € X,a € A,t € 1.

If F' is a deformation retraction of X onto A, then one can define
r(z)=F(x,1). (2.41)

Then 2.40 tells us that r is a map from X to A, and 7 (a) = a for all @ € A. Hence, r is indeed a
retraction of X onto A. Now, 2.40 also tells us that

F(z,0) =z =1idx (z) and F (z,1) =jor(x), (2.42)

where j : A — X is the inclusion. Therefore, F' is a homotopy between the identity map idy : X — X
and jor: X — X.
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Lemma 2.8

Deformation retract spaces have identical homology groups. In other words, if there exists a
deformation retraction of X onto A, then j: A < X induces isomorphism in homology.

Proof. Suppose F' is a deformation retraction of X onto A. If j : A < X is the inclusion map, and
r: X — Ais defined as r (z) = F (z,1), then r o j = id4. Therefore,

(T*)p 0 (J*)p - lde(A) : <243)
Furthermore, F' is a homotopy between j o r and idx. Therefore,

(Ji)p o (1), = 1dp,(x) - (2.44)
Therefore, (ji), : Hp (A) — Hp (X) is an isomorphism for all p. [

Lemma 2.9

If the inclusion j : A < X induces homology isomorphism in all dimension, then H, (X, A) =0
for all p.

Proof. Consider the long exact homology sequence

B Tx Ox 5 ) )
s i) 2 ) T e a) O ) S e,
Im (0«), = Ker (j«),_;, and (ji), ; is an isomorphism. Therefore, Im (9;), = 0. So Ker(9;), =

H, (X, A). By exactness, this is equal to Im (),,. Hence, (7.),, is a surjective map. Now, Ker (r.), =
Im (j.), = Hp (X). So (m), is the zero map. Hence, H)y (X, A) = 0. [ |

Combining Lemma 2.8 and Lemma 2.9 together, we get that if A is a deformation retract of X, then
H,(X,A) =0 for all p.

Definition 2.5. Let f : (X, A) — (Y, B) be continuous. If there is a continuous map g : (Y, B) —
(X, A) such that g o f is homotopic to the identity map id(x 4y : (X, A4) = (X, A) and fog is
homotopic to the identity map id(y,g) : (Y, B) — (Y, B), then we call f a homotopy equivalence,
and we call g a homotopy inverse for f.

Theorem 2.10
Let f:(X,A) — (Y, B) be continuous.

(a) If f is a homotopy equivalence, then f, is an isomorphism in relative homology.

(b) More generally, if f: X — Y and f ‘ 4 ¢ A — B are homotopy equivalences, then f. is an
isomorphism in relative homology.

Proof. Let f : (X,A) — (Y, B) be a homotopy equivalence, and g : (Y, B) — (X, A) its homotopy
inverse. Then fog~idy,p) and go f ~id(x 4). Then by Theorem 2.7,

(F29).), = ((d),) and (g0 1).), = ((dxa),) -

In other words,
(fe)p 0 (9+), =1dp,(v,p) and (g«), o (fx), = idu,(x,4) - (2.45)

Therefore, (f), : Hp (X, A) — Hp (Y, B) is an isomorphism.
Now we shall prove (b). Consider the long exact sequence of the pairs (X, A) and (Y, B), separately
with ( f*)p being the respective connecting homomorphisms.
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2 Axioms of Singular Homology 25

- —— H,(A) % Hy(X) —

(¢1.).). (5, (5, (L)) @

- —— Hy(B) —— Hy(Y) — H,(Y,B) —— Hp,_1(B) — H, (X)) — -

By hypothesis, f : (X,2) — (Y,9) is a homotopy equivalence, and hence (fy), : Hp (X) — H, (Y)
is an isomorphism. Similarly, by hypothesis, f‘ 4 (A,@) = (B,@) is a homotopy equivalence, and
hence ((flA)*)p : H,(A) — Hp(B) is an isomorphism. Now, applying Steenrod five lemma to the
diagram above, one obtains that

(fo), - Hy (X, A) = H, (Y, B)

is an isomorphism. |

4 N\
Remark 2.1. Let A and B be subspaces of X and Y, respectively. If X is homotopy equivalent

to Y, and A is homotopy equivalent to B, then it is not, in general, true that (X, A) is homotopy
equivalent to (Y, B). It is not either true that their relative homology groups will agree in general.

Note that in Theorem 2.10, the homotopy equivalences f : X — Y and f ‘ 4+ A — B are homo-
topy equivalences that come from the same continuous map f. On the contrary, in our setup, we
just know that X and Y are homotopy equivalent, and A and B are homotopy equivalent. There
is a priori no connection between the two homotopy equivalences. Following is a counterexample
that illustrates a case where even though X and Y are homotopy equivalent, and A and B are
homotopy equivalent, the relative homology groups H,, (X, A) and H) (Y, B) do not agree in all
dimensions.

J

Example 2.1. We choose X =Y = S x B? as a subspace of C?; and A = S x {0}, B = {1} x SL.
X and Y are the same space, so they are trivially homotopy equivalent. A and B are homeomorphic
through the map (z,0) — (1, 2); so they are also homotopy equivalent. However, the homology groups
of the pair (X, A) are not isomorphic to the homology groups of the pair (X, B), as we shall now
prove.

B? deformation retracts to 0. Indeed, the map F : B? x I — B2 given by F (z,t) = (1 1)z
takes (2,0) to z, (z,1) to 0, (0,t) to 0. So F is a deformation retract of B2 onto 0. Therefore,

St x B? deformation retracts to S' x {0}. To be precise, the deformation retraction is given by
G:S'xB?>x1I— S'x B?,

G (s,z,t) =(s,(1—1t)z2). (2.46)
So A is a deformation retraction of X. Therefore, by Lemma 2.8 and Lemma 2.9,
H,(X,A)=0, (2.47)

for each p.

Now we shall prove that there exists p such that H, (X, B) # 0. In fact we are going to show that
H, (X, B) # 0. Consider the inclusions

{1} x St —— {1} x B> —— S x B2 (2.48)

k

{1} x B? is homeomorphic to B2, which is convex. So, at the homology level, we have

H,(B) —— H,({1} x B>) =0 —— H,(X) , forp>1. (2.49)

\_/

k),
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Therefore, if k : B < X is the inclusion map, (k*)p = 0 for p > 1. Now, we consider the long exact
sequence of the pair (X, B).

(8*)p (k*)p—l
- —— H,(X,B) — Hp_1(B) — Hp_1(X) —— ---

Hi (B) = Hy ({1} x 1) 2 Z, and (k,), is the zero map. Therefore,
Im (04), = Ker (ky); = Hi (B) = Z. (2.50)

So Im (0y), is surjective. If Hy (X, B) = 0, (04), could not have been surjective. Therefore, Hy (X, B) #
0. So Hs (X, A) % Hy (X, B).

Remark 2.2. If f : (X,A) — (Y,B) is a homotopy equivalence, then f : X — Y and f}A c
A — B are automaatically homotopy equivalences. However, the converse is not true. One
counterexample is presented below.

Example 2.2. Consider the inclusion map j : (B",S"!) < (R",R™\ {0}). j : B® < R" has a
homotopy inverse, so that B™ and R" are homotopy equivalent. The homotopy inverse is given by

f:R" = B",
x if ||x]| <1
= . 2.51
f&=) {x if x| > 1 (2:51)

[

Then f(j(x)) =x,s0 foj=idpn. j(f(x)) = f(x) € B". So F: R" x I — R" given by
F(x,t)=(1—t)x+tjo f(x) (2.52)

is a homotopy between idg~ and j o f. Therefore, f is the homotopy inverse of j.
In a similar manner, one can show that j } gno1 S7=1 <5 R™\ {0} also has a homotopy inverse. The
homotopy inverse is b : R™ \ {0} — S"~! given by
X

hex) = (2.53)

Then h oj‘Sn,1 = idgn—1. Furthermore, G : (R™\ {0}) x I — R™\ {0} given by

G(x,t) = (1 —t)x+tj] g1 0h(x)= <(1 —t)+ t) x (2.54)

1]

is a homotopy between idgn\ (o} and j‘ gn—1 © h. Therefore, h is the homotopy inverse of j.

However, j : (B",S"1) < (R",R"\ {0}) has no homotopy inverse although both j : B" < R"
and j‘ gno1 Sn=1 <3 R™\ {0} have homotopy inverses. To show this, assume the contrary that
g : (R R"\ {0}) — (B",S"_l) is a homotopy inverse of j. Then ¢ is continuous, and it maps
R™\ {0} into S™~!. But 0 is a limit point of R™ \ {0}, and S™~! is closed. Therefore, g (0) € S~ 1.
In other words, g maps all of R™ into S"~!. Hence, the composite

goj:(B",S" 1) = (B",S" ) (2.55)

maps all of B" to S"~1. If T': A, — B" is a singular p-simplex, then for T+, (S”_l) €Sy (B”, S”_l),
(g0 j)#)p (T +S,(S"1)) =gojoT+S5,(S"). (2.56)

But the image of g o j o T lies entirely on S"~ 1. So <(g o j)#) is the trivial chain map. Therefore,
P

((goj)*)p - H, (B”,S"’l) — H, (B”,S”’l) is the trivial map. However, since g o j is homotopic
with id(gn gn-1y, ((g 0 j)*)p is the identity homomorphism on H), (B", S”_l). This can only be true if
H, (B", Sn_l) = 0. We shall soon see this is not true.
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§2.5 Subdivision

Definition 2.6. Given a topological space X and a collection A of subsets of X whose interiors
cover X, a singular simplex of X is said to be A-small if its image set lies in an element of A.

Given a singular chain of X, we show how to “chop it up” so that all its simplices are A-small.

Definition 2.7 (Barycentric subdivision operator). Let X be a topological space, we define a ho-
momorphism sdx : Sp (X) — S, (X) by induction. If T': Ay — X is a singular O-simplex, we
define

sdx T =T. (2.57)

Now suppose sdx is defined in dimensions less than p. We will first take X : A, and choose the
identity map i, : A, — A, which is a singular p-simplex of A, i.e. i, € S, (A,). Let us denote
by A, the barycenter of A,. Then we define sda, i, as follows:

sda, ip = (—1)” [sdAp diy, AAp} . (2.58)

Now, if T': A, — X is any singular p-simplex on X, then we define

sdx T = (Ty),, (sda, ip) - (2.59)

Observe that sda, i is expected to be in S, (Ap). Since 0ip € Sp—1 and sda, is assumed to be defined
in dimension less than p, sda, 0, € Sp—1 (Ap). The bracket operation on the RHS of 2.58, therefore,

yields [sdAp Oip, &} € Sp (Ap) so that indeed by 2.58, one obtains sda, ip € Sp (Ap).

Lemma 2.11

The homomorphism sdy is an augmentation preserving chain map. Furthermore, it is natural in
the sense that for any continuou map f : X — Y, one has (f#)p osdx = sdy o (f#)p. In other
words, the following diagram commutes:

Sp(X) W, Sp(Y)

x| [

Sp(X) —> Sp(Y).

Proof. Recall that in dimension 0, for T : Ay — X, one has sdxT = T. In other words, sdx :
So (X) — So(X) is the identity map. Hence, in dimension 0, sdx : Sp(X) — Sp(X) is trivially
augmentation preserving as the following diagram commutes:

So(X) =25 Sp(X)

7z 92, g

Let us immediately find that the naturality of sdx in dimension 0 holds. It follows trivially from the
following commutative diagram.
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Now, let’s verify naturality in positive dimensions. Let T': A, — X be continuous. Then

(F), (Sx T) = (Fp), | (T, (s, )| = ((FoT)y) (sda, ). (2.60)

Now, foT : A, =Y is a singular p-simplex on Y. So we have

sdy (foT) = ((fo T)#)p (sda, ip) - (2.61)
Now, 2.60 and 2.61 together imply

(f), (sdx T) = sdy (f o T) = sdy ((f4),T) . (2.62)

Therefore, (f#)p osdx =sdy o (f#)p.

Finally, we shall prove that sdx is a chain map by induction. We need to verify that sd com-
mutes with the boundary operator. The fact that sd commutes with the boundary homomorphism in
dimension 0 follows trivially from the following commutative diagram.

So(X) —L So(X)

| [
0o—4 o

Now, assume that the result holds true in dimension less than p. Now,
By (sdas, ip) = (~1)7 8y [sdas, Dip, B, (2.63)

where i, : A, — A, is the identity map. A, is star convex with respect to A\p, and sda, 0ip is a
(p — 1)-chain of A,. Then by Lemma 1.5,

by sda, 01y 5] = [ap,l (sda, Byip) ,AAP} +(=1)Psda, Byip ifp—1>0
P v € (sdAp 6pip) Ty — sda,, iy ifp—1=0
- [ap_l (sda, Byip) ,AAP} +(=1)Psda, Byip ifp>1 61
€ (SdAl Ohir) Tp — sda, 0111 ifp=1 ’

where Tj is the singular 0-simplex whose image point is 5\1, the barycenter of Ay. If p = 1, since sd
is augmentation preserving, the following diagram commutes:

sda, =idg,(

So(A;) 202y So(Aq)

z dz 7.

So we get for 01i1 € So(Aq),
€ (SdA1 612‘1) =€ (81i1> =0. (2.65)

For p > 1, by the inductive hypothesis, the following diagram commutes:

sdAp
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Hence, for 0pi, € Sp—1,
Op—1 (sda, Opip) = sda, Op—10pi, = 0. (2.66)
Now, combining 2.65, 2.66 and plugging them into 2.64, we get
Oy [sda, Dy, By | = (~1)7 sda, Byi (2.67)
in both cases. Therefore, 2.63 gives us
Oy (sda, ip) = sda, Opip, Vp. (2.68)
Now, in general, for 7" : A, — X continuous,
Oy (sdx T) = By |(T), (sda, ip) | = (T), , [0y (sda, in)] (2.69)
since Tl is a chain map and hence the following diagram commutes.
(Ty),
Sp(Ap) —— 5p(X)
Ay lap
Spfl(Ap) ’ Spfl(X)
(T#)p71
So
8p (SdX T) == (T#)pfl [8p (SdAp Zp)] = (T#)pfl (SdAp apip) = SdX (T#)pfl (apip) s (2.70)
using the naturality of sd. Hence,
Oy (sdx T) = sd (T),_, (9pip) = sdx 9y (st (Ty), ip) . (2.71)
Now, (T),ip =T 0ip = T. Therefore,
ap (de T) = SdX 8pT. (2.72)
So sdx indeed commutes with the boundary operator, and hence is a chain map. |

Consider ¢ = Ag and its first barycentric subdivision.

U3
831 593
o
U1 ()
512

Denote viv9, vovs and wsvy by s12, So3 and s3p, respectively. Denote the barycenter of o by o,
barycenter of si2 by 5/1\2 and so on. Observe that, for O-simplices v1, va, v3, their barycenters are just
themselves, i.e. v; = v; for ¢ = 1,2,3. Then we have a natural ordering. For example, o = s12 = o,
meaning si9 is a proper face of o, vy is a proper face of s13. Then we have a distinct 2-simplex 551203
(colored gray in the above image) by joining the 3 barycenters , 12, 03. This 2-simplex belongs to

the first barycentric subdivision of Ay, which we denote by Sd Ay 1.

The first barycentric subdivision of Ag contains also the following 2-simplices: 651501, 052303, 052303,
053101, 053103. It contains the following 1-simplices: $1201, 51202, S2303, S230U3, 53101, S3103 and the

O-simplices 01, U3, U3, 512, 523, 531, 0. We then have the following result:

'Note that, the subdivision operator sdx : Sp (X) — S, (X) is written sd, and the barycentric subdivision of a simplicial

complex (which we studied in AT2) is denoted by Sd, to avoid confusion.
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Lemma 2.12

Let K be a simplicial complex. The complex Sd K equals the collection of all simplices of the
form

~—

0103 -+ Op,

where o1 =03 > - = Op.

The proof of this lemma is omitted.

Lemma 2.13

Let T': A, — o be a linear homeomorphism of A, with the p-simplex . Then each term of sd, T'
is a linear homeomorphism of A, with a simplex in the first barycentric subdivision of o.

Proof. When p = 0, o is a 0-simplex and the first barycentric subdivision of ¢ contains just the
0-simplex o. And, given linear homeomorphism T : Ag — o, sd, T = T is the same linear homeomor-
phism of Ag with the only simplex o in the first barycentric subdivision of o.
Now, suppose the lemma is true in dimension less than p. Consider the identity homeomorphism
ip: Ap — A, Now,
sda, ip = (<1 [sda, 0ip, &, |

Note that
p

Oip =Y (1) ipolicy,. .5cy)

§=0
so that each term in this sum is a linear homeomorphism of A,_; with a (p — 1)-simplex in Bd A,,.

p

sda, Oip = Z (—1)j sda, (z’p o l(607.._7gj7_..’6p)) )

J=0

By the inductive hypothesis, each term of sda, (ip o l(€07._.7gj7...7€p)> is a linear homeomorphism of A,_;

with a (p — 1)-simplex 5153 - - - §, in the first barycentric subdivision of Bd A,,.
k

where T}, is a linear homeomorphism of A,_; with a (p — 1)-simplex 5153 - - - 5, in the first barycentric
subdivision of Bd A,. So

P
sda, Oip =Y > Ty (2.74)

j=0 k
Then [T]k, &,} is by definition a linear homeomorphism of A, with the p-simplex &,sﬁs} -+ §p, which

belongs to the first barycentric subdivision of A,. Now,

p
sda, ip = 3 3+ [T, A, (2.75)

j=0 k&

Therefore, each term of sda,, i, is a linear homeomorphism of Aj, with a p-simplex in the first barycen-
tric subdivision of A,.

Now consider a general linear homeomorphism 7' : A, — o. It’s clear that 7" defines a linear
homeomorphism between the first barycentric subdivision of A, with that of o, because T' takes
barycenter of A, to the barycenter of o (since T is linear).

sd, T = (T#)p (SdAp ip) ,
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with T": A, — o being a linear homeomorphism. Using 2.75,

p
sdy T=3"3 4To [Tjk,AAp}. (2.76)

=0 k

By construction, [T]k,ﬁ\p} : Ap — Sd(4A,) is a linear homeomorphism onto its image, and T :

A, — o is a given linear homeomorphism. Hence, the composite 7" o [T]k, A\p} : Ay — o is a linear
homeomorphism.

[Tjk, Ap} takes A, linear homeomorphically to a p-simplex in the first barycentruc subdivision of
A, and we have seen that T' is a linear homeomorphism between the first barycentric subdivision

o~

of A, with that of 0. Hence, T o [T]k, Ap} takes A, linear homeomorphically to a p-simplex in the

first barycentruc subdivision of . So the terms of sd, T are linear homeomorphisms of A, with a
p-somplex in the first barycentric subdivision of o. |

Theorem 2.14

Let A be a collection of subsets of X whose interiors cover X. Given T": A, — X, there is an m
such that each term of sd’y 7" is A-small.

