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]. Representation of Finite Groups

§1.1 Definitions

Definition 1.1 (Representation). A representation of a finite group G on a finite dimensional
complex vector space V is a homomorphism p : G — GL(V) of G to the group of invertible
linear transformations on V. We often say that such a homomorphism gives V' the structure of a
G-module. The dimension of V' is sometimes called the degree of the representation p. We also
sometimes call V itself a representation of G.

Definition 1.2. A map ¢ between two representations V and W of G is a linear map ¢ : V. — W
such that the following diagram commutes for every g € G:

V— 5w

o(9) a(g)

V—"F—"W

In other words, ¢ o p(g9) = o(g) o p. Here, p: G — GL(V) and ¢ : G — GL(W) are two
group homomorphisms in question. We distinguish such a linear map ¢ : V — W between two
representations of G from an ordinary linear map between vector spaces by calling it a G-linear

map.

One can then define G-module structure on Ker ¢ and im ¢ by restricting the group homomorphisms
p:G— GL(V) and o : G — GL(W), namely,

p1:G — GL(Kery) and 01 : G — GL (im¢) .
Suppose v € Ker . Then p(g) (v) € Ker ¢, because
v (p(9) (V) =0 (g)(¢(v)) =0o(g)(0) =0. (L.1)
Also, let w € im . Then w = ¢(v) for some v € V. Then o (g) (w) € im ¢, because
o (9)p(v) = ¢(p(g) (v)) € ime. (1.2)

One can also give the quotient vector space W/ im ¢ = Coker ¢ a G-module structure by introducing
the group homomorphism o9 : G — GL(Coker ¢). Given w 4+ im ¢ € Coker ¢ and g € G, one defines

o2 (9) (W +imp) =o(g) (W) + im ¢ € Coker . (1.3)

The space of all G-linear maps from V' to W is denoted Homg(V, W). It has a vector space structure.
Suppose ¢, 1) € Homg(V, W) and z € C. Then we have the following commutative squares:

v

vV —2 W 1% W
p(g)l a(g) p(g)l lﬂ(g)
\%4 — w \% T) w
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Then one can show that zp + 1 is also a G-linear map. Indeed,

a(g) e (zp+¢) (v) = 20 (9) (p(v))
)

This proves the commutativity of the following square:

174 L‘W) 1774
p(g) lﬂ(g)
V—m W
zp+1

Therefore, zp + ¢ € Homg(V, W), i.e. Homg(V, W) is a complex vector space.

Definition 1.3 (Subrepresentation). Suppose one is given a representation V' of G with the help
of the group homomorphism p : G — GL(V) and W C V be a vector subspace. One calls W
invariant under the action of G if for all ¢ € G and all w € W, one has p(g)w € W.

A subrepresentation of a representation V of G is a vector subspace W of V' that is invariant
under the action of G. A representation V of G is called irreducible if there is no proper nonzero
invariant subspace W of V| i.e., there is no invariant subsapce W C V such that W # {0} and
W #£V.

§1.2 Linear algebra revisited

Definition 1.4 (Tensor product). The tensor product of two complex vector spaces V and W is
another complex vector space V ® W equipped with a bilinear map 6 : V x W — V ® W that
is universal: for any bilinear map 8 : V x W — U to a complex vector space U, there exists a
unique linear map « : V ® W — U such that the following diagram commutes:

VxW — s vew

In other words, =« o 6.

If we want the ground field C to be mentioned, we write the tensor product by V ®@c W. If {e;} and
{f;} are bases of V and W, respectively, {e; ® f;} form a basis for V'@ W. Similarly, one can form the
tensor product V1 ® - - - ®@ V,, of n vector spaces, with the universal (in the above sense) multilinear map

0:Vix---xV,=-VM® -V,

1.4
(Viyeo oy Vi) 2 VI ® - @ V. (14)
In particular, one can construct
V®":V®-~®V,
—/._/
n-copies
for a fixed complex vector space V. If {e; | i = 1,2,...,m} is a basis for V, then the set
{eil Ke,R e, ‘ Tlyen.,ip € {1,2,...,m}} (1.5)
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is a basis for V&, Tt follows that dim V®" = m™.

Let &,, be the symmetric group on the set {1,2,...,n}. It is a finite group of order n! that consists
of all the permutations (i.e. bijections) on the set {1,2,...,n}. An alternating multilinear map
B:V x---xV — U satisfies

I5; (vg(l),...,v(,(n)) =sgnof (vi,...,vp), (1.6)
for every o € G,,.

Definition 1.5 (Exterior power). The exterior power of a complex vector spaces V is another
complex vector space A"V equipped with an alternating multilinear map

K:Vx.-xV = A"V

(Viyeo oy Vi) > VI A -+ AV,

that is universal: for any alternating multilinear map g :V x --- x V — U to a complex vector
space U, there exists a unique linear map « : AV — U such that the following diagram commutes:

VX xV —E—s A"V

In other words, f = a o k.

If {e; | i =1,2,...,m} is a basis for V, then the set
{eil/\eig/\--~/\ein\1§i1<i2<-~~<in§m} (1.7)

is a basis for A”V. It follows that dim A"V = (777:)

A symmetric multilinear map S :V x --- x V — U satisfies
5(VU(1),...,va(n)> :B(Vl,...,vn), (18)
for every o € &,,.

Definition 1.6 (Symmetric power). The symmetric power of a complex vector spaces V' is another
complex vector space Sym” V equipped with an symmetric multilinear map

0:Vx--xV —Sym"V
(Viyeo oy Vi) = VIO O Vi,
that is universal: for any symmetric multilinear map 8 :V x --- x V — U to a complex vector

space U, there exists a unique linear map « : Sym” V — U such that the following diagram
commutes:

Vx-xV—% & Sym"V
;
e A«
-
U

In other words, = a0 .
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1
If {e; | i=1,2,...,m} is a basis for V, then the set

{e, 0e, 0 0e;, |1<i <ipg <--- <ip <m} (1.9)

is a basis for Sym™ V. Tt follows that dim Sym” V = ("™*"~1).

n

§1.3 New representations from old ones

If V and W are representations of GG, then so are the direct sum V @& W and the tensor product V@ W.

More explicitly, suppose p : G — GL(V) and 0 : G — GL(W) are the relevant group homomorphisms.
Then, one defines p o : G — GL(V @ W) by

(& o)(g)(vew)=plgvea(gw, (1.10)
for g € G. Similarly, one can define the group homomorphism p® o : G — GL(V ® W) by
(p®o)(g)(vew)=plgveao(gw (1.11)

for g € G.

For a representation V of G, the nth tensor power V®" is again a representation of G:

(P@p®-@p)(g) (ViR V2 ® - @ vy) = p(g)v1 ® p(g)va ® -+ @ p(g)Vn, (1.12)

for g € G. The exterior power A"(V') and the symmetric power Sym" (V') are subrepresentations of
V®n Given the group homomorphism p : G — GL(V), we defined the nth tensor power representation
p®" G — GL (V@) by (1.12). Now, the exterior power representation A”p : G — GL(A"V), being a
subrepresentation of V®", can be defined as follows:

(A"p) (@) (Vi Ava A= Avn) = p(g)vi A p(g)va A~ A p(g)va. (1.13)

One can now write down the group homomorphism Sym” p : G — GL(Sym" V') associated with the
subrepresentation Sym”™ V' of the representation V&" of G:

(Sym" p)(9)(vi ©va © - © vp) = p(g)v1i © p(g)v2 © - -+ © p(g)Vn. (1.14)

Now, let us define p* : G — GL(V*), given p: G — GL(V). Suppose {e;}™; and {@'}™, are bases of
V and V*, respectively. Here, V* = Hom(V, C), the dual vector space of linear functionals on V. Any
linear functional & € V* can be written as

m
=) wa' (1.15)
i=1
Also, any vector v € V' can be written as
m .
v=> v'e. (1.16)
i=1

In a given basis {e;}™, of V and its dual basis {@'}", of V*, w € V* can be coordinated as a column

w1 Ul
w2 . /1]2 . .

vector | . |, whereas a vector v € V can be coordinated as | . |. We will simply denote the column
Wi, o™
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w1 v
w2 . ’02
vector | . | by @, and the column vector | . | by v. We then write the dual pairing
W o™
w1 r ’l)1
R R wo v? 7
(@, v) =w(v)=| . | =0t (1.17)
Wm v

Now, we want the dual representation V* of V to satisfy

(p"9(@), p(g)v) = (@, v) (1.18)
for g e G, veV and w € V*. Now, we claim that p* : V* — V* defined by
T

P (9)@) =p(s7")] @ (1.19)

satisfies (1.18). Indeed,

=w(v)=(w,v).