Proof. Apply Lemma 2.13 to each term of sd, L, where L : A, — o0 is a linear homeomorphism of A,
with a p-simplex 0. Each term of sd, L is a linear homeomorphism of A, with a simplex in Sdo. Then
each term of Sdg L is a linear homeomorphism of A, with a simplex in Sd? o. More generally, each
term of sd’ L is a linear homeomorphism of A, with a simplex in the m-th barycentric subdivision
of o, ie. SA" 0.

Now, {Int A | A € A} covers X. Let us first cover A, by open sets 771 (Int A) with A € A. A, isa
compact metric space. Let A be the Lebesgue number associated with this cover {77! (Int A) | A € A}
of A,. So every subset of A, with diameter less than A must be contained in 7! (Int A) for some
Ac A

Now, choose m large enough such that each simplex in the m-th barycentric subdivision has diameter
less than A. Now, in the opening paragraph of the proof, take L = i, : A, — A,, the identity map
from A, to itself. Then each term of sd’gp ip is a linear homeomorphism of A, with a p-simplex in the
m-th barycentric subdivision of A, each of which has diameter smaller than A.

Then by Lebesgue number lemma, the image of each term of sdX iy is contained in T (Int A) for
some A € A. So, T composed with each term of sdglp ip is contained in Int A for some A € A. But T’
composed with each term of sdX 7, is nothing but each term of

(Ty), (sdgp z'p) = sd? T (2.77)

Hence, each term of sd'y T" has its image set contained in Int A. In other words, each term of sd’y T is
A-small. [ |

Remark 2.3. sd% : S, (X) — S, (X) is of course a map. In fact, it is a group homomorphism.
But we can’t talk about the image set of sd’y 7" even when 7" : A, — X is a singular p-simplex of
X, as sd¥ T is, in general, a p-chain, not a singular p-simplex.

Having shown how to chop up singular chains so that they are A-small, we now show that these
A-small singular chains suffice to generate the homology of X. We first need a lemma.

Lemma 2.15
Let m be given. For each space X, there is a homomorphism fo :Sp (X) = Sp41 (X) such that
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for each singular p-simplex T of X,
Op1D) T+ D) 19,T = sdR T — idg,(x) T. (2.78)
Furthermore, DX is natural; i.e., for continuous f : X — Y, the following diagram commutes

5,00 2, g7y

X Y
of | |23

Spra(X) gy Spra (V)

In other words, D;/ o (f#)p = (f#)erl o D;f.

4 N\
Remark 2.4. The above lemma guarantees that there is a chain homotopy D¥ between the chain

maps sd%,idg(x) : S(X) — S (X). Also, note that the naturality of sd% and DX shows that
if A is a subspace of X, then sd%¥ and DX carry S, (A) into S, (A) and S,41 (A), respectively.
Thus they induce a chain map and a chain homotopy, respectively, on the relative chain complex
S (X, A) as well.

J

§2.6 Excision

Definition 2.8. Let X be a topological space; let A be a covering of X. Let S;f‘ (X) be the
subgroup of S, (X)) generated by singular p-simplices of X that are A-small. Let S4(X) denote
the chain complex whose chain groups are the groups S’;,“ (X). SA(X) is a subchain complex of
S (X), because if the singular p-simplex T : A, — X has its image set in A € A, then each term
of 0,T also has its image set contained in the same A € A.

Note that each singular O-chain is automatically A-small. Hence, S5' (X) = Sp (X), and consequently
¢ defines an augmentation for SA (X). Hence, by Remark 2.4, sd% and DX carry S4 (X) into itself.
In other words, if the image set of a singular p-simplex T': A, — X lies in A € A, then each term of
sd’y T' and D;f T also has its image set lying in A € A.

Theorem 2.16

Let X be a topological space; let A be a collection of subsets of X whose interiors cover X. Then
the inclusion map S (X) < S(X) induces an isomorphism in homology, both ordinary and
reduced.

Proof. Consider the short exact sequence of chain complexes
0 —— SAX) — S(X) — S(X)/SAX) —— 0.
This, in fact, is a collection of short exact sequence of chain groups in each dimension p:

(i%),

0 — SHX) —5 Sp(X) — Sp(X)/SHX) — 0.

It gives rise to a long exact sequence in homology (either ordinary or reduced). Now, if we can prove
that the homology groups of the chain complex {Sp(X )/ S;f(X ),81‘;(} vanish in every dimension p,
then the long exact sequence in homology obtained from the short exact sequence above using Zig-Zag
lemma will yield the following exact sequence:
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(i),

0 — HAMX) — Hp(X) — 0.

The exactness of this sequence will then dictate that (i), : H;,“(X ) = Hp(X) is an isomorphism. Let
us now prove that the homology groups of the chain complex {S,(X)/ S;;‘(X ),8;( } vanish in every
dimension p.

Let ¢, + S;‘(X) €S, (X) /S;‘(X), for ¢, € Sy, (X), such that it represents a cycle in S), (X) /S;;l(X).
In other words, 8;( ¢p belongs to S;f‘_ 1(X). We now want to show that this ¢, necessarily represents a
boundary, i.e. there exists some dp1 € Spy1 (X) such that ¢, — a}ﬁldpﬂ belongs to S;f‘(X).

Note that ¢, is a finite formal linear combination of singular p-simplices. In view of Theorem 2.14,
we chan choose m large enough so that each singular p-simplex appearing in the expression for sd’¢ ¢,
is A-small. Once m is chosen, let D~ be the chain homotopy of Lemma 2.15. D5 : S (X) — Spq1 (X).
In fact, we shall show that —fo ¢p is precisely the dpi1 € Spi1 (X) that we are looking for. In other
words, we will show that ¢, + 6§F1D§ ¢p belongs to S;D“ (X) and we are donel!

By Lemma 2.15, we know that

8;2_1D£(cp + Dz)f_l(?;(cp =sdycp—cp = ¢+ agi_lD;(cp =sdy ¢y — Dg(_l@;(cp. (2.79)
We have chosen m large enough so that sd'¢ ¢, € S;,“ (X). Also, 0;°¢cp, € S;f‘,l (X), so that D;‘;l(‘);(cp €
S;il (X). Therefore, from 2.79, we can conclude that ¢, + 8§F1D§( Cp- [ ]

4 ™
Corollary 2.17

Let X and A be as in the previous theorem. If B C X, let 5134 (B) be generated by those singular
p-simplices T : A, — B whose image sets lie in elements of .A. Obviously, 5’;)4 (B) C 5’;)4 (X). Let
us denote the quotient group by

Sot (X, B) = St (X) /S2(B).

Then the inclusion
ip: Sy (X,B) = S, (X,B)

induces a homology isomorphism.
. J

Proof. Consider the following inclusion maps

and the 2 short exact sequences of chain complexes connected by the above 3 inclusions:

0 — SAB) — SAHX) —— SAX,B) —— 0

iBl ixl J/i(X,B)

0 S(B) » S(X) —— S(X,B) —— 0

The above diagram commutes. To show that, it suffices to show that commutativity of the following
diagram:

0 —— SH(B) — SMX) — SMX,B) —— 0

iBJ/ ixl li(XJB)

0 —— Sp(B) —— Sp(X) —— Sp(X,B) —— 0.
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If we take c € ,5’;,4 (B), the inclusion maps take it to itself. So the left hand square commutes trivially.
Now, we take d € 5’54 (X). Then under the map 52;4 (X)— S;fl (X, B), d goes to

d+ S (B).

Then under i(x p), it goes to
d+S,(B).

On the other hand, ix takes d to itself. Then the map S, (X) — S, (X, B) takes it to
d+ Sy (B).

Therefore, the right hand square commutes as well. Therefore, one obtains the following commutative
diagram with the two corresponding long exact sequences connnected via induced group homomor-
phisms:

. —— HAB) —— HMX) —— HNX,B) —— H' (B) —— HA (X)) —— -
(Gz.),| l@oo,  [Cem), @), (@00,
- —— Hy(B) —— Hy(X) —— Hy(X,B) —— Hp_1(B) — Hp—1(X) —— ---

Now, ((iB)*)pv
applying Steenrod five lemma, we conclude that ((i(XJg))*) : HI;“ (X,B) — H, (X, B) is an isomor-
p

((ix).),» ((iB),),—1s ((ix),),_, are all isomorphisms by Theorem 2.16. Therefore,

phism. |
Theorem 2.18 (Excision for singular theory)
Let A C X. If U is a subset of X such that U C Int A, then the inclusion

7 (X\U, A\U) <= (X, A)

induces an isomorphism in singular homology.

Proof. Let A denote the collection {X \ U, A}. Observe that the open set X \U is precisely Int (X \ U).
Also, since U C Int A,
X\ (IntA) C X\U=1Int(X\U).

Therefore,
X =[X\ (It A)]U(Int A) CInt (X \U)UInt A = | ] Int(S).
SeA

Therefore, the interiors of sets in A cover X.

A

Now, consider the homomorphisms induced by inclusions

S, (X\U) _ SH(X) SHX) S, (X)
Sy (ANT)  SA(A) M sAA) S, (A)

The first one is an inclusion since a p-chain in X \ U is clearly in S}“;1 (X)as A={X\U A}; and a
p-chain in A\ U is also clearly in S;,“ (A). The second inclusion is just S;,“ (X,A) = S, (X, A).
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By Corollary 2.17, the latter homomorphism induces group isomorphism at the level of homology
groups. We now intend to prove that

Sy (X\U)  S;H(X)
S, (A\U)  SA(A)

is already an isomorphism at the chain level. Consider the map

LS, (X\U Sp () Syt (A 2.80

¢ Sp (X \ )_)W’ cp > ep+ 557 (A), (2.80)

for ¢, € S, (X \ U). Note that ¢ is surjective. If ¢, is a p-chain in S;;l (X), then each term of ¢, has
image set lying in either X \ U or in A. While forming the coset ¢, + S{D“ (A), we can safely throw

A(X
away the terms that have image sets in A. So every coset element in %}T((Aﬁ) is of the form

d, + St (A)

for d, € S, (X \ U). Hence, ¢ is surjective. Now, ¢, € Ker ¢ if ¢, € S;f‘ (A). Since Ker¢ C S, (X \ U),
we have

€ Sp (X\U)N S (A) =S, (X \U)NA) =S, (A\U). (2.81)
Therefore, Ker ¢ = S, (A\ U). Hence, by the first isomorphisim theorem,

Sy (X\U) _ S;t(X)

S,(A\D) ~ SA(A) (2.82)

Therefore, H, (X \ U, A\ U) = H734 (X, A). We already have H;fl (X,A) = H, (X, A) by Corollary 2.17.
Therefore,
H,(X\UA\U)=H,(X,A).

Theorem 2.19
Let n > 0. The group H; (B”, S"‘l) is infinite cyclic for ¢ = n and vanishes otherwise. The group

H; (S™) is infinite cyclic for i = n and vanishes otherwise. The homomorphism of H,, (S™) with
itself induced by the reflection map

p(x17$27 L 7$n+1) - (_1’1,$2, LR 7xn+l)

equals multiplication by —1.

Proof. First, we shall prove that H; (B", S”_l) = H,; (S™).
Claim 1: H; (B",S" ') = H;_; (S*1) for i > 0.
Proof. The long exact (reduced) homology sequence of the pair (B”, S”_l) is
- —— Hy(B") —— Hy(B,,S" ") —— Hp_1(S" ") —— Hp_1(B") — -

B™ is convex, so it is acyclic in singular homology. Therefore, ﬁp (B™) = 0 for all p. Therefore,
we have the following exact sequence

0 —— Hp(By, 8" 1) —— H, (5" 1) —— 0.

Hence, ﬁp(Bn,S”_l) = I}p,l(S”_l). This holds for p > 0. For p > 0, the ordinary and the
reduced homology groups are identical. Hence, Hy(By,, S" ') & H,_1(S™1). O
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Claim 2: Hj (B”, S’"_l) = 7 if n = 0. Otherwise, Hy (B", S"_l) = 0.
Proof. If n = 0, B" is a singleton and S"~! is @. So Hj (B",S"_l) = Hy (BO,Q) = Z. Now
suppose n > 0. The 0-th chain group Sy (B”, S”fl) is generated by elements of the form

T+ S ("), (2.83)

where T is a singular O-simplex whose image is in B" \ S"~!. Now, fix a point 2 € S"~1. (We
need n > 0 for this, because S"~! is nonempty when n > 0.)

Since B™ is path connected, there is a singular 1-simplex f : A; — B" such that f (e1) = T (Ap)
and f (o) = x. Then 01 f = folg ) — folis) Now,

folegs (1,0,0,...) = £(1,0,0,...) = & = T (Ag) = T» (1,0,0,...), (2.84)
folge (1,0,0,...) = £(0,1,0,...) = T (Ag) = T'(1,0,0,...), (2.85)

where T, : Ag — B" is the constant map that maps Ag to z € S*~! C B™. Therefore, 0;f =
T —T,. Hence,

O (f+S1 (8" ) =T—Tp+So(S"") =T+ So (5" ). (2.86)

Therefore, every relative 0-chain is a boundary. Hence, H (B”, S”fl) is trivial. O
Now we shall prove that ﬁp (S™) = H, (B, 5™ 1).

Claim 3: H,(S") = H, (B",5").

Proof. Let’s first verify this in p = 0 case. For n = 0, SY has two path components. So Hy (SO) =
Z & 7, hence Hy (SO) ~ 7 = H, (BO,SO_l). For n > 0, S™ is path connected, so Hp (S™) = 0.
Hy (B", S"‘l) is also trivial as proved in the previous claim. Therefore, ﬁo (S™) = Hy (B”, S”_l).

Now, we shall prove the claim for p > 0. Let n = (0,0,...,0,1) € R**! be the “north pole” of
S™. Consider U = 8™\ {n}. It is homeomorphic to R™ by the stereographic projection map from
north pole. Therefore, fNIp (U) = }NIp (R™) = 0, as R™ is convex. Therefore, considering the long
exact homology sequence of the pair (S™,U), we get

- —— Hy(U) —— Hy(S") —— Hy(S*,U) —— Hp1(U) — ---
Since I;Tp (U) = 0, we have the following exact sequence
0 —— H,(S") —— Hy(S",U) —— 0

So flp(S”) = ﬁp(S”, U). Since we are dealing with p > 0 now, H,(S™) = Hp,(S",U). Now, let A
be the open lower hemisphere

A= {($1,1’2,...,1‘n+1) S Sn|$n+1 < 0} (287)

Then
A= {(le,xg, .. .,xn_H) € Sn’l’n_H < 0} CU=IntU. (288)

Therefore, by excision theorem,

H,(S™,U) = Hy(S"\ A4,U \ A). (2.89)
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Now, S™\ A is the closed upper hemisphere
S"\ A={(x1,x2,...,2n41) € S"|Tpnt1 > 0}. (2.90)

Under the projection map R"*t! — R” onto the first n coordinates, S \ A is homeomorphic to
B", and U \ A is homeomorphic to B" \ {0}. As a result,

Hy(S™\ A, U\ A) = H, (B", B"\ {0}). (2.91)

Let i : (B™,S"1) < (B",B™\ {0}) be the inclusion map. i : B™ — B" is the identity, so it is
trivially a homotopy equivalence. So consider j = i‘Sn,l : St B™\ {0}. Let h: B™\ {0} —
S"~1 be defined as h (x) = ﬁ hoj is the identity of S"~!. We shall now show that joh ~ idpn.
Define F': B" x I — B" as
1—t
F(x,t) = <t + > X. (2.92)
[
F (x,0) = (joh)(x), and F(x,1) = x. Therefore, joh ~ idgn. So j = i‘sn,l is a homotopy
equivalence. Hence,
H,(B",S" ') = H,(B",B"\{0}). (2.93)

Combining (2.89), (2.91) and (2.93), we get H, (S™) = H, (B",S"1). O

Combining Claim 1 and Claim 3, we get
Hy(S™) = Hyq (S"71). (2.94)
We shall now compute the homology groups of S™.

Claim 4: I:Tp (S™) 2 Z if p = n, and 0 otherwise.

Proof. We shall prove it by induction on n. S® = {—1, 1} has two path components. So Hy (SO) =
Z ®Z. Then H, (S°) = Z.

Let T : A, — S° be a singular p-simplex. A, is connected. By Theorem 23.5 of Munkres’
Topology textbook, the image of a connected space under a continuous map is connected. As
S0 is a discrete space, T must be constant. So there are only two singular p-simplices: one that
maps all of A, to 1, the other maps all of A, to —1. Let’s call them F}, and G, respectively. The
“faces” of F), are all equal to Fj,_1, and the “faces” of G, are all equal to G),—1. Now,

Opl)p = Z (_1);: Fyo l(eo,...,@ ..... ep)* (2.95)

If p is odd, all the terms will cancel in pairs. So 0,F}, = 0. If p is even, only the last term survives.
So 0pF, = Fj,_1. The same holds for G}, as well.

For even p, 0,F, = F,—1 and 0,G, = G,—1. So the p-cycles are the trivial chains only, i.e.
Ker 0y, is trivial. Hence, H), (SO) = 0 for even p.

For odd p, 0p+1Fp+1 = F) and 0p41Gp1 = Gp. So all the p-chains are p-boundaries. Hence,
H, (SO) = 0 for odd p. Therefore, we have proved the base case that

~ Z ifp=20
H, (5°) = 2.96
P ( ) {0 otherwise. ( )
Now, assume the inductive hypothesis that
~ Z ifp=n-—1
H, (8" 1) ~ 2.97
P ( ) {0 otherwise. ( )
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Since I:i’p (S™) = ﬁp_l (S™~1), we have
~ ~ _ Z ifp—1=n-1 Z ifp=n
Hy,(S™) =2 Hpq (S"71) = = 2.98
» (57) Pt ( ) {O otherwise. {0 otherwise. ( )
Therefore, we have proved by induction that pr (S™) = Z if p = n, and 0 otherwise. O
Now, using Claim 1 and Claim 2, we finally have
Z ifp=n
H, (B", S" 1) ~ 2.99
P ( ) {0 otherwise. ( )

Now we shall prove that (ps), : Hp (S™) — Hj, (S™) is multiplication by —1. p is a homeomorphism,
so (px),, is an isomorphism. H, (S™) is infinite cyclic. So it has exactly two generators, and they are
inverses of one another. An isomorphism of a cylic group onto another cyclic group maps a generator
to another generator. Therefore, (px),, is either the identity map, or the inverse map (the map that

takes a to —a).

Claim 5: Let f : R*! — R""! be a map that is does not change the first coordinate. Then
fop=polf.
Proof. Since f does not change the first coordinate,
f(X) = f(:L‘O’l'lv"'?xn) = (x()vfl (X)"" 7fn (X)) : (2100)
Using this, we get
(£o0) (%) = (£ o) (20,31, @n) = f (—20,1, - ,0) = (—20, fL (%) ., 7 (X)) .
On the other hand,

(pof)(x):p(wo,fl(x),...,f"(x)) = (—xo,fl(x),...,f”(x)).

So our claim is proved. O
Now we follow the proof of ffp (B, S™1) = flp (S™,U).

(By, §"71) 290, (3, 57\ {0}) 2 (87 A, U\ ) R (57 ). (2.101)

Each of these maps induces an isomorphism at the homology level, as shown earlier. The projection
map is projection onto the first n-coordinates. Therefore, each of these three maps keeps the first
coordinate invariant. Therefore, if we let f denote the composition of these three maps, fop = po f.
So we have the following commutative diagram:

(fo)n

Hy(Bn, S™ 1) H,(S",U)

(P)n (P )p

We proved H, (B, S" 1) =~ H, 4 (S"_l) by means of a long exact sequence. A continuous map gives
rise to a commutative diagram whose rows are the corresponding long exact sequences. In particular,
the following diagram commutes:
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Hy(By, §"1) —5— Hua (5"

For the same reason, we get the commutativity of the following diagram:

~ (7+)

H,(S™) ——" 5 H,(S",U)

(P<)n (ps)y,

H,(S") ——— H,(S™,U)

(),

Combining the three commutative diagrams, if ¢ = (77*);1 o (fs), © (8*);1 denotes the isomorphism
from Hy,—1 (S"71) to Hy (S™), we get the following commutative diagram:

Hy 1 (S™Y) —2 4 H,(S™)
(P )n_1 (P )p

Hy 1 (S"71) ——5—— Ha(S")

Claim 6: (p.), : H, (S™) — H, (S™) is the “multiplication by —1” map.

Proof. We prove it by induction on n. The base case is n = 0. For n =0, S° = {—1,1}. Hy (SO)
is generated by 177 — T_1, where T; is the map that takes Ay to . p exchanges 1 and —1. So

(p*)o (T1 —T 1+ imo”?l) = (p#)o T — (p#)o T 1+imo = — (Tl = T_1) +im 9. (2.102)

So (p«)g is the “multiplication by —1” map.
Now, suppose (ps), ; is the “multiplication by —1” map. Let # € H,,_1(S""!). Then using
the above commutative diagram,

() (0 (@) = ¢ ((P) 1 7) = 0 (—2) = —p (2). (2.103)

Since ¢ is an isomorphism, it is surjective. Therefore, if we vary x over ﬁn_l(S":l), ¢ (x) takes
all values of H,(S™). Therefore, (p4), is the “multiplication by —1” map on H,(S™). So our
proof by induction is complete. O

Therefore, the homomorphism of H,, (S™) with itself induced by the reflection map p is the inverse
map, i.e. the multiplication by —1 map. |
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3 CW Complexes

§3.1 The Topology of CW Complexes

Definition 3.1. If X is a topological space and C is a collection of subspaces of X whose union is
X, the topology of X is said to be coherent with the collection C provided a set A C X is closed
in X if and only if AN C is closed in C for each C € C. It is equivalent to require that U C X is
open in X if and only if U N C is open in C for each C' € C.

Lemma 3.1

Let X be a set which is the union of topological space {X,}. If there is a topological space Xt
having X as its underlying set, and each X, is a subspace of X, then X has a topology (called
the coherent topology), of which X, are subspaces, that is coherent with the collection {X,}.
This latter topology is, in general, finer than the topology of X.

Proof. Let us define a topological space X¢ (whose underlying set is X)) by declaring that A C X is
closed if and only if AN X, is closed in X, for each a. If A and B are closed in X¢, then both AN X,
and B N X, are closed in X, for each a. Therefore,

(AUB)N X, =(ANX,)U(BNX,) (3.1)

is closed in X, proving that AU B is closed. On the other hand, if {A;},. ; is an arbitrary collection
of closed sets, each A; N X, is closed in X,. Then

(ﬂ Ai> NXe=[)(4iNXa) (3.2)

ieJ ieJ
is closed in X,. Therefore, (,.; A; is closed. Hence, X¢ indeed defines a topology on X.

Now, if C' is a closed set in X7, then since X, is a subspace of X1, C' N X, must be closed in X,
for each . Therefore, C is closed in X¢. Thus, the topology of X¢ is finer than that of X.

Now we need to show that each X, is a subspace of X¢. For this purpose, we show that the closed
sets of X, are of the form C' N X, where C' is closed in X¢. First note that if C' is closed in Xc,
C N X, is closed in X, for each a. Conversely, if B is closed in X, since X, is a subspace of X,
B =Cn X, for some closed C' in X1. Now, since X¢ is finer than X1, C' must also be closed in Xc.
Thus B = C'N X, for some closed C' in X, as desired. Therefore, each X, is a subspace of X¢c. So
Xc is coherent with the collection {X,}. [ |

4 N
Remark 3.1. We can always give a topology Xt to the underlying set X = J, X, with each

X, being a topological space by its own right, so that X, becomes a subspace of Xt (i.e. the
topology of X, that it had as an individual topological space from the beginning coincides with
the subspace topology it inherits from X1) with X not being coherent with its subspaces X,. In
such case, X¢ will be strictly finer than X+. When X+ is found to be coherent with its subspaces

X, one has X1 = Xc.
g J

Some useful terminologies

The m-dimensional ball B" is the following subspace of R™

B™={xeR™| |x|| <1}. (3.3)
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The open m-ball, denoted by Int (B™), is the interior of B in R™.
Int B" = {x e R™ | ||x]] < 1}. (3.4)
The boundary of B™ in R™ is the standard (m — 1)-sphere.
Sml=BdB™ = {x cR™ | ||x|| < 1}. (3.5)

We note that the 0-ball BY is equal to R® = {0}. One has Int B® = B® = {0}. Also, B! is the interval
[~1,1] in R, and Int B! = (—1,1). So

SO =BdB' = {-1,1}. (3.6)

Cell decomposition and CW-complexes

Definition 3.2. An n-cell is a topological space homeomorphic to the open n-ball Int B". A cell
is a topological space which is an n-cell for some n > 0. Since Int B" is homeomorphic to R", we
can talk about the dimension of an n-cell. An n-cell is rightly said to have dimension n.

Definition 3.3 (Cell decomposition). A cell decomposition of a topological space X is a family
E ={eq | a € I'} of subspaces of X such that each e, is a cell and

X=|]ea (3.7)

The n-skeleton of X is the subspace

xr= || e (3.8)

a€l,dimey<,

Note that if £ is a cell decomposition of X, then the cells of £ can have many different dimensions.
For example, consider a cell-decomposition of St given by € = {e,, €5}, where e, is an arbitrary point
p € St and e, = S\ {p}. Here, ¢, is a O-cell and e is a 1-cell. One can have uncountably many
cells in a cell decomposition of a given topological space. A finite cell decomposition is a cell
decomposition consisting of finitely many cells.

Definition 3.4 (CW complex). A pair (X, ) consisting of a Hausdorff space X and a cell decom-
position £ of X is called a CW complex if the following 3 axioms are satisfied:

Axiom 1 (Characteristic maps). For each n-cell e, € &, there is a continuous map f, : B" — X
restricting to a homeomorphism

fa}lnt pn o Int B™ — e,

and taking Bd B” = S" ! into X!

Axiom 2 (Closure finiteness). For any cell e, € &, the closure €, intersects only finitely many cells
in £.

Axiom 3 (Weak topology). A subset A C X is closed if and only if A Ne, is closed in € for each
eq €E.

-

Remark 3.2. Here, the topology of the Hausdorff space X = | J,, €4 is coherent with the subspaces
{€a},, i.e. X is endowed with the finest topology with respect to which all these topological spaces
€. become its subspaces. Axiom 3 basically demands this coherence.
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Definition 3.5. The dimension of a CW complex (X, ¢) is the largest dimension of a cell of &, if
such exists. Otherwise, it is said to be infinite.

Lemma 3.2

Let X be a Hausdorff space and € = {e,},, a cell decomposition of X. If (X, £) satisfies Axiom 1
of CW complex, then we have e, = f, (B™) for any n-cell e,. In particular, €, is a compact
subspace of X and the “cell boundary” é, := €5 \ en = fa (S”fl) lies in X" 1.

Proof. Since f, : B™ — X is continuous associated with a given n-cell e, we have

€ = fo (Int B") 2 fo (Int B?) = fo (B"). (3.9)

So fa (B™) C &,. Since B™ is compact and f, is continuous, f, (B™) is compact. Now, since X is
Hausdorff, f, (B") is closed. Since eq = fo (Int B™),

fa(B") 2 ea = fa(B") 2& = fa(B") 2. (3.10)
Therefore, €5 = fo (B™).
By Axiom 1, we have f, (Int B") = e, and f, (S”fl) Cc X711 So

fo (8" N Nea = 2. (3.11)
But fo (S"7!) C fo (B™) =e,. So we have
fo (8"7) Cea\ ea. (3.12)
Furthermore,
a \ €a = fa (B")\ fo (Int B") C fo (B" \Int B") = fo (S™71). (3.13)
Therefore, f, (S”_l) =€ \ €a =: €q. |

Subcomplexes

Lemma 3.3

Let (X, &) be a CW complex, and &' = {en },, C & a collection of cells in it. Suppose X' =, €q’-
Then the following are equivalent:

(a) The pair (X',&’) is a CW complex.
(b) The subset X' is closed in X.

(c) ew C X' for each e, € &', where &, is the closure of e, in X.

Definition 3.6 (Subcomplex). Let (X,€) be a CW complex, and (X',&’) be as above. Then
(X', &) is called a subcomplex of (X, &) if the 3 equivalent conditions stated in Lemma 3.3 are
satisfied.

-
Corollary 3.4
Let (X, &) be a CW complex. Then

(a) Let {A;};c; be any family of subcomplexes of (X,£). Then |J;c; A; and [, A; are sub-
complexes of (X, E).

(b) The n-skeleton X" is a subcomplex of (X, &) for each n > 0.

(¢) Let {ei};c; be any arbitrary family of n-cells in £. Then X" U (|J;c; €) is a subcomplex.
- J

42



3 CW Complexes 43

Proof. We shall first prove (a). The others follow immediately from (a). Given the family of subcom-
plexes {A;},; of the CW complex (X, &), each A; C X is a closed subspace of X. Then (;c; 4; is
closed in A. Therefore, by Lemma 3.3, (,c; 4; is a subcomplex of (X, &).

Now we shall prove that (J;.; A; is a subcomplex. For this purpose, we shall use the characterization
(c) of Lemma 3.3. Let e C |J;c; Ai be an n-cell. Then e C A; for some j € I. By characterization (c),
€ C Aj. Therefore, € C | J;c; Ai- So ;s Ai is a subcomplex.

Now, we shall prove (b). If e, is a n-cell,
€a=eaUey, =eq U fo (S"_l) Ce, UXM L (3.14)
So eq € X™. If eg is a k-cell for k < n, eg C X"~ 1. Therefore, X" is a subcomplex. For (c), a similar
computation as 3.14 reveals that
& C X"y (U ei) : (3.15)
el

Therefore, X"~ 1 U (Uiel ei) is also a subcomplex. |

Example 3.1

Consider the torus as a quotient space of a rectangle as usual (by identifying opposite sides of a
rectangle).

P P

P P T

We express T as a CW complex having a single 2-cell (the image under 7 of the interior of the
rectangle), two 1-cells (the images of the 2 open edges of the rectangle under ), and one 0-cell
(the image of the vertices of the rectangle under 7). You should convince yourself that all the
axioms in the definition of a CW complex are satisfied here.

2-skeleton of T’

1-skeleton of T’

0-skeleton of T'
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Example 3.2
The quotient space formed from B" by collapsing Bd B” to a point is homeomorphic to S™. Hence,

the Hausdorff topological space S™ can be expressed as a CW complex having one n-cell and a
0-cell, and no other cells at all.

§3.2 Adjunction Space

Definition 3.7 (Topological sum). Let {X,},c; be a family of topological spaces, not necessarily
disjoint. Let E be the set that is the union of the disjoint topological spaces E, = X, X {a}. In
other words,
E=||Ea=||Xax{a}. (3.16)
acJ acJ
If we topologize E by declaring U C E to be open if and only if U N E, is open in F, for each «,
then F is called the topological sum of the topological spaces X,.

One has a natural map p : £ — |J, Xo which projects X, x {a} onto X, for each a. We now have
the following important result.

Lemma 3.5

Let X be a topological space which is the union of certain of its subspaces, i.e. X =J, Xq. Let
E be the topological sum of the subspaces X,. Also, let p : E — J, X« be the natural projection.
Then the topology of X is coherent with the subspaces if and only if p is a quotient map. In this
situation, we often say that X is the coherent union of the spaces X,.

Definition 3.8 (Adjunction space). Let X and Y be disjoint topological spaces, and let A be a
closed subspace of X. Let f: A — Y be a continuous map. We define a certain quotient space
as follows: Topologize X UY as the topological sum, i.e. U C X UY is open if and only if both
UNX and UNY are open in X and Y, respectively. Form a quotient space by identifying each
set

{y}Uf ' (y), (foryeY)

to a point. That is, partition X UY into these sets, along with the singletons {z} for x € X \ A.
We denote this quotient space by X Uy Y, and call it the adjunction space determined by f.

A

X

XuYy XUpY
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It is often useful to view a CW complex as a space built up from a collection of n-balls (possibly of
different n) by forming appropriate quotient spaces.

Recall from point set topology that a topological space X is said to be normal if given any two
disjoint closed sets E and F', there are open disjoint sets U and V such that F C U and F C V.

Lemma 3.6

Let X be a space that is the countable union of certain closed subspaces X,,. Suppose the topology
of X is coherent with those subspaces X,,. If each X is normal, so is X.

Theorem 3.7
If X and Y are normal, then so is the adjunction space X Uy Y.

Theorem 3.8

Suppose (X, €) is a CW complex of dimension p. Then X is homeomorphic to an adjunction
space formed from XP~! and a topological sum | |, Bh of p-balls BP (here BY = BP x {a}) by
means of a continuous map g : | |, Bd Bh — XP~1. It follows that X is normal.

Proof. Associated with each e, € £ of dimension p, there is a characteristic map f, : B? — &,. Now,
BY = B? x {a}, and |J, B? x {a} = |, B%. Now, form the topological sum

E=Xrty <|_| Bg) , (3.17)

and define 7 : E — X by letting 7 equal inclusion on X?~! and the composite
BP = BP x {a} —» B 1 X (3.18)
on BE. We will now prove that 7 is a quotient map. This will prove that X is homeomorphic to the

underlying quotient space XP~! Ug (L, Bh), with g being the continuous map
g:| |BaBp — x7!
(e

induced from the characteristic maps fe.

7 is continuous on each of the disjoint components, so 7 is continuous. Furthermore, it is surjective.
Indeed, for x € X, x is either in XP~! or in some p-cell e,. In any case there is a pre-image of z, since
fao restricts to a homeomorphism of Int BP with e,,.

Suppose C' C X and 7! (C) is closed in E. In order to show that 7 is a quotient map, we need
to show that C is closed as well. XP~! is a CW subcomplex of (X,€) and hence XP~! is a xlosed
subspace of X. Therefore,

1. 771 (C) N XP~1 is closed in XP~! in the subspace topology it inherits from E. But
rrHOnNXr =gt (CnXP ) =CnXxP (3.19)

hence CN XP~1 is closed in XP~!. Since XP~! is a CW complex in its own right, using the weak
topology axiom, one obtains C'Neg is closed in eg for dimeg < p — 1.

2. Also, each Bh inherits subspace topology from E = XP~1 U (||, Bh). Since 771 (C) is closed
in E, 771 (C) N B is closed in B. in subspace topology. Now, since each B is compact, and
m: FE — X is continuous,

m(rH(C)NBY) =CnNfo(BY)=CnNey (3.20)

is compact (because closed subspace of compact set is compact, and so is continuous image of
compact set). So we arrive at the fact that C Ne, is compact. Since X is Hausdorff, C' Ne, is
closed in X (compact subspace of Hausdorff is closed). €, is closed in X, C' Ne, is closed in é,.
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Therefore, we verified that C' Ne, is closed in e, with dime, < p. Since X is of dimension p, all the
cells of £ are of dimension at most p. Therefore, C' is closed in X, proving that m is a quotient map.

We shall now prove that X is normal. We proceed inductively. X" is a discrete topological space, and
hence normal. | |, Bl is also normal. Therefore, the corresponding adjunction space X° Ug (|_| o Bé)
(which is homeomorphic to X1!) is normal. In a similar manner, we can show that each X? is normal.
Therefore, XP = X is normal. |

The converse of Theorem 3.8 can be stated as follows:

Theorem 3.9

Let (Y,€) be a CW complex of dimension p — 1. Let | |, Bh be a topological sum of p-balls, and
let g : ||, Bd BE — Y be a continuous map. Then the adjunction space

X=Yy, <|Z|Bg)

is the underlying topological space of a CW complex, and Y is its p-skeleton.

Sketch of proof. Use Theorem 3.7 to show that X is Hausdorff. Construct the quotient map

f:Yu<|_|Bg> — X

by defining it as inclusion on Y, and by means of the given continuous map g on | |, Bd BL. f on Int BY
is going to give the p cells e, € £'. This way form the p-cells in £'. In particular, e, = f (Int BY).
Some work needs to be done to show that e, is a p-cell. The other cells in £ are the cells eg € €
of dimension at most p — 1. Now show that (X,£’) thus constructed fulfills all 3 axioms of a CW
complex. |

Theorem 3.8 and Theorem 3.9 can be extended to construct infinite dimensional CW complexes. For
that we need a lemma first.

Lemma 3.10

Let X be a set which is the union of topological space {X,}. If for each pair «, 8 of indices, the
set X, N Xg is closed in both X, and X3, and inherits the same subspace topology from each
of them, then X has a topology coherent with the subspaces {X,}. Each X, is closed in this
topology.

We shall omit the proof of this lemma.

Theorem 3.11 (a) Let (X,€) be a CW complex. Then X? is a closed subspace of XP*! for
each p, and X is the coherent union of the spaces X 0cCc X1 C X2C.... Tt follows that X
is normal.

(b) Conversely, suppose (X,,,) is a CW complex for each p, and X, equals p-skeleton of XPT!
for each p. If X is the coherent union of the spaces X, then (X, ) is a CW complex having
X, as its p-skeleton, where & =, &p.

Proof. (a) By Lemma 3.3, both X? and XP*! are closed in X. Here, X? C XP*! C X. We prove
that XP is closed in XP*!. It is equivalent to proving X?*!\ X? is open in XP*!,

XPH\ XP = XPH 0 (X \ XP), (3.21)
and X \ X? is open in X. Therefore, XP*1\ XP? is open in XP™! in subspace topology inherited

from X. Hence, XP is closed in XP*1.
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Now suppose C' N XP is closed in XP for each p. We need to prove that C' is closed in X. Since
(XP, &) is a CW complex by its own right, by the weak topology axiom, C' N X?P Ne, is closed in
e, for each e, € &,. Since e, C XP, we have

CnNnXPne,=0CnNe,. (3.22)
Therefore, C' Ne, is closed in e, for each e, € &,. Since p is arbitrary, C Ne, is closed in e, for
each e, € £. Hence, C is closed in X.