Here we used the following definition of transpose: given a linear map f : V — W, its transpose map
fT:W* — V* is defined as f1 (@) (v) =@ (f (v)). In light of this, we can also write (1.19) as

7 @@ =[o(a)] 2 =a(p(s7)v). (1.20)

Now, if V' and W are representations of G, then so is Hom(V, W). In order to see this, we shall use
the fact that
Hom (VW) ZX V* @ W. (1.21)

Note here that both V and W are finite dimensional complex vector spaces. Consider the group
homomorphisms p : G — GL(V) and 0 : G — GL(W). Now, the group homomorphism associated
with dual representation on V* of G is given by p* : G — GL(V*). Note that for @ € V* one has
@ (e;) = wj, and for v € V, @' (v) = v, where {e;}]", is a basis for V and {@'} ", is the dual basis for
V*. Note that &' (e;) = d*;.

Given ¢ € Hom(V, W), define g : Hom(V, W) — V* @ W by

@)=Y d ®p(er). (1.22)
=1

On the other hand, define f: V*@ W — Hom(V, W) by

fRo@wW)(v)=R(v)w, (1.23)
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where Kk € V*, v € V, w € W. Then observe that f and g are inverses of each other. In fact,

F@) @) =7f (i &y <ei)> (v)

=Y F(@ev(e)

Il
(]
2,
<
AS)
°

Therefore, B
fog= ]lHom(V,W) : (124)
Now, for a given k@w € V* @ W,

i(fRew)=>dofEeow)(e)

Therefore,

gof=1lyw. (1.25)
(1.24) and (1.25) together imply that Hom (V, W) = V* @ W. We now define the representation of
G on Hom(V,W) via the representation of G on V* ® W. In fact, G acts on V* @ W via the map
p*Ro:G— GL(V*® W), sothat (p* ® 0) g (R @ w) € V*@W. Then via f : V*@W — Hom(V, W),
one has f((p*®0o)g(R®w)) € Hom(V,W). This is, by definition, the representation of G on
Hom(V, W). In other words, 7 : G — GL (Hom(V, W)) is defined by

Y(9) (FEewW) (V) = Fl(p* @ 0)gFa W) (v)
= F(r" (9)R@o(g)w) (v)
= (1" (9) %) (v) o(g)w
=#(p(g7")v)olg)w
=o0(9) (E (p (g_1> v) w) . (1.26)
Now, let us write f (7 ® w) = ¢ € Hom(V, W). So we have
p(v)=FfEeW) (V) =&(V)w. (1.27)

As a result,

(o (67) %) =7 (o (57) ) 129

10
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(1.26) and (1.28) together imply that

(@) V) =a(9) (¢ (r(s7)v))- (1.29)

(1.29) can be expressed by means of the commutativity of the following diagram:

Vv —2%2 oW

p(g) a(g)
v(9)y

Proposition 1.1

Given representations p : G — GL(V) and o : G — GL(W) of a finite group G, f: V* @ W —
Hom(V, W) is an isomorphism of representations.

Proof. We have already shown that f : V*®@ W — Hom(V, W) is an isomorphism of vector spaces. We
now need to show that f is a map between the representations p* ® ¢ and . For that purpose, we
need to show the commutativity of the following square:

Vie W — 5 Hom(V,W)
(p*0)(9) +(g) (1.30)

Given any k € V* and w € W, we need to show that

v(g)o f(Row) = fo(p'®a)(g)(ROW). (1.31)

Both sides of (1.31) are in Hom(V, W). In order to show their equality, we need to show the equality
of them evaluated at an arbitrary v € V. So, we are going to show that

M9) e FROW)] (v) = [fo (" @0)(9) ROW)] (v). (1.32)
The RHS of (1.32) is
RHS = [fo (b ©0) (9) (R w)] (v)
= [F (@R @algw)| (v)

= (p*(9)R) (v) - o(g) (w) [ - is the scalar multiplication in W]
=#(p(9)"v) - olg) (W)