Conversely, suppose C is closed in X. We know that X? C X is closed in X. Hence, C' N X7 is
closed in X. Now,

XP\N(CNXP)=XPN[X\(CNnXP). (3.23)
X\ (CnXP) is open in X. Therefore, X? \ (C'N XP) is open in XP? in the subspace topology it
inherits from X. Therefore, C' N X? is closed in X. We, therefore, conclude that C' is closed in
X if and only if C N X? is closed in X? for each p. Therefore, X is the coherent union of the
subspaces

X0cxlcx?c....

Normality of X follows by noting that X = (J, X, where {X?} is a countable collection of closed
subspaces, and using Lemma 3.6.

(b) If p < ¢, then X, N X, = X,, is a closed subspace of both X, and X, since X, is the p-skeleton of
Xy. Therefore, by Lemma 3.10, there is a topology on X coherent with the subspaces {Xp}p, and
each X, is closed in X. By Theorem 3.8, each X, is normal. Using Lemma 3.6, X is normal as
well (and in particular, Hausdorff). The closure-finiteness axiom follows trivially. Now we check
the weak topology axiom.

Suppose C' N e, is closed in e, for each cell e,. Then C' N X, is closed in X, since X, is a CW
complex. Then C is closed in X, because the topology of X is coherent with the spaces X,.

Conversely, suppose C is closed in X. Then C' N X, is closed in X, for each p, because of the
coherence. Since X, is a CW complex, C'N X, Ne, is closed in e, for each cell e, with dimension
at most p. But C N X, Ne, = C Neg. Therefore, C'Ne, is closed in e, for each cell e,. This
proves that X satisfies the weak topology axiom. Therefore, X is a CW complex.

|

§3.3 The Homology of CW Complexes

Let (X,€) be a CW complex. Also, let D, (X) = H, (X?, XP~!). Let 9, : D, (X) — Dp_1(X) be
defined to be the composite

Hy (X7, XP1) s, (X01) S g (X071, X2

\/

(G)p—10(0x),
In other words,
Op = (Ju)p-1°(0x)y, (3.24)
where j : (prl, @) — (prl, XP*Z) is the inclusion. One can verify that d,_108, = 0 by considering
the long exact homology sequence of the pair (X =1 Xp_2).

) (F)p—1

- — Hp*l (Xp_l prl (Xp_laXp_Q) % HP*Q (Xp_2) o

Exactness of this sequence implies (8*)1?_1 o( j*)p_1 = 0. Now,
Bp100y = (ju)p20 [(0)y1 0 (e)ps] 0 (02),

— (ju), 2000 (d.), = 0. (3.25)
The chain complex {Dj, (X),0,} is called the cellular chain complex of (X, &).
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Lemma 3.12

Given a p-cell e, € € of (X, &), any characteristic map f, associated with e,
fo: (BP,SP7Y) = (€ar€a)

induces an isomorphism in relative homology.

Proof. The result is trivial for p = 0. Let p > 0. The point 0 is the center of BP. Let eq = f, (0).
One can form a continuous map between pairs of topological spaces given by the characteristic map
fa 1 BP — €4 associated with a given p-cell e, € £.

(B2, 5P 12 (25, €l) .

Here f, is a quotient map, and nontrivial aspects of the quotient construction is happening at the
boundary. Any open set containing Bd BP is a saturated open set in BP with respect to the quotient
map fo : BP — €,. In particular, BP \ {0} is a saturated open set in BP with respect to f,. Hence,
fa‘ Br\{0} is a quotient map. We denote this restriction by f/,.

fo:BP\{0} e\ ea

is a quotient map. Let F': BP \ {0} x I — BP\ {0} be a deformation retract of B” \ {0} onto SP~L.
Hence,

F(x,1)e S, F(z,0)0=xVz e B\ {0} and F (a,t) =aVaec S ! tel. (3.26)

(B”\ {0}) x I —— B”\ {0}

fox idll lf&

(@ \ea) x I —%— g\ e
Here, G is the induced deformation retract from the quotient map f.
(BP\{0}) x I
floF
fgxidfl \
(a\ ) x I —“— &5\ ea

Now, f! xidj is a quotient map, and f/, o F is continuous. Furthermore, for each (y,t) € (€5 \ €a) X I,
f! o F is constant on (f x id;)~' ({(y,t)}). Indeed, if y € €4, then there is exactly one z € Int B?
such that f/ (z) = y, so f/, o F is constant on (f, xid;)"" ({(y,t)}). Otherwise, if y € &4, let
a € fL =1 ({y}). Then a € SP~1. The point (a,t) gets mapped to y under f- o F. So f/ o F is constant
on (f!, xid;) ™" ({(y,t)}). Therefore, there exists a unique continuous map G : (eg \ €a) x I — &5 \ €a
such that the diagram above commutes.

Now, we want to show that G is a deformation retraction of €, \ €, onto é,. For any y € €, \ €q,
y is the preimage of some = € BP \ {0} under f/. Then f/ o F maps (z,1) to f, (z) € é, for some
z € SP~L. Therefore, G (y, 1) € é,. Furthermore, f’ o F maps (z,0) to f (z) = y. Hence, G (y,0) = .
Also, for a € é,, there exists some b € SP~! such that f/, (b) = a. Then f! o F maps (b,t) to f/, (b) = a,
proving that G (a,t) = a. Therefore, G is a deformation retract of €, \ €, onto é,.

Now, consider the inclusion maps
i: (Bp,Sp_l) — (BP,BP\ {0}) and j: (€qa,€q) <= (€n,€a \ €n)-
By Theorem 2.10,
(i), : Hy (BP,SP71) = Hy (BP, BP\{0}) and (j.), : Hy (€a;éa) = Hy (€ o \ €a)

are isomorphisms in relative homology. Now, consider the following diagram:
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(BP, SP=1) —— (B, BP\ {0}) +—— (Int B?,Int B \ {0})

| b

— . ¥ — _ o~ o~
)
(ea ea) I (ea)ea\ea) <l— (6047604\604)

(Int BP,Int BP\{0})

k:(BP\SP~L (BP\ SP71) \ {0}) — (BP, B? \ {0}) is the inclusion obtained from the pair (B?, B? \ {0})
by excising away SP~'. Then by Theorem 2.18, (k) g 1s an isomorphism in singular homology. Simi-
larly, (I+), : Hq (€a,ea \ €a) — Hg (€a;€a \ €a) is also an isomorphism.

Furthermore, g is a homeomorphism (since f, restricted to Int BP is a homeomorphism). Hence,
(g*)q : Hy (Int BP, Int BP \ {0}) — Hy (€q,€q \ €q) is an isomorphism. Therefore,

H, (BP,SP7') =~ H, (BP, BP\ {0}) = H, (Int B?, Int B* \ {0})
>~ Hy (eq,ea \ ) = Hy (€, \ €a) = Hy (o, éa) - (3.27)

Therefore, H, (Bp, Spfl) = Hy (€a; €a)- |

Lemma 3.13

Let the map f : XP~1 U (], B%) — XP expresses XP as the adjunction space obtained from
XP~! and a topological sum of p-balls | | ., B via a continuous map ¢ : | |, Bd B — XP~1 where
BE = BP x {a}. Then f induces an isomorphism in homology:

H, (U B?,| |Bd Bf,;) ~ H, (XP,xP71).

Proof. Let

fr=1 |_|(B§\{0a})> = X"\ (0a),

«

s XPly
UL (BR\10.1) (

where 0, € BJ is the center of BL. Observe that f’ being the restriction of the quotient map f to the
saturated open set XP~1 U (], (Bh \ {04})) is also a quotient map.
Suppose that F : XP~1U(] ], (BA\ {0a})) <1 — XP7U(, (B \ {04})) is a deformation retraction

of XP~1U (|, (BA\ {04})) onto XP~1 U (|_|a S§_1>. Then there is a deformation retraction
G XP\[J(0a) x T = X7\ £ (0a)

of XP\ U, f(0,) onto XP~L.

XPUU (U, (BE\{00})) x I
f’xid;i floF
XPA\Uq £ (00) x I —2F— X7\ |, f(04)

Similarly as in the previous lemma, one can show that G is a deformation retraction. Now, one has
the following diagram:

(Lo BE o S271) — (Un B2 Ly (BE\{0a}) 41— (Ll Tt BE, L, (Tnt B2\ {0a}))

| | 7 Jg

(X7, xP7) ———— (X?, XP\ U, Ca) +———F—— (Uy €Uy, (€a \ )

49



3 CW Complexes 50

By Theorem 2.10, (i) q and (J«) ; are isomorphisms in relative homology. Now, excising away spt
and é,, one has the inclusions given by k and [, respectively. Therefore, by Theorem 2.18, (k) q, and
(1) o are isomorphisms in singular homology. Since g is a homeomorphism, (g+) 4 1s an isomorphism.

Therefore, one concludes,
H, (|_| B, | Sg1> ~ H, (XP, X771, (3.28)
[0 «

We shall now show that homology group of topological sum is isomorphic to the direct sum of homology
groups of each components. In other words,

H, <|_| Xa,|_|Ya> =P Hy (Xa,Ya). (3.29)

In fact, we shall prove that this holds at chain level.

Theorem 3.14

Let {Xa},e; be a collection of topological spaces, and Y, is a subspace of X,, for each a € I.
Let X = | |,c; Xo and Y = | | ;Y denote the topological sum. Then

Y) =P Hy (Xa, Ya). (3.30)
ael

Proof. We shall first show that the chain group of topological sum of topological spaces is direct sum
of chain groups of the topological spaces.

Claim 1: Let X and Y be as above. Then

X) =@ S, (Xa) and S, (V) =P S, (. (3.31)

acl ael

Proof. Let ¢ € S, (X). Then ¢ = ), n;f;, where f; : A, — X is continuous. Since A, is path
connected, so is f; (A,). Therefore, f; (A,) lies in a path component of X.

Now, each X, is an open subset of X, because X, N X3 is either X, (if o = ), or @ (if a # B).
In any case, X, N X3 is open in Xg, so X, is open in X. Furthermore, as the X,’s are disjoint,
X is not connected, let alone path connected.

If C is a connected component of X, each CN X, is open in the subspace topology of C', they are
all disjoint, and their union is C. Therefore, one of them is C' and the other are empty. In other
words, C' C Xg for some € I. Hence, f; (A,) € X, for some o € I. This means f; € Sp (Xa).
So every element of S, (X) can be written as a sum of finitely elements from the S, (X,)’s.

Since the X, ’s are disjoint, so are their chain groups S, (X,)’s. Therefore, every element of
Sp (X) can be written uniquely as a sum of finitely elements from the S}, (X, )’s. In other words,

:@SP(X

acl
Similarly,
Y)= @ Sp (Ya)
acl
O
Therefore,
S (X) _ D

S, (X,Y) ==L _ Daer 9 Sp (X, Ya) 3.32
) = 2 - e Lo D 532
Since the isomorphism holds at the chain level, the 1somorph1sm at the homology level follows. |
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Theorem 3.15

The group H; (XP,XP_I) vanishes for ¢ # p, and is free abelian for ¢ = p. If + generates
H, (BP,5P71), then the elements ((fa).), v form a basis for H), (XP, XP~1), where f, ranges over
the set of characteristic maps for the p-cells of X.

Proof. By Lemma 3.13 and Theorem 3.14,

H; (X7, X771 <|_|B |_|S§1> @H (BE, S5 (3.33)

Since H; (BZ, ngl> = 0for i # p, we have H; (X?, XP~!) = 0 for i # p. Also, we have H, (Bg, ngl) =
Z, so Hy, (Xp, prl) is isomorphic to a-fold direct sum of Z. Therefore, H, (Xp, prl) is free abelian,

and the elements ((fa),), v form a basis for H, (xP, xP71). [ |
Homology sequence of a triple
Given a triple B C A C X of topological spaces, one has the following inclusions
(A,B) —— (X,B) —— (X, A),
and a short exact sequence induced by these inclusions:

OHS(AB)() S, (X, B) —% o), Sy (X, A) —— 0

By Zig-Zag lemma, one obtains the following long exact homology sequence

i l. Ds
C—_— Hp(A, B) &) Hp(X, B) &) Hp(X, A) Q Hp_l(A,B) R

This homology sequence is called the long exact homology sequence of a triple B C A C X.

The Braid Lemma

The long exact homology sequence of a triple B C A C X can also be proved using braid lemma,
which we shall now state and prove.

Consider the following commutative diagram of abelian groups and homomorphisms, which is called
a braid:

NSNS\ S
NN N

w

This diagram contains the following four sequences, arranged in the form of overlapping sine curves:

F—-A—-B—-G—K,
F—-1—-J—-G—->C—=D,
A—-F—-J—>K-—>H-—>D,
I—-F—B—(C—H.

If all four sequences are exact, this diagram is called an exact braid.
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Lemma 3.16

If the braid is exact, there is an isomorphism

A Kerw . Kerﬁ
im im «

defined as follows: If w(j) = 0, choose f so p(f) = j; then define A(j) = {n(f)}.

NSNS\ S
NN NS

w

Proof. By the exactness of the green sequence, o o ¢ = 0. Therefore,

woy=T0o00h=700=0. (3.34)
So im vy C Kerw. Furthermore, by the exactness of the red sequence, § o « = 0. Hence,

Boa=kofoa=ko0=0. (3.35)
So ima C Ker 3. That’s why we can form the quotient groups Iﬁfﬁf and Iflflr f )

Let j € Kerw. Kerw = im p by the exactness of the blue sequence. Therefore, j = p(f) for some
f € F. Now, by the exactness of the purple sequence, imn = Ker 8. So n(f) € Ker 5. So we define

Kerw Ker X
A The 7 Tma 88 follows:

Jj+imy = n(f)+ima. (3.36)

A is well-defined: Let j,j’ € Kerw such that j — j' € im, i.e. 7+ 1imy = 7' + im1. We need to
show that A (j +imv) = A (j' +im ).
Since j — j' € im, j —j' =1 (i) for some i € I. 5,5 € Kerw =1imp, so j = p(f) and j' = p (f’)
for some f, f’ € F. Therefore,
p(f=f)=pf)=p(f)=i—7=v@@)=pr(@). (3.37)
Hence, f — f' = m (i) + f” for some f” € Kerp =ime. So f” = €(a) for some a € A. Now,
n(f)=n(f)=n(f—f)=n(x(i)+e(a)=n(r(i)+n(e(a)=0+ala). (3.38)
Son(f)+ima=n(f")+imq, proving that A (j +imv) = A (5’ +im)). So A is well-defined.

A is injective: Let j+im®y € Ker A. Then A (j +imv) =n(f)+ima =0, for f € F with p(f) =
In other words, n (f) € ima. So n(f) = a(a) for some a € A.

n(f)=a(a)=n(e(a)). (3.39)
So f =¢€(a)+ [’ for some [ € Kern =imn. So f' = 7 (i) for some i € I. Now,
j=p(f)=plc@)+p(f)=pr @) =23-. (3.40)

Therefore, j +im = 0+ im . So Ker A = 0, and hence A is injective.
A is surjective: Let b+ ima € X228, Then b € Ker 8 = im7n. So b = n(f) for some f € F. Now,

m «

p(f) € imp = Kerw. By the definition of A,
Alp(f)+imv) =n(f) +ima =>b+ima. (3.41)
Therefore, A is surjective. So we have proved that A : % — Il(rflr f is an isomorphism. |
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Lemma 3.17 (The Braid Lemma)

In order that a braid be exact, it suffices if the first three of the preceding sequences are exact,
and if the composite I — F' — B is zero.

/\/\/\/
\/\/\/

\/ ~_ »

Proof. We need to show that the purple sequence is exact, given that the red, blue and green sequences
are exact, and the composite I — F' — B is zero.

Exactness at F': Since non = 0, we already have im7m C Kern. Now, let f € Kern. So n(f) = 0.
Now,

0=000)=0n(f)=0c(p(f)). (3.42)
Therefore, p (f) € Kero = im. So p(f) =1 (i) for some i € I. ¥ = po, s0
0=p(f) =2 (@) =p(f)—pr(@)=p(f-m(@)). (3.43)
This proves that f — (i) € Ker p = ime. Therefore, f — 7 (i) = ¢ (a) for some a € A. Now,
a(a) =n(e(a) =n(f—m@)=n(f)—n(r())=0. (3.44)
Therefore, a € Kera = im 8. So a = 6 (e) for some e € E.
(v (e) = (6 (e) = e(a) = f — (i) (3.45)

So f=m(i)+7(v(e)) € imm. Therefore, imm O Kern, proving that im 7 = Kern.

Exactness at B: By the commutativity of the diagram,
Bon=krKooop=00p=0. (3.46)

So imn C Ker 8. Now, take b € Ker .

0=75(b)=r(0(), (3.47)
50 0 (b) € Kerk = imo. So 0 (b) = o (j) for some j € J. Now,
w(j) =7(o () =7(0(b)) =0. (3.48)
Therefore, j € Kerw = im p. So j = p(f) for some f € F. Now,
0(n(f)=b)=0mn(f)—0®)=0(p(f))—0o(j)=0(j)—0o(j)=0. (3.49)
Therefore, 1 (f) — b € Kerf = ima. So n(f) — b = a (a) for some a € A. Then
n(f)—b=ala)=n(e(a)). (3.50)

Sob=n(f)—n(e(a)) € imn, proving that imn DO Ker 5. Therefore, imn = Ker 3
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Exactness at C': By the commutativity of the diagram,
Aof=dorol=c¢ol=0, (3.51)
Therefore, im 5 C Ker A. Now, take ¢ € Ker \. Then A (¢) = 0. So
7 (c) =pn(A(c) =0, (3.52)
so ¢ € Kery =imk. Hence, ¢ = k (g) for some g € G. Now,
¢ (7(9)) = A(k(g)) = Alc) =0. (3.53)
Therefore, 7 (g) € Ker ¢ = imw. This implies that 7 (g) = w (j) for some j € J. Now,
T(g—0()=7(9) —7(0())=7(9) —w(j) =0 (3.54)
Therefore, g — o (j) € Kert =im#é. So g — o (j) = 6 (b) for some b € B. Now,
B)=r(0(0)=r(g—0(j)=r(g) —r(o(j)=c—0. (3.55)
Therefore, ¢ € im 3, proving that im 5 O Ker A\. Hence, im 5 = Ker \.
So, the purple sequence is exact. |

Theorem 3.18 (Long Exact Homology Sequence of a Triple)

Given a triple X D A D B, we have the following long exact sequence

where 7 and 7 are induced by inclusion. The map S is the composite

(@), (ix)p
Hy(X, A) —2 H,_1(A) —2 H,_1(A, B)

where 7 is inclusion.

Proof. For each pairs (X, A), (A, B), (X, B), we have the following inclusions:

k=joi X A)
/\ /
(B, ) — (A,2) — (X,2)
[ ~,
(A,B) : (X, B)

Inclusions commute with each other, so this diagram is commutative.