Before computing the LHS of (1.32), let us quickly recall the definition of 7. v : G — GL (Hom(V, W))
is defined so that the following diagram commutes:

Vv % oW
p(g) hﬂ(g)
V— W
7(9)¢

11
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In other words,
7(9) () =0a(9)epop(e)™. (1.33)
Now, the LHS of (1.32) is

I
Q
—~

<
SN—

=0o(9) (R (p(g)_lv) : W) [ - is the scalar multiplication in W]
1

Therefore, LHS = RHS, so (1.32) holds. As a result, (1.30) commutes, and hence, fis a G-linear map,
as required. |

§1.4 Complete reducibility

Definition 1.7 (Hermitian inner product). If V' is a complex vector space, then a Hermitian inner
product is a positive definite sesquilinear map H : V x V — C that satisfies the following:

(i) H(au+bv,w) =aH(u,w) + bH(v,w) and H(w,au + bv) = aH(w,u) + bH(w,v) for all
a,beC,u,v,weV.

(ii) H(u,v) = H(v,u), for all u,v e V.

(iii) H(u,u) > 0, for every u € V'\ {0} (positive definite).

If W C V is a vector subspace of a complex vector space with a Hermitian inner product, we define
the following subspace:

Wt ={veV|H(v,w)=0, forall we W}. (1.34)

If V is a finite dimensional complex vector space, then we can write V=W & W=, i.e. W is the the
orthogonal complement of . We also say that W is the complementary subspace of V.

Definition 1.8. A Hermitian inner product H on a finite dimensional representation V' of a finite
group G (p : G — GL(V)) is said to be preserved under group action if

H(p(g9)u, p(g9)w) = H(u, w) (1.35)

for all g € G and u,w € V. H is then called a G-invariant Hermitian inner product.

If H is a G-invariant Hermitian inner product on a finite dimensional representation V' of a finite group
G, then we have

=H (v,p (g_l) W) . (1.36)

Lemma 1.2

If H:V xV — C is a G-invariant Hermitian inner product on a finite dimensional representation
V of a finite group G and W C V is a subrepresentation, then W is a G-invariant complement
to W.

12
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[
Proof. Since we are dealing with finite dimensional complex vector spaces, W= is a complement to .
It, therefore, suffices to show that W+ is G-invariant.

Suppose g € G, u € W, and w € W. Let us denote the group homomorphism associated with
the finite dimensional complex representation by p : G — GL(V'). Since the Hermitian inner product
H :V xV — C is G-invariant, one has

H(p(g)u,w) = H(u, p(g~")w). (1.37)

Since W is a subrepresentation of V', one must have p(g~!)w € W for any g € G and w € W. Hence,
H(u,p(g~Y)w) = 0 in (1.37) leads to

H(p(g)u,w) =0 (1.38)
This is true for all w € W. Therefore, from the definition of W+, one then must have p(g)u € W+ for
any g € G, which then implies that the subspace W is G-invariant. |

Proposition 1.3

If V is a complex representation of a finite group G, then there is a G-invariant Hermitian inner
product on V.

Proof. Pick a Hermitian inner product Hg : V x V — C on the finite dimensional complex vector
space V' with respect to which a given basis of V' is orthonormal, i.e., choose a basis {e;}!" %y of V
and define Hy(e;,e;) = 0;; and extend Hy to all of V x V Sesqulhnearly. Given v = 7", v'e; and
w=3"" w’e;, we then have

Hy(v,w) = H (Z v'e;, Z wjej) = Zﬁw’ (1.39)
i=1 j=1 i=1

Then define a new Hermitian inner product Hy : V xV — C by averaging over all of G via representation
p:G— GL(V):
Hy( Z Ho(p p(g)w). (1.40)
gGG

Using the Hermitian inner product properties of Hy, one can verify that H; is also a Hermitian inner
product on V. Additionally,

Hi(p(h)v, p(h Z Hy(p v, p(g)p(h)w)
gEG
Z Ho(p(gh)v, p(gh)w)
gEG
G Z Hy(p (¢"Yw) (where ¢’ = gh)
= H (v,w). (1.41)
Then (1.41) implies that the Hermitian inner product H; : V x V' — C defined by (1.40) on V is
G-invariant. [

Corollary 1.4

If W is a subrepresentation of a finite dimensional complex representation V of a finite group G,
then there exists a complementary invariant subspace W+ of V so that V =W @& W=.