. —— Hy(A,B) —" H,(X,B) — H,(X,A) —2— H,_1(A, B) ——

We have one long exact homology sequence for each of the pairs (X, A), (4, B) and (X, B). We arrange

the exact sequences in the following diagram:
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The red, green and blue sequences are long exact sequences of the pairs (X, A), (4, B) and (X, B),
respectively. Let m,n, A be induced by inclusions, and let 5 be the composition ko 6. It’s easy to check
that this is indeed a commutative diagram:

l.eod=mov: €= (ny)y 6 = (ju),, ™= (9x),, ¥ = (Ix),. Therefore,

€08 = (n),0 (), = ((001),), = ((g01).), = (9.), 0 (L), = 70w (3.56)

2. Qon = cgop: pand # are induced by the respective boundary operators, i.e. p = (aﬁX’B)>
p

and 0 = (&gX’A)) . Furthermore, n = (h.), and o = (ix), ;. By the Axiom 3 of Eilenberg-
P
Steenrod axioms, the following diagram commutes:

s
H,(X,B) (),

(#°7)

P

Hy,—1 (B) Hy, 1 (A)

(¢1).)

Since ¢ equals the restriction of h to A, it follows that

(aiX’A))p o (hs), = (i), © (aiX’B))p. (3.57)

3. Aok = ¢or: This is exactly the same as 1, with dimensions p — 1 instead of p.

4. o = noe o= (m*)p, €= (n*)p, n= (h*)p Therefore,

noe=(h),o(n.), = ((hon),), = (m.), = a. (3.58)

5. =pom ) = <&EA’B)) s T = (i) P = (8,EX’B)> . Similar as before, by the Axiom 3 of
p p
Eilenberg-Steenrod axioms, the following diagram commutes:

H,(A,B) & H,(X,A)

(a(kA,B)> <6£X,B)>

P P

H, 1(B) H, 1 (B)

(G).),

g‘ p is equal to idp, so it induces identity at the homology level. Therefore,
(X,B) 72 (A,B) . (A,B) . (A,B)
(97) o (9, = (Gd).)y 0 (947) =idy, o (97) = (a7) . (359)

6. 8 = Kk o0: This is the definition of 3.
7. w=To0: W= (k:*)p_l, o= (i*)p_l, T = (j*)p_l. Therefore,

700 = (Ju)p_1 0 (ix)py = ((Go1),),y = (ka)py = w. (3.60)
8. v = po A: This is exactly the same as 5, with dimensions reduced by 1.

Therefore, the braid diagram above commutes. Now we claim that the composite n o 7 is 0.

We have the following diagram of inclusions:
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(4, 4)

This diagram commutes, since all the maps are inclusions. This induces a commutative diagram at
the homology level:

Hy(X, B)

(), = wn
H,(X, A

AvB) p
A)

Now we claim that H) (A, A) = 0. Consider the long exact homology sequence for the pair (A, A):

(i) (™) (9%, (%)

C—— Hy(A) — Hy(A) —5 H,(A,A) —2 H, 1(A) —2= Hy 1(A) —— -

im (0;),, = Ker(4,), ,, and (i}),_; is an isomorphism. Therefore, im (9;), = 0. So Ker(9,), =
H, ( ,A). By exactness, this is equal to im (7). Hence, (), is a surJectlve map. Now, Ker (), =
im (i), = Hp (A). So (w;)p is the zero map. A surjective map can be the zero map if and only if the
codomain is trivial. Hence, H, (A, A) =0

So Hj, (A, A) = 0. Therefore, (i), is the 0 map, i.e. it maps everything to 0. Therefore,

nomw = (L;)p o (tx), = 0. (3.61)

Therefore, in the above braid diagram, the red, green and blue sequences are exact; and the composite
n o is zero. Hence, by The Braid Lemma, the purple sequence is exact. So, for each p, we get the
following exact sequence:

H,(A, B) —— H,(X,B) —— H,(X,A) —— H, (A, B).
Combining these exact sequences for all p, we get the following long exact sequence:
s Hy(A,B) —" Hy(X,B) — H,(X,A) —— H, 1(A,B) — -,

which is the long exact homology sequence for the triple (X, A, B). |

Now, consider the case (X, A, B) = (Xp, xr-1 XP_Q). Then the boundary homorphism (&k) in the
p

above case coincides with the boundary homomorphism 9, of the cellular chain complex {D,, (X),0,}.
This follows from the commutativity of the following diagram:

02, ()

H,(XP, XP~1) H, 1(XP~1 o) H, 1 (XP~1 XP=2)

(9-),

o6
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The top line of the diagram comes from the long exact homology sequence of the pair (Xp, Xp_l).
Commutativity of the diagram above leads to

(8:) = Gpr 0 (@) (362)

which is the same as the boundary homomorphism 0, of the cellular chain complex {D, (X),d,}.
Using this fact, we will now prove that the cellular chain complex {D,, (X),d,} of the CW complex
(X, ) can be used to compute the homology of X.

For later purposes, we are going to prove this result in a bit more general form for filtered spaces. We
shall assume that we have a space X that can be written as the union of a sequence of its subspaces:

X()CX1CX2C---.

Then form the chain complex whose p-dimensional chain group is H, (X, Xp—1) and whose boundary
operatoris the boundary homomorphism in the exact sequence of the triple (X,, Xp—1, X,—2). We
shall show that under suitable hypotheses (which are satisfied in the case of a CW complex), this
chain complex gives the homology of X.

Definition 3.9. If X is topological space, a filtration of X is a sequence Xg C X1 C Xo C --- of
subspace of X whose union is X. A topological space together with a filtration of X is called
a filtered space. If X and Y are filtered spaces, a continuous map f : X — Y is said to be
filtration preserving if f (X,) C Y, for all p.

Theorem 3.19

Let X be filtered by the subspaces Xg C X7 € X5 C ---. Let X; = @ for i < 0. Assume that
H; (Xp, Xp—1) = 0 for ¢ # p. Suppose also that given any compact set C' C X, there is an n
such that C C X,,. Let D (X) be the chain complex defined by setting D, (X) = H, (X, Xp—1)
and letting the boundary operator be the boundary homomorphism in the exact sequence of the
triple (X, Xp—1, Xp—2). Then there is an isomorphism

A H, (D (X)) — H, (X).

It is natural with respect to the homomorphisms induced by filtration preserving continuous maps.

Proof. Step 1. We show that the homomorphism (i), : Hy (Xp+1) — Hp (X) induced by inclusion
is an isomorphism. For this purpose, one first notes that

Hy (Xpt1) = Hp (Xpia) = Hp (Xpy3) — -+ (3.63)

induced by inclusions are isomorphisms. From the long exact sequence of the pair (X i1, Xpti), we
get the following exact sequence:

Hp 1 (Xpri1, Xpri) —— Hp(Xpti) —— Hp(Xprit1) —— Hp(Xpyiv1, Xpi)

Now that both end groups Hp1(Xp+it1, Xp+i) and Hy(Xptit1, Xpyi) vanish for i > 1, [since Hy (X, Xp—1) =
0 for q # p] so Hp(Xp+i) = Hp(Xptit1) is an isomorphism for all 4 > 1.
Now, get back to the homomorphism (i), : Hp (Xpt1) — Hp(X). We first show that (i), is
surjective using the compact support axiom. Let § € H, (X). Now choose a compact set C' C X
such that 3 is in the image of the homomorphism Hy, (C) — H, (X) induced by the inclusion C' — X.
Now, by hypothesis, C C X, for some k > 1 (The hypothesis only guarantees that C' C X for some
j. But since X; C X,, for n > j, we can assume WLOG that j > p+ 1.). Hence, 3 lies in the image
of the homomorphism H), (X,4;) = Hp (X) induced by the inclusion X,;; < X. In other words, 3
is the image of an element in H (Xp4) in the following diagram:

Hy, (Xpi1) = Hp (Xpir) = Hp (X) .
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Since Hp (Xp41) = Hp (Xp4x) is an isomorphism, 3 is the image of an element of H, (Xp1), estab-
lishing the surjectivity of (ix), : Hp (Xpt1) — Hp (X).

Now let us show that Ker (i), = 0. Suppose (ix), = 0 for some 3 € Hj, (Xp41). One can choose
compact C' C X1 with 8 € H, (C') so that

(i

By Theorem 2.5, there exists a compact set C' with ' C ' C X and [ : C" < C'such that (l.), =0 €
H, (C). But again, C' C X, for some k£ > 1. This means that 3 lies in the kernel of H, (Xp41) —
H, (Xp+x) induced by the inclusion map X,11 < Xpix. But since Hy (Xpt1) = Hp (Xpyk) is an
isomorphism, 5 = 0. Hence, Ker (i*)p = 0, completing the proof that (z'*)p is an isomorphism.

C,)*)pﬂ —0¢€ H,(X).

Step 2. We now show that the homomorphism
(Jx)p « Hp (Xp+1) = Hyp (Xpt1, Xp—2)
induced by inclusion is an isomorphism. This result will follow once one shows that the homomorphisms
Hy (Xp+1,9) = Hp (Xpi1, Xo) = Hp (Xpi1, X1) = - = Hp (Xpy1, Xp2)

induced by inclusions are all isomorphisms. To prove this, consider the long exact sequence of the
triple (Xpq1, X3, Xi1).

Hy(Xi, Xi1) —— Hp(Xpy1, Xio1) —— Hp(Xpy1, Xi) —— Hp1(Xi, Xi1)

If i < p— 2, both end groups above vanish by hypothesis. Hence, the middle homomorphism
H,(Xp+1,Xi—1) = Hp(Xpy1,X;) is an isomorphism. By plugging in ¢ = 0,1,...,p — 2, one obtains
the following sequence of isomorphisms of homology groups:

Hy (Xp11,2) = Hp (Xpy1, Xo) = Hp (Xpy1, X1) = -+ = Hp (Xpi1, Xp2).

Step 3. We now prove the theorem. One has a quadruple: X, o C X, 1 C X, C X1, and 4 exact
sequences of triples arranged in “overlapping sine curves” as follows:

a /ﬂ\

0= Hp (Xp-1, Xp—2) Hy (Xpi1, Xp-2) Hp (Xp41,Xp) =0

(L)
Hyp (Xp, Xp-2) Hy (Xpi1, Xp-1)
(0 p41

(k)

Hp i1 (Xpy1, Xp) Hyp (Xp, Xp-1) Hp1 (Xp-1, Xp-2).

(8*)1>+1 (‘%)p

The homomorphisms of the exact sequences are colored with the same color in the above commutative
diagram. It’s easy to check that the diagram commutes, because the homomorphisms are either
induced by inclusions, or induced by boundary operators, or a composition of them. This is an exact
braid, so by Lemma 3.16, there exists an isomorphism

~Ker (0;)p . Ker g

: . .64
im (0i) 41 im o (3.64)

o8
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W is precisely Hp (D (X)). Since S is the zero map, its kernel is the whole H, (Xp41, Xp—2).
*/pt+

Furthermore, the domain of « is trivial, so im o = 0. Therefore,

Ker g

im o

Hp (D (X)) = = Hp (XpHa Xp72) = Hp (Xp+1) = Hp (X) : (3-65)

§3.4 The Homology of Triangulable CW Complexes
We now prove a version of Theorem 3.19 when the filtered space X is triangulable.

Theorem 3.20

Let X be filtered by the subspaces Xg C X7 C X9 C ---. Suppose that X is the underlying space
of a simplicial complex K, and each subspace X, is the underlying space of a subcomplex of K
of dimension at most p. Let H; denote simplicial homology. Suppose H; (X, X,—1) = 0 for i # p.
Then H, (X,, X,—1) is a subgroup of C) (K) consisting of all p-chains of K carried by X, whose
boundaries are carried by X,_1. Furthermore, the isomorphism X\ of Theorem 3.19 is induced by
inclusion.

Proof. Any compact set in X lies in a finite subcomplex of K, so that it lies in X; for some ¢. Therefore,
the hypothesis of Theorem 3.19 are satisfied. Observe that

Cpi1(Xp)  Op+1 Cp(Xp) % Cp—1(Xp)
p\Ap—1

Cpr1(Xp-1) Cp(X ) Cp—1(Xp-1)
Ker 9,
. = ~ = H, (vaXp—l)-
im Op41

Since there are no (p + 1)-chains either carried by X, or X,,_1, both groups Cp41 (X,) and Cpq1 (Xp—1)
are trivial so that im 0p41 = 0 and H), (X, X,—1) = Ker 0.
Also, there are no p-chains carried by X,_1 so that the group C, (X,_1) is trivial. Therefore, 0, is

B Cp1(Xy)
Cp (Xp) Cpfl(prl)‘
So Ker 5p consists of simplicial p-chains in C, (X,) whose boundaries are in Cp_1 (X,—1). In other
words, boundaries are (p — 1)-chains carried by X, 1.
We must now check that the isomorphism A of Theorem 3.19 is induced by inclusion. From the
braid diagram in the step 3 of the proof, one extracts the following commutative diagram:

(l*) o~ o~
Hy, (Xp, Xp—2) — Hy (Xpt1, Xp—2) ——— Hp (Xpt1) ——— Hp (X)

G0, (in),
<k*>plz
Ker (9,),

Here (k) p is an injective homomorphism, and (1) p is a surjective homomorphism. The diagram above
shows that

¢ = (is), 0 (ju), © (), © (kx), ' : Ker (0L), = Hy (X)
is a surjective group homomorphism induced by inclusion. Therefore, by the first isomorphism theo-
rem,
Ker (9)),
— P A g (X))
o 2 2, ()

Now, Ker ¢ = Ker [(l*) o (k:*)_l] (k*);l is an isomorphism, so

p p

Ker [(z*)p o (k*);l] = (k), (Ker (l*)p) = (kv), (im @), +1> = im (0,),,, - (3.66)
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GO I H, (X). For a € Ker (9,),,

Therefore, A is indeed the isomorphism of Theorem 3.19 from W
+

Y (a +im (a*)pH) = ¢(a). (3.67)

Since ¢ is induced by inclusion, so is A. |

Homology of torus and klein bottle using their CW complex structure

For each p-cell e, of the CW complex (X, ), the group Hy, (€q,€,) is infinite cyclic. So it has two
choices for a generator, namely v and v~!. These two generators will be called the two orientations
of eq. An oriented p-cell of X is a p—cell eq together with an orientation of eg.

The cellular chain group D, (X) = H, (X?,X?™!) is a free abelian group. One obtains a basis for
it by orienting each p cell e, of X (say v if not y~!) and passing it to the corresponding element of
H, (Xp,Xp 1), i.e. by taking (z*)p7 if not (z*)p7 ! with the homomorphism

(ix), : Hp (€as€a) = Hp (x?, xP71)

induced by the inclusion i : (€q, €4) < (X?, X?~1). The homology of the chain complex D (X) —to be
more precise, cellular complex D (X)) associated with the CW complex (X, E)— is isomorphic to the
singular homology of X as proved in Theorem 3.19. In the special case when (X, £) is a triangulable
CW complex triangulated by a simplicial complex K, and H), denotes simplicial homology, one observes
the following fact: the fact that X? and XP~! are subcomplexes of K implies that each p-cell e, is
the union of open simplices of K of dimension at most p, so that €, is the polytope of a subcomplex
of K. The group Hy, (€q,€q) equals the group of p-chains carried by €, whose boundaries are carried
by éq. The group Hy, (€4, éq) is infinite cyclic. Either generator of the group is called a fundamental
cycle for (€q,éq).

The cellular chain group D, (X) equals the group of all simplicial p-chains of X carried by X?
whose boundaries are carried by XP~!. Any such p-chain can be written uniquely as a finite linear
combination of fundamental cycles for those pairs (€, €,) for which dime, = p.

§3.4.i Torus

Let X denote the torus expressed as a quotient space of the rectangle L in the usual way. Then X is
the underlying space of a triangulable CW complex.

A
L a b c a
@
d d
B
e e
(2)
a ; - a
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If we consider the torus and denote the CW complex with the pais (X, £), then & consists of a 2-cell
ea, two 1-cells e; and €} (which are the images of A and B under g, respectively) and one 0-cell e.
Now D (X) = Hy (X%, X1).

As we have done in AT?2, all the 2-simplices are oriented counterclockwise, and the 1-simplices are
oriented arbitrarily. Let the 2-chain d of L be the sum of the counterclockwise 2-simplices o;, i.e.
d=73,0;. Asis donein AT2,

okd =0. (3.68)

Hence, d is a cycle of (L,Bd L), i.e. d € Zy(L,BdL). Now, suppose o € Z3(L,BdL). In other
words, 0Fa is carried by Bd L. Then by Lemma 1.0.1(ii) of AT2, a = pd for some p € Z. Hence,
Z>(L,Bd L) is generated by d = ), 0;. Ba(L,BdL) is trivial since there are no 3-chains to consider.
Hence, Hy (L,Bd L) is generated by d. Therefore, d is a fundamental cycle for (L,Bd L).

Since g is the underlying characteristic map associated with the 2-cell ez, v = (g« ), d is a fundamental
cycle for (e, é2) by Lemma 3.12. So we have

Dy (X) = Hy (X?, X') 2 Z (3.69)
v R R Vg
4 7 7
Y Y
4 [ ]
oY Y C4
p ®
Y Y
\ \ \
/02 4 hd 4 hd 4 U3
C3

Let ¢; be the sum of the 1-simplices along the top of L as indiced in the figure above. Let c¢s, c3, ¢y
denote chains along the other edges of L. Any 1-cycle ¢ € Z; (Bd L, {v1, v2,v3,v4}) can be expressed
as ¢ = myc1 +mocy for m; € Z. Such 1-cycle ¢ will bound if these exists a 2-chain d on Bd L such that
c— 8§d is carried by {v1,ve,vs3,v4}. There is no non-trivial 2-chain on Bd L. Hence, no nontrivial
1-chain bounds for (Bd L, {v1, v, v3,v4}). Therefore, Hy (Bd L, {v1, va,v3,v4}) is generated by ¢; and
o, i.e. ¢1 and ¢y are fundamental cycles for (Bd L, {v1, v, v3,v4}).

There are two 1-cells involved: g‘ 4 1s the characteristic map associated with e; and g} p is the

)*> ) c1 is a fundamental cycle for (ey, é1),

characteristic map associated with €}, so that w; = <(9|B dL

and z; = <(g‘B 4 L)*) = is a fundamental cycle for (€}, ¢}). One finds that

Dy (X)=H (X", X" ~2ZaZ (3.70)
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It’s easy to see that Dy (X) = Hy (XO) =~ 7., since X consists of just one O-cell.
In terms of these basis elements, let us compute the boundary operator in the cellular chain complex
D (X). We first compute O in the complex L as follows:

(9{401 =wvy — V1, 8{:62 = vy — 1. (3.71)
(92Ld202+03—64—61. (3.72)
Let d; be the i-th boundary operator on the cellular chain complex D (X). ds is the following composite:

Hy(x2, X1 22 xty Y (xt, x0)

\_/

da=(Jx)10(0x)y
Here, (0y), is the homology boundary homomorphism in the long exact homology sequence of the pair
(X2,X1), and (j,); is induced by the inclusion j : (Xl,z) — (Xl,XO). Now,
(a*)Q Y= (8*)2 (9*)2 d= (a*)Q {(g#)z d}

= {05( (9#), d} = {(9#)1 (82Ld)}
= {(g4), (0)} = 0. (3.73)

Therefore, (ji); 0 (0x)yy = 0. Since 7 generates D (X), the cellular chain map da = (ji); © (0x), is
trivial.

Now we shall see how the cellular boundary map d; : ( X 0) — Hy (X 0) works. dj is equal
to the homology boundary homomorphism (9,), of the pair ( L X 0)
di (w1) = () ( g‘BdL *)161 ) ( g‘BdL ) }
= {05 (((lnar)y), )} {( (0lnas) ), e}
- {((Q}BdL)#>0(v4_vl)} =0, (3.74)

since ((Q}BdL)#>OU1 = ((ngdL)#)OU‘l' Also,

di (1) = (), ((9lgar).), 2 = (001 {((olar) ) 2}
= {85( (((Q‘BdL)#>lc2>} = {((Q‘BdL)#)OaiLC?}
0

~{(lolgar), ), (=)} =0 -

since ((g’BdL)#)Ovl = ((g’BdL)#>0v2. Since w; and z; generates Dj (X) = H; ()(17)(0)7 and d;

acting on both of them gives 0, so d; is also the 0 map.

Now, we have the cellular chain complex, with cellular chain groups Dy (X), Dy (X), Dy (X), and
cellular boundary maps dy : Dy (X) — D1 (X) and d; : Dy (X) — Do (X). We have just seen that
both dy and d; are 0 maps. Therefore, Z5 (D (X)) = D2 (X). Since D3 (X) is trivial, so is Ba (D (X)).
Therefore,

Hy (D (X)) =Dy (X)=Z. (3.76)

Since d; is the 0 map, Z; (D (X)) = D; (X). Image of da is trivial, so By (D (X)) = 0. Therefore,
Hy (D (X)) =D, (X)=Z&Z. (3.77)
Zy (D (X)) = Do (X). Image of d; is trivial, so By (D (X)) = 0. Therefore,

Ho (D (X)) = Do (X) = Z. (3.78)
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D,, (X) is trivial for n > 3. Therefore, H, (D (X)) are also trivial for n > 3. Since H, (X)
H, (D (X)), we have

I

Z ifn=0o0rmn=2,
H,(X)=ZZDZ ifn=1, (3.79)
0 otherwise.
§3.4.ii Klein Bottle
Notation: Throughout this solution, (a1,as,...,a,), denotes the free abelian group generated by

a1,a2,...,0n.

Let X denote the Klein bottle expressed as a quotient space of the rectangle L in the usual way. Then
X is the underlying space of a triangulable CW complex.

A
L A

\ \
7 4

Y

A\
77

Y @
&)

i
A))

@

L

A}
A\
77

@

Y
Y
Y

If we consider the klein bottle and denote the CW complex with the pais (X, &), then £ consists of
a 2-cell ey (which is the image of the interior of the rectangle L under the gluing map g), two 1-cells
e1 and ¢} (which are the images of A and B under g, respectively) and one 0-cell ey (the image of the
vertices of L under g).
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Since X is triangulable, it is the underlying space of a simplicial complex K. That simplicial complex
K is the following:

K

a b c a

a
&)
d e
e d
(=,

()

a a

b c

[Note: We have not made any identification on the complex L. The map g does the identification
and yields the complex K]

Now, Dy (X) = Hy (X%, X'). By Theorem 39.5, Ho (X?,X') is a subgroup of Cy (K). In fact,
Ho (X 2 X 1) is the group of simplicial 2-chains of X whose boundaries are carried by X'.

v a1 N V4
4 hd 4 e 4
X
Y A
N
2 [ ]
X
c2Y AC4
N
» [ ]
X
Y
N
N
\ P \ PN \
U2 4 4 4 U3
C3

As we have done in AT2, all the 2-simplices are oriented counterclockwise, and the 1-simplices are
oriented arbitrarily. Let the 2-chain d of L be the sum of the counterclockwise 2-simplices o3, i.e.
d=),0; Asis done in AT?2,

Obd = (cy —c1+ca+c3). (3.80)

Hence, d is a cycle of (L,Bd L), i.e. d € Zy(L,Bd L). Now, suppose a € Z3 (L,Bd L). In other words,
0k a is carried by Bd L. Then by Lemma 1.0.1(i) of AT2, a = pd for some p € Z. Hence, Z5 (L,Bd L)
is generated by d = ) . 0;. B (L,BdL) is trivial since there are no 3-chains to consider. Hence,
H, (L,Bd L) is generated by d. Therefore, d is a fundamental cycle for (L,Bd L). By Lemma 39.1,
v = (g«), d is a fundamental cycle for (€2,¢é2). However, (g.)y : Hy (L,Bd L) — Hy (X2, X'). So

(gx)pd € Hy (X?,X1) C Oy (K). (3.81)
Therefore, 7 = (g+)5 d = (g4), d generates Ha (X2, X'). So
Dy (X) = Hy (X2, X1) = (1), = ((g4)y d), = 7. (3.82)

Let ¢; be the sum of the 1-simplices along the top of L as indiced in the figure above. Let ¢, c3, ¢4
denote chains along the other edges of L. Any 1-cycle ¢ € Z; (Bd L, {v1,v2,v3,v4}) can be expressed
as ¢ = mycy +mocs for m; € Z. Such 1-cycle ¢ will bound if these exists a 2-chain d on Bd L such that
c — 0kd is carried by {v1, v, v3,v4}. There is no non-trivial 2-chain on Bd L. Hence, no nontrivial
1-chain bounds for (Bd L, {v1, v, v3,v4}). Therefore, Hy (Bd L, {v1, va,v3,v4}) is generated by ¢; and
o, i.e. ¢1 and ¢ are fundamental cycles for (Bd L, {v1,ve,v3,v4}).
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There are two 1-cells involved: g|, is the characteristic map associated with e; and g‘ p s the

characteristic map associated with e, so that w; = ((g|B d L)*> . c1 is a fundamental cycle for (€1, é1),

and z; = <(g‘BdL)*)1C2 is a fundamental cycle for (e},é}). By Theorem 39.5, Hy (X', X") is a
subgroup of C (K). In fact, H; (X L X 0) is the group of simplicial 1-chains of X whose boundaries
are carried by X°. ((g|BdL)*>1 : Hy (BA L, {v1,v2,v3,04}) = Hy (X', X?), so

wr = ((9lpg,), ), o1 € Hi (X', X%) € C1 (K). (3.83)

Therefore, wy = ((g‘BdL)#)l c1. Similarly, z; = <(g|BdL)#>1 ca. One then finds that

D1 (X) = Hy (leXO) = (w1, 21)7 = <<(9‘BdL)#>1 1, ((Q‘BdL)#)l C2>Z =ZDL. (3.84)
It’s easy to see that Dy (X) = Hy (X 0) =~ 7, since X consists of just one 0-cell. Therefore,
Do (X) = Ho (X°) = ((g#) v1), = Z. (3.85)

For n > 2, there are no n-cells, so D,, (X) = H, (X nX "_1) is trivial. So, we have the homomorphisms
of the cellular chain complex D (X). Let d; be the i-th boundary operator on the cellular chain complex
D (X).
ds da dy do
0 —— Dy (X) —— D1 (X) —— Do (X) —— 0.
In terms of basis elements of D; (X), let us compute the boundary operator in the cellular chain
complex D (X). dy is the following composite:

Hy(x2, x1) 202 xty 9y g xt, x0)

\/

da=(7x)10(0x)y
Here, (04), is the homology boundary homomorphism in the long exact homology sequence of the pair
(X%, X1), and (j.) is induced by the inclusion j : (X!, &) < (X!, X?). Now, the existence of (ds),
is guaranteed by Zig-Zag lemma, where one finds that (0,), is induced by the boundary operator in
K. Therefore,

(0)37 = () { (94), d} = {05" (94),d} - (3.86)
Since chain maps commute with boundary,
03 (g#)yd = (94), (05d) = (g4), (—c1 + ca+ e+ ca). (3.87)

Under (g4),, both ¢1 and ¢ gets mapped to wy. Furthermore, both ¢z and ¢4 also gets mapped to 21.
Therefore,

O (g4)yd = 221. (3.88)
Therefore,

(0.)37 =212} (3.89)
After a composition with (j,);, it becomes 2z;, since the image of (j.),; is a subgroup of C; (K).
Therefore, doy = 221.

Now we shall see how the cellular boundary map d; : H; (X X 0) — Hy (X 0) works. d; is equal to
the homology boundary homomorphism (9,), of the pair (X LX D), which is induced by the boundary
operator in K.

i (w1) = (04), ((9par).) 1 = @ { (lpar) ), 1}
{8 ((loas) ), 1) = {((lnas) ) 2}

{((Q‘BdL)#> (4_U1)} 0, (3.90)

65



3 CW Complexes 66

since ((g}BdL)#>Ovl = <(g|BdL)#>OU4' Similarly, dy (z1) = 0.

We are now ready to compute the homology groups of the cellular chain complex D (X) = {D; (X)), d;}.
doy = 221, so da (m7y) = 2mz;. Therefore, do (mvy) = 0 if and only if m = 0. So Kerdy is trivial.
Therefore,

Hs (D (X)) = 0. (3.91)

di (w1) = dy (21) = 0. Therefore, Kerd; = (w1, 21),. Furthermore, imdy = (22;),. Hence,

_ Kerdy  (wi,21)

Hy (D(X)) = = L ~7¢17/27. 3.92
(P (X)) = ot = e = 07 (392)
dp is the 0 map, and so is dy. Therefore,
Hy(D(X))=Dy(X)=Z. (3.93)
Since H, (X) = H, (D (X)), we have
Z if n=0,
H,( X)=2{Z®ZL/2Z ifn=1, (3.94)
0 otherwise.
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4 Cohomology Theory

§4.1 An Introductory Discussion on Hom Functor

Given two abelian groups A and G, there is a third abelian group Hom (A, G) consisting of all homo-
morphisms from A to G. We add two homomorphisms in the set Hom (A, G) by adding their values
in G, i.e. given a € A and ¢,9 € Hom (A, G), we define

(¢+¢)(a) = (a) +¢(a). (4.1)

One can easily verify that ¢ + ¢ € Hom (A, G). Indeed,

(@+¢)(a+b)=¢(a+b)+¢(at+b)=¢(a)+¢(b)+¢(a)+1 (D)
=[0(a) + ¢ (a)] + 6 () + ¢ (b))
=(@+¢)(a)+ (¢ +9)(b). (4.2)

The identity element in Hom (A4, G) is the homomorphism that maps all of A to O¢g, the identity of
G.

Example 4.1

Hom (Z, G) is isomorphic to G. The isomorphism assigns ¢ : Z — G to the element ¢ (1) € G. If
one knows ¢ (1), one knows the homomorphism ¢ : Z — G completely as 1 generates Z. Now we

want to show that
i:Hom (Z,G) — G , oo (1)

is a group isomorphism. Indeed,

i(@+y)=(¢+¢)(1)=¢(1)+¢ (1) =i(¢) +i(¥).

So i is a group homomorphism. Given g € G, we can define a homomorphism f, : Z — G by
defining f, (1) = g. So i(fy) = g, proving that i is surjective. Now, take f € Keri. So we have
f(1)=0g. For n >0,

fm)=fA+1+---+)=f1)+---+f(1)=0g+ -+ 05 = 0¢.
n-times

Also, f(—n) = —f (n) = —0¢ = O0g. Therefore, f maps all of Z to Og, i.e. f is the identity of
Hom (Z,G). So Keri is trivial, proving that ¢ is injective. Therefore, i is an isomorphism.

Definition 4.1. A homomorphism f : A — B gives rise to a dual homomorphism
Hom(A, G) T Hom(B, G)

going in the reverse direction. Given ¢ € Hom (B, G), f is defined by
f(¢)=¢of € Hom(4,G). (4.3)
At ?%,¢

¢of
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4 Cohomology Theory 68

Let us check quickly that f defined above is a group homomorphism: given a € A and ¢,¢ €
Hom (B, G),

Flo+v)]@=1[6+v)o (@)= (6+v)(f (@)
(90 f) (@) + (o f) (@) = [[(@)] (@) + [T )] (@

[F0)+Fw)]

Therefore, f (¢ + ) = f(¢) + f ().

—~
Q
~—

-

Remark 4.1. Note that for a fixed abelian group G, the assignment A — Hom (A, G) (at the
level of objects) and f — f (at the level of morphisms) defines a contravariant functor from the
category of abelian groups and group homomorphisms to itself.

Category Ab

idg

%

AL .p_2,¢C

lHom functor

Category Ab

ida

Hom(A, G) T Hom(B, G) — Hom(C, G)

Indeed, if idgy : A — A is the identity group homomorphism, then idy : Hom (A,G) —
Hom (4, G) is
id (¢) = poida = ¢.
Hence, iaA = idHom(a,q). Furthermore, if f : A — B and g : B — C are homomorphisms, we
need to show that g/;/f = fog. Indeed, for v € Hom(C, G),

—_~— ~

gof@)=vo(gof)=@og)of=Ff(og)=FGE)).

Therefore, the Hom functor is indeed a contravariant functor.
\ J

We have the following consequences of the above fact:

Theorem 4.1

Let f be a homomorphism, let fbe the dual homomorphism.
(a) If f is an isomorphism, so is fv
(b) If f is the zero homomorphism, so is ]?

(c) If f is surjective, then fis injective. That is, exactness of B i> C — 0 implies the exactness

of Hom (B, G) < Hom (C,G) « 0.

Proof. (a) Let f: A — B be an isomorphism. First we shall show that f : Hom (B, G) — Hom (4, G)

is injective. Suppose f(gb) = f (¢), for ¢, € Hom (B, G). Then ¢o f =)o f. Since f is surjective,
for each b € B, there exists a € A such that f (a) = b. Therefore,

(pof)(a)=of)(a) = ¢(b) =4 (b). (4.4)
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4 Cohomology Theory 69

Therefore, ¢ (b) = 1 (b) for each b € B, so that ¢ = 1) and fis injective.

Now we shall prove that fis surjective. For any 1) € Hom (A4, G), let ¢ = o f~! € Hom (B, G).
Then we have

f@)=dof=Wof")of=1. (4.5)
So fis surjective. Therefore, fis an isomorphism.

(b) Given f: A — B the zero homomorphism, f (a) = 0p for all @ € A. Then given ¢ € Hom (B, G),
7(6)] (@) = (90.1) (@) = 6 (08) = 06 (4.6)

Therefore, J (¢) maps all of A to O, so f (¢) is the identity of Hom (A, @) for each ¢ € Hom (B, G).
Hence, f is the zero homomorphism.

(c) This is exactly the same as the first part of (a).

|
Theorem 4.2
If the sequence
At 9,0 0 (4.7)

is exact, then the dual sequence

Hom(4,G) «?— Hom(B,G) +2— Hom(C,G) +— 0 (4.8)
is exact. Furthermore, if f is injective and the first sequence splits, then fis surjective and the
second sequence splits.

Proof. Exactness of (4.7) implies that g is surjective. Then applying Theorem 4.1(c), g is injective.
Hence, the sequence (4.8) is exact at Hom (C, G). Now we check exactness at Hom (B, G).

Exactness of (4.7) implies that g o f = 0. Therefore, by Theorem 4.1(b), g/gff =fog=0.So
im g C Ker f. Now let us show the reverse inclusion Ker f C img.
Suppose ¢ € Ker f, so that f(¢) = Opom(a,c)- We want to show that ¢ = g(¢) for some ¢ €

g(
Hom (C, G). Since f(@b) is the 0-homomorphism, v vanishes on the subgroup f(A) C B. Since B is
abelian, f (A) is normal. Hence, v : B — G is a group homomorphism and f (A) C Ker). Then the
homomorphism theorem tells us that there is an induced homomorphism

. B
w'f(A)%G'

Now, exactness of (4.7) implies that f (A) = Kerg. Besides, g : B — C' is surjective by exactness at
C'. Hence, by first isomorphism theorem, g induces an isomorphism

So we have the following commutative diagram:

GijC
L 2
70
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4 Cohomology Theory 70

The map ¢ =’ o (¢ )_1 is a homomorphism from C' to G. Therefore,

- —1

g(@)=¢og=1'o(g) ocg=¢om=1. (4.9)
Therefore, Ker fg img, and (4.8) is exact.

Now, let us suppose that f is injective and the exact sequence (4.7) splits. Then the following short
exact sequence splits:

f

0 y A B2 C 0.

Then from equivalent properties (Theorem 4.1.1 of AT2) of a split short exact sequence, there is a
homomorphism 7 : B — A such that 7o f =id4.

/
Y~ —

™

0 y A B2 C 0.

From the functorial properties of the Hom functor, we have
fof = idpom(ac) - (4.10)
Now, we want to show that fvis surjective. For ¢ € Hom (4, G),
F (& (@) = idpom(ac) ¥ = . (4.11)

Therefore, fis surjective. Therefore, (4.10) along with Theorem 4.1.1 of AT2 implies that

0 «— Hom(A,G) PRE. Hom(B, G) . Hom(C,G) «+—— 0
\/
is a split short exact sequence. |

Remark 4.2. In general, exactness of a short exact sequence does not imply exactness of the dual
sequence. To be more precise, exactness of (4.7) does not require f to be injective, in general.
Only when f is injective, exactness of

At B 9., c_ 0

implies the existence of the following short exact sequence:

f

0 s A B4, C 0.

For instance, if f : Z — Z is defined by multiplication by 2, i.e. f(n) = 2n, then one has the
following short exact sequence:

0 z -1z 272/ 0,

with 7 : Z — Z/2 being the canonical projection map. Ker 7 = im f is the set of all even integers.
But the dual sequence
0+ Hom(Z,Z) 1 Hom(Z,Z) +7— Hom(Z/2,Z) +— 0

is not exact. In particular, fis not surjective. Given ¢ € Hom (Z,Z), ¢ = f(¢) takes only even
values, since

P (n)=¢(f(n) =¢(2n)=2¢(n).

Therefore, fis not surjective, and hence the dual sequence above is not exact.
. J
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Proposition 4.3
Let A, B, G be abelian groups. Then

Hom (A& B,G) = Hom (A, G) @ Hom (B, G) .

Proof. We define F' : Hom (A @ B,G) — Hom (A, G) @ Hom (B, G) as follows: for a homomorphism
v : A® B — G, we define F (¢) = (¢1,12), where ¢ : A — G and 13 : B — G are defined as follows:

1 (a) = 1) (a,0) and g (b) = (0,b). (4.12)
For ¢, € Hom (A& B,G), F (¢ + 1) = ((¢ + )1, (¢ +9)y). Now,
(¢ +1); (a) = (¢ +¢) (a,0) = ¢ (a,0) + ¢ (a,0) = $1 (a) + 1 (a) = (61 + ¢1) (a).
Therefore, (¢ + 1)), = ¢1 + 1. Similarly, (¢ + 1), = ¢y + 1b5. Hence,
F(o+9) = (o1 + 91,02+ 2) = (d1,02) + (V1,¢2) = F (&) + F (¥). (4.13)
So F is a group homomorphism. Now, let ¢/ € Ker F. So both 1, and 1, are zero maps. As a result,
¥ (a,b) = (a,0) +1(0,b) = 91 (a) + 12 (b) = 0.

So 1) is the zero map, and hence Ker F' is trivial. Now, given any homomorphisms « : A — G and
B: B — G, we can define v : A® B — G as follows:

7(a,b) = a(a) + 5 (b).

Now,
71 (a) =7 (a,0) = a(a) and 72 (b) =~ (0,b) = B (b),

so that F (y) = (a, ), proving that F' is surjective. Therefore, F' is a bijective homomorphism, i.e.
an isomorphism. |
§4.2 Cohomology Theory

Let C = {C), 0,} be a chain complex.

Op+1 Op
> Cerl > Cp

Cpfl - ...

Also, let G be an abelian group. We define the p-dimensional cochain group of C, with coefficients
in G by
C? (C;G) = Hom (C), G) . (4.14)

We define the coboundary operator ¢, to be the dual of the boundary homomrophism 9,1, i.e.
8p = Op.

9

Opt1
AXEEENYoN y Cpog ————— -

——— Gy
JHom functor

- «—— Hom(Cp41,G) Qe Hom(C), G) o Hom(Cp—1,G) —— ---
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4 Cohomology Theory 72

The boundary homomorphisms of the chain complex C satisfies 9, o Jp41 = 0. Therefore, using
Theorem 4.1(b),

0=0p0011 = 6/17:1 © é; = Op+1 © Op. (4.15)
Therefore, 8,100, = 0 for each p. The kernel of the group homorphism 6,41 : C? (C; G) — CP*1 (C; G)
being a subgroup of C? (C;G) is called the group of p-cocycles, and is denoted by Z? (C;G). The
image of the homomorphism §, : CP~! (C;G) — CP(C;G) is also a subgroup of C? (C;G), which is
called the group of p-coboundaries and is denoted by B? (C;G). From 0,41 0, = 0, it is clear
that BP (C;G) C ZP (C; G). The resulting quotient group is called the p-dimensional cohomology
group of C, with coefficients in G:
PG G)

Z
H? (C;G) = 5

e (4.16)

If {C,e} is an augmented chain complex, then € : Cy — Z is a surjective group homomorphism
satisfying e o 01 = 0.

o1

1 Co € Z,
lHom functor

- ¢ Hom(Cy,G) «2— Hom(Cp,G) +— Hom(Z,G)

By Theorem 4.1(c), € is injective. One then defined the reduced cohomology groups of C by setting

. H1(C;G)  ifg>0,
H(C;G) = {K.erél oo (4.17)

Now, if ﬁo (C) vanishes, then € being surjective implies the following sequence is exact:

01

01 C(] 4 0

Hence, by Theorem 4.2, the dual sequence
CL(C;G) «2 C0(C;G) +— Hom(Z,G) +— 0

is also exact. Therefore, Ker d; = im€, so that HO (C; G). Therefore, vanishing of reduced homology
group in dimension 0 implies vanishing of reduced cohomology in dimension 0. In general, we have
the following relationship between 0-dimensional ordinary and reduced cohomology groups:

Proposition 4.4
H(C;G) 2 H°(C;G) @ G.
Proof. For the unreduced cochain complex,
CL(C;G) <2 CC;G) +—— 0
H° (C;G) = Ker §1; and for the reduced cochain complex,

CL(C;G) «2— C°(C;G) +— Hom(Z,G) +— 0

HO(C;G) = Bl We first want to show that im€ is a direct summand in C° (C;G). Since € is

ime

surjective, there exists some ¢ € Cj such that € (¢) = 1. We define ¢ : Z — Cy by ¢ (n) = nc. Then

€(¥(n)) =€e(nc) =ne(c) =n. (4.18)

So € o 1) =idgz. After applying the Hom functor, we then get {/;o € = idnom(z,q)-
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4 Cohomology Theory 73

Co = =m0 0 (c;0) % Hom(Z, Q)
Now we claim that B
C%(C;G) = ime @ Kerp. (4.19)
For any f € CY(C;G), we can write f as
f=e(@wm)+[r-¢(@w)] (4:20)
Here, E(@Z(f)) € imé¢, and
Glr-e(Bn)]=dwn-v(E(5(n)) =dn-v=o. (4:21)

Therefore, f — E(QZ ( f)) € Kert. Now we need to show that ime N Ker ) is trivial. If we take any
f €imen Ker{/;, then f =¢€(g) for some g € Hom (Z, G), and @Z(f) =0. So

0=1(f) =4 (E(9) =g (4.22)

Therefore, f =€(g) = 0. So imeN Keriz is trivial, and hence C° (C;G) = im ¢ & Ker 1; Since Ker 1
is a subgroup of CY (C; G) containing im¥¢, im€ is a direct summand in Ker d; as well. Therefore,

Kerd, = imea® H, (4.23)

where H = Kerlzﬁ Ker ¢; is a subgroup of Ker ;.

It’s easy to see that if X = Y@ Z, then Z is isomorphic to X /Y. For that purpose, we shall construct
a homomorphism p : X — Z as follows: since X =Y @ Z, any x € X can be uniquely written as
x =y + 2z, where y € Y and z € Z. p maps this y + z to z. Then p is a surjective homomorphism,
with kernel Y. Therefore, by the first isomorphism theorem, Z = X/Y. Therefore,

- Ker §
Kerdy =ime® H = ime® oo (4.24)
ime
Since € is injective, its image is isomorphic to its domain Hom (Z, G) = G. Therefore,
Ker §
Kerdy 2 G @ oo (4.25)
ime
H°(C;G) = Kerd; and H° (C;G) = Kl‘f;‘gl Hence,
H ;) =G H'(C;G). (4.26)
[ |

§4.3 Cochain Maps and Cochain Homotopy

Definition 4.2 (Cochain map). Suppose C = {C,,d,} and C' = {C’;, 6]’:,} are chain complexes, and
¢ : C — (' is a chain map, so that ¢,_1 09, = 8;, o ¢p. Then applying the Hom functor, we get

8p 0 dp—1 = dpod. (4.27)

The dual homomorphisms C? (C; G) & oow (C'; G) form a family {q?,,} of homomorphisms called
a cochain map.
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Since a cochain map commutes with the coboundary operator, it carries cocycles to cocycles and
coboundaries to coboundaries. So it induced a homomorphism of cohomology groups

o c;e) < mr (eh6) .

The assignment

C — H?(C;G) and ¢ — (¢"),

satisfies all the functorial properties.
If {C,e} and {C’, €'} are augmented chain complexes and if ¢ : C — C’ is an augmentation preserving
chain map, then the following diagram commutes:

In other words, €’ o ¢g = €. At the level of dual homomorphisms,

€=¢opy=q¢poc. (4.28)
In this case, 5 induces homomorphisms of reduced as well as ordinary cohomology.
Suppose not that ¢, 1 : C — C’ are chain maps and D is a chain homotopy between them, so that

a;I>+1Dp + Dp10p = ¢p — thp. (4.29)

Here D, : C, — C’I’J +1 is a group homomorphism, and C? (C; G) <—D—p CPTL(C'; G) is the dual homomor-
phism satisfying N N o
Dp(S;_H + 0pDp_1 = ¢p — Vp. (4.30)

crHi(c; @)

CPH(C; G)

The family of group homomorphisms Ep . OPHL(C;G) — CP (C; Q) is called a cochain homotopy
between ¢ and 1.
Given a p-cocycle zP € ZP (C'; G), one has
ﬁpé;wlzp + ‘Spﬁp—lzp = ap (%) — {Ep (27)
— ¢y (2P) — by (2P) = 6,Dp_12P. (4.31)
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Since 5pl~)p,1zp € BP (C;G), (4.31) tells us that qu (2P) and sz (zP) lie in the same cohomology class
in C? (C; G). Therefore,
(@), {27} = (¥"), {z"} . (4.32)

It shows that (¢*),, (¢¥*), : H? (C'; G) — HP (C; G) are equal. This observation leads to the following
theorem.

Theorem 4.5

Let C and C' be chain complexes; let ¢ : C — C' be a chain equivalence. Then (¢.), : Hy (C) —
H, (C') and (¢%), : H? (C';G) — H,(C;G) are isomorphisms of homology and cohomology, re-
spectively. If C and C’ are augmented chain complexes, and ¢ is an augmentation preserving
chain equivalence, then (¢.), and (¢*), are isomorphisms of reduced homology and cohomology
groups, respectively.

Proof. Since ¢ : C — C' is a chain equivalence, there is a chain map 1 : C" — C such that ¢ o) is chain
homotopic to ider and ¢ o ¢ is chain homotopic to ide. Then gb w 1/1 qb is cochain homotopic to
the identity map on the cochain complex of C’. Similarly, ¢ ¢ = (;5 1/1 is cochain homotopic to the
identity map on the cochain complex of C. Cochain homotopic maps induce same isomorphisms at
the cohomology level. Therefore,

(¢%), 0 (), = (Yo d)), =idur ),

("), 0 (¢"), = (¢o¥)"), =idur(cq) -
Therefore, (gb*)p : H? (C';G) — (C; G) is an isomorphism. Isomorphism in homology follows from our
earlier discussions. One can use similar arguments for reduced cohomology. ]
Finally, suppose 0 » C ¢ > D v £ » 0 is a short exact sequence of chain complexes
that splits in each dimension, i.e.

0 > Cp ¢p>Dp il E, > 0

is a split short exact sequence for each p. This occurs, for example, when E, is free abelian (see
Corollary 4.1.2 of AT2). Then by Theorem 4.2, the following dual sequence is exact

0 «—— CP(C;G) % CP(D;G) <— CP(&;G) «+—— 0.
Then there is a long exact cohomology sequence, by Zig-Zag lemma, as follows:
. ——— HPYY(E Q)

(0")pt1

P

(6™)p

HPL(C; G) N HYD; Q) +— ---
p—1

where (6%), : H? (&;G) <+ HP~1(C; @) is the coboundary cohomology homomorphism induced by
the coboundary operator J, in the usual manner. This sequence is natural in the sense that if f =
(f1, f2, f3) is a homomorphism of short exact sequence of chain complexes,
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bp ¥p

0 c, D, E, 0
<f1>pl l(fap l(fg,)p
/ D/ E/
0 Cp ¢; p w; p 0’

(this diagram commutes for each p) then the following diagram commutes at the cohomology level:
¢* w* §*
- +— HP(C;G) & H?(D; G) & HP(&;G) & HYC, Q) ¢+—ro -

(1), (1), (£5), (1),

p D P

§4.4 Eilenberg-Steenrod Axioms

Now we state the cohomology versions of the Eilenberg-Steenrod axioms. Given an admissible class
A of pairs of spaces (X, A) and an abelian group G, a cohomology theory on A consists of the
following:

1. A function defined for each integer p and each pair (X, A) in A, whose values form an abelian
group H? (X, A; G).

2. A function that assigns to each continuous map h : (X,A) — (Y, B) and each integer p, a
homomorphism
h*
H? (X, A;G) & H? (Y, B;G).
3. A function that assigns to each pair (X, A) € A and each integer p, a homomorphism

)y
HP (X, A;G) «—2~ HP"' (4;G).

(H? (A;G) is H? (A, 2;G).)
The following axioms are to be satisfied:
Axiom 1. If (X, A) AN (X, A) is the identity map, then H? (X, A; G) & H? (X, A; G) is the identity
map.
Axiom 2. Given (X, A) LN (Y, B) LN (Z,C) continuous,
((koh)™), = (h*), o (k"),.

(h*), (k")
HP (X,A;G) +—2 HP(Y,B;G) +—~ HP(Z,C;G)

((koh)™),=(h*),0(k),

Axiom 3. §* is a natural transformation of functors F and G (from the category of admissible pairs of
topological spaces and continuous maps to the category of abelian groups and group homomorphisms)

defined as follows:
(X, A) 5 H9 (X, A;G) and (X, A) S HI™(4;G).

The morphisms transform as follows: given continuous f : (X, A) — (Y, B),
Fo g *
Fe= () and £ ((fl)7), -
If the components of the natural transformation 6* at (X, A) and (Y, B) are denoted by <5EkX A)) and
/g

(56, B)) , respectively, in dimension ¢, the following diagram commutes from the naturality of §*:
g
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(50x.1))

H (X, A;G) +—2 HT7YA;G)

(), (G1)),

H1(Y,B;G) «+—— H7'(B;G)
C

i

Axiom 4. Given the inclusion of pairs (4, @) — (X, @) and (X, @) < (X, A), one has the following
long exact sequence:

7;* sk 6*
e w2 ey ey e meix o aie) A mriasg) e—

Axiom 5. If h,k: (X, A) — (Y, B) are homotopic, then

(h*), = (K"), » Vp.
Axiom 6. If U C X is open and U C Int A, and if (X \ U, A\ U) is admissible, then the inclusion
(X\UA\U) N (X, A) induces a cohomology isomorphism

HY (X \U,A\U:G) <2 mv (x,4.6).

Axiom 7. If P is a one-point space, then

0 if g #0,

Hq(P;G)g{G fq—0

The axiom of compact support has no counterpart in cohomology theory.

§4.5 Singular Cohomology Theory

Now we consider singular cohomology theory and show it satisfies the axioms. The singular co-
homology groups of a topological pair (X, A) with coefficients in the abelian group G are defined
by

H(X,A;G) = HY(S (X, A);G), (4.33)

where S (X, A) is the singular chain complex of (X, A). As usual, we delete A from the notation if
A = @, and we delete G if it equals the group of integers. The reduced singular cohomology

groups are defined by ~ -
H(X;G)=H'(S(X);q), (4.34)

relative to the standard augmentation e for the augmented singular chain complex {S (X),¢€}.
Given a continuous map h : (X, A) — (Y, B), there is a chain map (hy), : Sp (X, A) = Sp (Y, B)
(we defined it in 2.3). We customarily denote the dual cochain map by (h#)p :Hom (S, (X, A);G) «+

Hom (S, (Y, B);G). It takes cocycles to cocycles and coboundaries to coboundaries, and hence it

induces a homomorphism
h*
H? (X, A;G) & H? (Y, B;G).

The same holds in reduced cohomology if A and B are empty, since (h#)p is augmentation preserving.
Axiom 1 and Axiom 2 (functorial properties) hold even at the cochain level.

Note that in the following short exact sequence,

0 —— Sp(A) —— Sp(X) —— Sp(X,4A) —— 0,
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Sp(X, A) is free abelian, so the sequence splits. Therefore, by Theorem 4.2, the dual sequence
0 «—— Hom (S, (A),G) «—— Hom (S, (X),G) +—— Hom (S, (X,A),G) «—— 0,
is a short exact sequence. Therefore, by Zig-Zag lemma, one has the following long exact sequence:
e HPTYX, A G)

()41
HP(A;G) e HP(X;G) +—— HP(X,A;G)

(5),
HY(A;G) «— H" YX:G) ¢ ...

Now, Zig-Zag lemma assigns to a given short exact sequence of complexes, a long exact sequence of their
cohomology groups. This assignment is “natural” as corroborated by Theorem 5.1.1 of AT2. Given
a continuous map h : (X, A) — (Y, B), one has induced homomorphism of long exact cohomology
sequences:

(5t

e HP(AG) ¢ HP(X;G) ———— HP(X,A;G) & Y (AG)

(), ), ), (L)),

e HP(B;G) «—— HP(Y:G) «—— HP(Y,B; Q) oy 0B G) — .
v,

This diagram commutes.

Let h,k : (X, A) — (Y, B) be homotopic. We have seen during the course of the proof of Theorem 2.7
that hy and k4 are chain homotopic by constructing a chain homotopy between them. Therefore, h#
and k% are cochain homotopic, and hence by (4.32),

(h"), = (K%), , Vb,
verifying Axiom 5.

To compute the cohomology of a one-point space P, recall that the singular chain complex has the
following form: (Theorem 2.3)

- —— Sop(P) —— Sop—1(P) » S1(P) —— So(P) —— 0

N 7 0o ... s 7 0 7 0

IR

Here, 0 is the zero map that maps everything to 0 € Z. Using the fact that Hom (Z,G) = G, we get
the cochain complex:

0 @ G+2 G+2-G+—0

J

Here we used the fact from Theorem 4.1 that the dual of an isomorphism is also an isomorphism, and
the dual of the zero map is also the zero map. One can now easily read off the cohomology groups of
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the one-point space P from the sequence.

Ker 0 _
O Py = 2 ke,
1m?i?
_ Ker j
H* (PG = —= =0
(PG) = —= =0,
Ker0 G
H?*(P;G) = = =0.

Hence, Axiom 7 holds in singular cohomology.

Finally, we come to the excision property of singular cohomology. Let U C X be subset such that
U C Int A. The excision map, which is an inclusion map, is given by

J:(X\UA\U) = (X,A).
X

A

If we had showed that ju : S(X \U,A\U) = S (X, A) is a chain equivalence, then we would imme-
diately obtain a corresponsing cochain equivalence j#. It would then follow by Theorem 4.5 that

() HP (S(X\U,A\U); G) = HP (S (X, 4);G)

is an isomorphism. But instead of establishing a chain equivalence, we only proved a weaker ersult
establishing only the isomorphism ( j*)p of the homology groups

(o) Hy (X \U,A\U) = Hy, (X, A).

We have to use thiss isomorphism of homology groups to prove the isomorphism of the pertaining
cohomology groups. For this we need a result that we will be stating now, and we shall prove it in the
next section.

Let C and D be free chain complexes (the abelian groups involved are all free); let ¢ : C —
Dbe a chain map that induces homology isomorphisms in all dimensions. Then ¢ induces
a cohomology isomorphism in all dimensions, for all coefficient groups G.

We apply the above result to the inclusion map j: (X \ U, A\ U) — (X, A), with U C A C X and
UCIntA. ju:S(X\UA\U) — S(X, A) is the underlying chain map that induces an isomorphism
in homology in all dimensions. Furthermore, the chain groups are all free. Therefore, j induces an
isomorphism in cohomology

(57), - HP (S (X\U,A\U); G) = HP (S (X, A);G) .

Note that singular cohomology, like singular homology, satisfies an excision property slightly stronger
than that stated in the axiom. One needs to have U C Int A, but one does not need U to be open, in
order for excision to hold.

§4.6 The Cohomology of Free Chain Complexes

As promised earlier, we are going to prove a couple of theorems now. The first one says that for free
chain complexes C and D, any homomorphism H,, (C) — H, (D) of homology groups is induces by a
chain map ¢ : C — D. The second one states that if a chain map ¢ : C — D induces an isomorphism
in homology, it induces an isomorphism in cohomology as well.
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Definition 4.3. A short exact sequence of abelian groups 0 - A — B — C — 0, where A and B
are free, is called a free resolution of C. Any abelian group has a free resolution: take B to be
the free abelian group generated by the elements of C', which we denote by C, and the surjective
map B — (' is taken to be the canonical projection  : C — C defined by

gkgk-- kg if n >0,
—

n-times

1

ng —
< g lxglaoxg! if n <0,

—n-times

where * is the group operation in C'. For free resolution of C, we choose A = Ker . Then

0 —— Keri —— C -5 C » 0

is a short exact sequence. It is called the canonical free resolution of C.

Free resolutions have the following useful property.

Proposition 4.6

In the following diagram

0 yA—2.p-Y,C 0
I
0 NN NG 0

suppose the horizontal sequences are exact, and A and B are free. Then there exist homomorphism
a:A— A and B: B — B’ such that the following diagram commutes:

0 yA—2.p-Y,C 0
o o b
0 > A > B > O 0
¢’ Y’

Proof. Let us define 8 : B — B’ first. Choose a basis for B. If b; € B is a basis element, we define
3 (b;) to be any element from the set (¢/)”" (v (¢ (b;))). This set is nonempty since v’ is surjective.
By this construction, ¢’ (8 (b;)) = 7 (¢ (b;)) for basis elements b. Now, if we take any b € B, b can be
written as a finite Z-linear combination of the basis elements {b;},, i.e. b=}, n;b;. Then

W BO) = B b || =D v (B(b))
J J

=D iy (@ (b)) =7 (¥ | D nib;
J J

=7 (4 (). (4.35)

Therefore, the right hand square of the following diagram commutes.

0 A—*,B_Y,¢C 0
al ,Bl b
0 A — B — 0
p "
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Now, we choose b € im ¢ = Ker). So ¢ (b) = 0. Then by (4.35),

U (B(D) =7 (¥ (b)) =0. (4.36)

So 8 (b) € Kery/ =im¢'. Hence, 8 takes im ¢ to im ¢’. Now, for a given a € A, we define

a(a) = (¢") " (B(4(a)). (4.37)

This is well-defined since ¢’ is injective; and ¢ (a) € im ¢, so B (¢ (a)) € im¢'. After defining « this
way, we have

¢ (a(a)) = B(¢(a)). (4.38)

Therefore, the left hand square in the diagram above commutes. |

Theorem 4.7

Let C and C’ be free chain complexes. If y, : H, (C) — H, (C') is a homomorphism defined for all p,
then there is a chain map ¢ : C — C’ that induces 7. Indeed, if 5 : Z, — Z;, is any homomorphism
between cycle groups inducing v, then 3 extends to a chain map ¢.

Proof. Let Z, and B, denote the group of p-cycles and p-boundaries, respectively, in the chain complex
C. Similarly, let Z; and B; denote the group of p-cycles and p-boundaries, respectively, in the chain
complex C’. We have the following diagram with horizontal sequences being exact:

0 » B, —' Z, —— Hy(C) = & —— 0
J’Yp
0 » B, p z, - >Hp(C’):g—Z — 0
p P

Z, and B, are subgroups of a free abelian group C,, so they are free abelian as well. Therefore, by
Proposition 4.6, there exist group homomorphisms «;, : B, — B}, and 8, : Z, — Z, such that the
following diagram commutes:

y v L _ %
0— B, Z, Hy(C) = F —— 0
Otpl ﬁpJ/ J:Yp (439)
Z/
0 » B, - Zy —— Hy(C') = B—Z — 0

We seek to extend 3, to group homomorphisms ¢, : C, — 01/3 between the respective chain groups.
For this purpose, consider the following diagram with rows being short exact:

j d
0 Zy -2 Cp 25 By g —— 0
BPJ, ®p % Jrap—l
0 Z, 7 o4 5 B, ——0
P P

Here j, : Z, — C) is the inclusion, and 5p : Cp — Bp_1 is the surjective group homomorphism
restricting the codomain of J, to its range B,,.

8]) ip—l jp—l
Cp E— Bp,1 — Zp,1 — Cp,1
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By = jp_10ip_100p. (4.40)

Now, a;, and f3, have been constructed before. Since B,_1 and B, _; are free, the two horizontal
sequences split. Choose subgroups U, and U}’D of C), and C{D, respectively, such that

Cp=Z,® U, and C) = Z, & U, (4.41)

Now we claim that 5”‘% : Up — Bp_1 is an isomorphism. It’s a restriction of a homomorphism to a
subgroup of the domain, so it’s a homomorphism. To see it’s surjective, take any b,_1 € B,_1. Since
8, is surjective, there exists ¢, € C, such that 8, (¢,) = b,_1. Since C = Z, & Uy, ¢, can be uniquely
written as z, 4+ u, for some z, € Z,, and u, € U,. Now,

ap‘Up (up) = Op (cp — 2p) = 9p (¢p) — 5}7 (zp) =bp—1 —0=1bp_1. (4.42)
Therefore, 5P’U is surjective. Now, for u, € Ker 5P‘U C Up,
P p
0= p|y; (up) = Ty (up)., (4.43)

so u, € Ker 5p = Zp. Since Cp, = Z, ® U,, Z, N U, is trivial. So u, = 0, proving that Ker 5P‘Up =0.

Hence, 51,} .+ Up = Bp_1 is an isomorphism. Similarly, 5;)
p

. / " : . .
Uy U, — B,_; is also an isomorphism.

Now we define ¢, : C}, — C;, as follows:

- ~1 -
bply = Bp and @y, = (a;, U},}) o ap10D|, . (4.44)
In other words, for ¢, = 2, +u, € C,,
~ —1 -
b (ca) = By (z0) + (Tl ) w1 (B ()] (4.45)
Now, consider the following diagram:
v By
0 Zy, Cp » By —— 0
5| Al = (4.46)
0 Z, 7 c, 5, » B, —— 0

The first square commutes, because for z, € Z,,

bp Up (2p)) = ¢p (2p) = B (2p) = j; (B (2p)) 5

80 ¢p © jp = jp, © Bp. The second square also commutes, because if we take 2, +u), € C),

Op op—1
Zp + up —> Opuy — ap—1 (Opuyp) ,

Zp + Up '¢—p> Bp (2p) + (51/9 U};>_1 [0‘1)—1 <5p (%))} ’5—;> Qp—1 (517 (“p)) )

SO Q1 © 5p = 5]'3 o Pp.
So, we have define ¢, : C, — Cz,’ such that the diagram above commutes. Now, consider the
following diagram.

ap ip—l jp—l
Cp —— By1 —— Zp 1 —— Cp_1

Y R Jérm

! / / !
D p—1 p—1
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The middle square commutes, as it is precisely the first square of (4.39) for p — 1. The left hand
square is the second square of (4.46), and the right hand square is the first square of (4.46) for p — 1.
Therefore, the diagram above commutes. Therefore, we have

$p—10Jp—100p—10 5p = j;l;_l o i;—l 0 5;) ° ¢p.
In other words,
Gp—100, = 6]’0 o ¢p. (4.47)
Hence, the family of maps {¢,} denoted by ¢ : C — C’ is a chain map. Now, it only remains to show
that v is induced by ¢, i.e. 9, = (¢x),. Given a homology class {2,} = 2, + B}, € Hy (C), with 2, € Z),
(¢*)p (2p + Bp) = ¢p (2p) + B]Io = Bp (2p) + B;Ia
= 7";; (Bp (2p)) = 7p (mp (2p))
= (2p + Bp), (4.48)

by the commutativity of the second square of (4.39). Therefore, (¢x), = 7p, i.e. ¢ is our desired chain
map that induces 7. [ ]

Remark 4.3. Here we used the fact that any subgroup of a free abelian group is also free abelian.
The proof can be found here. Since abelian groups are Z-modules, we can rephrase the statement
as follows:

Any submodule of a free Z-module is also a free Z-module.

In fact, a general result is true. The result still holds if Z is replaced by a principal ideal domain
R.

Let R be a principal ideal domain. If M is a free R-module and N is a submodule of
R, then N is also a free R-module.

Corollary 4.8

Suppose {C,e} and {C',¢'} are free augmented chain complexes. If ~, : H, (C) — H,(C') is a
group homomorphism defined for all p, then +, is induced by an augmentation preserving chain
map ¢ : C — C'.

We now prove our basic theorems. We begin by considering a special case.

Lemma 4.9

Let 0 — C ﬁ) D — £ — 0 be a short exact sequence of free chain complexes. If ¢ induces
homology isomorphisms in all dimensions, i.e. (¢.), : Hp (C) — Hp (D) are isomorphisms for all
p, then it induces cohomology isomorphisms as well, denote by (qb*)p : H? (C; G) < H? (D;G).

Proof. Let ¢ be the chain map D — £ in the given short exact sequence of free chain complexes.
Consider the long exact sequence associated with the given short exact sequence of chain complexes:

(8

* Ox * )
_ H,(C) (), (94), (P+)p—1

H,(D) —— Hp(§) — Hp—1(C) —— Hp1(D) —— --- (4.49)
Exactness at Hy_1 (C) tells us that

im (0), = Ker (¢4),_; =0,
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since (¢«),_; is an isomorphism. Now, exactness at H, (D) demands that

Ker (¢), = im (¢),, = Hp (D),

since (¢),, is an isomorphism. Therefore, the image of (¢x), is only 0 € H, (€). Now, exactness at
H, (€) tells us that
Ker (9x),, = im (¢4),, = 0.

But we found earlier that im (9), = 0. This is possible only when H, (£) = 0 for all p.
The dual sequence of (4.49) is

6* * *
co—— HPTLH(E Q) gﬁ HP(C;G) & HP(D;G) & HP(&;,G) «— --- (4.50)

We shall now prove that H? (£;G) = 0 for all p. Let B, C Z, C E, denote the group of p-boundaries,
the group of p-cycles and the group of p-chains of the complex £, respectively. Consider the following
short exact sequence:

\ (jp\ 5])\
0 /Zp /Ep 7 p71*>0

This sequence splits, as By,_; is free. Furthermore, since H, (£) =0, Z, = B, for all p. Therefore, we
can write
E,=2,oU,=B,®dU, (4.51)

for some subgroup U, of E,. So we have the following split short exact sequence:

: 5
0 By < B,& U, —2 B, 1 — 0 (4.52)

While proving Theorem 4.7, we proved that 51,‘(] : Up — Bp_1 is an isomorphism. Also 51) maps B,
P
to 0. By Proposition 4.3,

Hom (E,, G) = Hom (B, G) @ Hom (U,, G) .

Now, take the dual of (4.52) and denote the dual of 5p by gp.

0 < Hom(B,,G) +”— Hom(B,,G) & Hom(U,, G) «*— Hom(B,_1,G) +—— 0  (4.53)

gp takes Hom(B,_1,G) isomorphically to Hom(U,, G), since gp is the dual of 5p which takes U,
isomorphically to B,—1 and B, to 0. (4.52) is split exact, so its dual (4.53) is also exact. A generic
element of im gp is of the form (0, f) with f € Hom (U,, G). By exactness, all such elements are mapped
to the 0-homomorphism in Hom (B,, G). In other words, jp carries Hom (Up, G) to 0 € Hom (B, G).
Now consider the following diagram:

Hom(B,,G) 2" Hom(B,,G) & Hom(U,,G) +— " Hom(B,_1,G)
gp+1i ij—l
Hom(Bp41,G) @ Hom(Upy1, G) Hom(Bp_1,G) @ Hom(Up—1,G)

Now, dp11 = gp+1 o}p. Since SPH maps Hom(B,, G) isomorphically to Hom(Up+1,G), Ker gp+1 =0.
Therefore,
Ker 641 = J, " (Ker 5,,“) — 7,1 (0) = Hom (U, G). (4.54)

Now, §, = gp o}p,l. Since }p,l is surjective, im}p,l = Hom (B,,, G). Therefore,

im s, = o, (im’jp,l) =3, (Hom (B,, G)) = Hom (U,, G). (4.55)
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Ker 6,11 = im ¢,. Therefore,

Ker 6p+1

HP (£;G) = = 0. (4.56)

im d,,
Since H? (£;G) = 0 for all p, from (4.50), we get the following exact sequence

d)*
0 mr(C: Q) &% g6y 0

¢*
Exactness of this sequence implies that H?(C; Q) Q HP(D; @) is an isomorphism. [ |

Lemma 4.10

Let C and D be free chain complexes; let ¢ : C — D be a chain map. Then there is a free chain
complex D’ and injective chain maps i : C — D’ and j : D — D’ such that j induces homology
isomorphisms (j), : Hp (D) — Hp(D') in all dimensions; and the following diagram commutes
up to a chain homotopy:

i.e. jo ¢ and ¢ are chain homotopic.

Proof. Let 8C and 8D be boundary operators of the chain complexes C and D, respectively. We define
the chain complex D' = {D’ 0! } as follows:

Dy, =Cp® Dy & Cp1; (4.57)

0., (¢p,0,0) = (85¢y,0,0), (4.58)

d.,(0,dp, 0) = (0,07d,,0) (4.59)

3, (0,0,¢p-1) = (—cp-1,6p-1(¢p-1) s =Ty _16p-1) - (4.60)

Let us now check that 9, ; o9, = 0.

(8,1 00.) (cp,0,0) =8, (95 ¢p,0,0) = (85, (85 ¢p) ,0,0) = (0,0,0).
(8, _100.) (0,dp,0) =0, (0,07dy,0) = (0,07, (87d,) ,0) = (0,0,0).
(91 08) (0,0,cp-1) = 3y (—cp-1,bp (cp1) , —05_1cp—1)
:3;, 1 (=¢p-1,0,0) + I —1(0,¢0p-1(cp-1),0) + 8/ (0 0, _80 1Cp—1)
= (=05 1¢p-1,0,0) + (o,ap 16p—1 (cp—1),0) + 9,1 (0,0, -5 1cp1)

= (0,0,0).
Now,
1 (0,0, =05 1¢p1) = (O _1¢p-1, Bp—2 (=05 _16p-1) s 05 (F51¢p-1)) -
Since ¢p—2 (—857101)_1) = —85,1%_1 (cp—1), all the terms of (8}’%1 o 8}/0) (0,0,cp—1) gets cancelled.
Hence,

(8,1 08,)(0,0,¢5-1) = (0,0,0).

Therefore, 8], ; 08}, = 0. So D' = {D,,d,} is a chain complex.
We define the mJectlve chain maps ¢ : C — D" and j : D — D’ to be just inclusions:

ip : Cp%D;:CpEBDpEBCp_l, cp — (¢p,0,0),

Jp:Dp = D, =Cp® Dy & Cp_1, dyp—(0,dp,0).
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Now we shall prove that j o ¢ and ¢ are chain homotopic. For that purpose, we shall construct a chain
homotopy F), : Cp = Dy, = Cpy1 © Dpi1 © G defined by

FP (CP) = (Oa Oa CP) : (461)
D).

a/

p+1
Dy,
aC
D Fyp1
Cp—1
For ¢, € Cp,
(0410 Fp) (cp) + (Fp—1005) (cp) = 911 (0,0, ¢p) + Fp1 (95 cy)
= (_Cp’ bp (cp) s —@,Ccp) + (0, 0, Qgcp)
= (=¢,0,0) + (0,6 (¢p) , 0)
= —ip (¢p) + Jp (¢p (cp))
Therefore,

010 Fy+ Fpoq 005 = jpody—ip. (4.62)

So F'is indeed a chain homotopy between chain maps j o ¢ and 1.
Now, it only remains to show that j induces homology isomorphisms in all dimensions. The following
is a short exact sequence of chain complexes:

0—— D17 D'/D —— 0.

By Zig-Zag lemma, this short exact sequence gives rise to a long exact homology sequence:

- —— H,11(D'/D) —— H,(D) % H,(D') —— H,(D'/D) —— --- (4.63)

We shall now prove that Hy, (D’'/D) vanishes for all p. The p-th chain group of D’/D is isomorphic to
Cp ® Cp—1. Each element of the p-th chain group of D’'/D is of the form (¢p, 0, ¢p—1) + Dp, which we
can identify with (cp, c,—1) for ¢, € Cp and cp—1 € Cp_1.
Let 81’)’ be the boundary operator on D’/D. Then
81,2/ (va 0) = a],)/ [(Cp’ Oa 0) + Dp] = 81,2 (va 07 0) + Dpfl
= (accp,o 0) + Dp_1
( ¢p,0) .
8” (0 Cp— 1) = 8 [(0 0 y Cp— 1) + D ] 8:; (0, 0, Cp_l) -+ Dp_l
( Cp—1, Pp—1 Cp 1), a}?—lcpfl) + Dp—1

—Cp—1,0, 8 _1Cp— 1)+Dp 1= (—cp_l,—ag_lcp_l).

Therefore,
A (cp,cp1) = (0501, — Cp1, —85_1%,1) . (4.64)
Let (¢, cp—1) € ZP (D' /D) be a p-cycle. Then 9 (¢p, ¢p—1) = (0,0) gives us d5¢, = ¢p—1. Now,
=041 (0,¢p) = = (—¢p, —8]?0;)) = (cp,ﬁpccp) = (cp, cp—1) - (4.65)

Therefore, (cp, cp—1) € BP (D'/D). Hence, every p-cycle of D’'/D bounds. As a result, H, (D’/D) = 0.
Therefore, we get the following exact sequence from (4.63):
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0= Hyp1 (D)D) —— Hy(D) 222 H (D)) —— H,(D//D) = 0.

Exactness of this sequence then implies that (j.), is an isomorphism. [ |

Theorem 4.11

Let C and D be free chain complexes; let ¢ : C — D be a chain map that induces homology
isomorphisms in all dimensions. Then ¢ induces a cohomology isomorphism in all dimensions.

Proof. By Lemma 4.10, there exists a free chain complex D and injective chain maps i : C — D/,
j : D — D' such that j o ¢ and i are chain homotopic. We then have the following exact sequence of
free chain complexes:

0 yC —— D » D'/C 0 (4.66)

0—D-23sD —D/D—0 (4.67)

Lemma 4.10 also says that (j.), : Hy(D) — Hp(D') is a homology isomorphism for all p. By
hypothesis, (gi)*)p : H, (C) — H, (D) is a homology isomorphism for all p. Since j o ¢ and ¢ are chain
homotopic,

(i), = (G0 8),), = (i), © (6),

So (i*)p : H, (C) — Hy (D') is a homology isomorphism for all p. Now, if we apply Lemma 4.9 to the
short exact sequence of free chain complexes given by (4.66) and (4.67), we get

(i), : H? (C;G) « H? (D', G) and (%), H" (D;G) « H" (D' G)

are cohomology isomorphisms for all p. Since ¢ and j o ¢ are chain homotopic,

(i), = ((100)), = (¢"),0 ("), - (4.68)
Since (%), and (j*), are both isomorphisms, it follows from (4.68) that (¢*), : H? (C; G) < H? (D; G)
is also a cohomology isomorphism for all p. |
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