Proof. Given that V is a complex representation of a finite group G, there is a G-invariant Hermitian
inner product on V by Proposition 1.3. Now, if W is a subrepresentation of V', then by Lemma 1.2,
the complementary subspace W= is G-invariant, i.e., V. =W @ W+, |

13
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Corollary 1.5 (Maschke's theorem)

Any complex representation of a finite group can be expressed as a direct sum of irreducible
representations.

Remark 1.1. The property of a representation being expressed as a direct sum of irreducibles is called
complete reducibility (semisimplicity). Maschke’s theorem tells us that any complex representation of
a finite group is semisimple. The additive group R, being an infinite group, doesn’t have this property;
for example, the representation
PN [1 a]
0 1

is not semisimple.

The extent to which the decomposition of an arbitrary complex representation into a direct sum of
irreducibles is unique is one of the consequences of the following.

Lemma 1.6 (Schur's lemma)

Recall that Homg(V, W) is the vector space of G-linear maps between two finite dimensional
complex representations V and W of the finite group G. Suppose V and W are irreducible complex
representations of G. Then

(a) Every element of Homg(V, W) is either 0 or an isomorphism.

(b) dimc Homg(V, W) =0 or 1.

Proof. (a) Let ¢ : V. — W be a non-zero G-linear map. We have verified in (1.1) that Kerp C V is a
G-invariant subspace of V. Since V is irreducible, by hypothesis, one has

Ker¢ = {0}, (1.42)

because Ker ¢ # V', as ¢ is chosen to be nonzero.

We also know from (1.2) that im ¢ C W is a G-invariant subspace of W, i.e., Img is a subrepresen-
tation of W. Since W is also irreducible, by hypothesis, one must have

imp =W, (1.43)

because im ¢ # {0} as ¢ is chosen to be nonzero.

Now, Ker ¢ = {0} and im ¢ = W together imply that ¢ : V' — W is a bijective linear map from V'
to W, i.e., ¢ is an isomorphism between vector spaces.

(b) Suppose 1,92 € Homg(V, W) with both being nonzero. Then by (a), ¢1 and @2 are both
isomorphisms. Since 4,01_1 : W — Vand 2 : V — W, one can compose them to obtain
0= <p1_1 o 9 € Homg(V, V).

Now, ¢ : V — V is a linear operator on the finite dimensional complex vector space V. Also, since
C is algebraically closed, det(¢ — A1) = 0 has a solution (here ¢ — A1y is considered a square
matrix) which implies that Ker(¢ — A1y) # {0}, i.e., ¢ — A1y is not an isomorphism belonging
to the vector space Homg(V, V). Then, by (a), one concludes that ¢ — A1y must be the 0-map in
Homg(V,V), i.e.,

o= oy =Aly.

In other words, w2 = A¢1. Since this is true for any pair of G-linear maps ¢1, 92 € Homg(V, W),
we have dimc Homg(V, W) = 1.
[ |

14
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Lemma 1.7

Suppose Vi, Vo, W are finite dimensional complex representation of the finite group GG. Then one
has the following vector space isomorphisms:

Homg (Vl ® Vs, W) = Homg (VYD W) ® Homg (Vv27 W) ’
Homg (W, V4 @ V) =2 Homg (W, V1) @ Homg (W, V3) .

Proof. Following are the required linear maps that can easily be verified to be isomorphisms:

s : Homg (V1, W) @ Homg (Va, W) — Homg (V1 & Vo, W),
s (p1,92) (Vi,v2) = @1 (V1) + 2 (v2) . (1.44)

u : Homg (V4 @ Vo, W) — Homg (V1, W) @ Homg (Va, W)
u(p) = (poir,poiz), (1.45)

where i1 : Vi — V1 @ Vo and i9 : Vo — Vi @ Vs are the canoncial inclusions defined by
i1(v1) = (v1,0y,) and iz (v2) = (Oy,,v2).
Now, one can check that u o s = Lgomq vy, W)eHome (Va,w) a0d s 0 U = Lgom,1vi@ve,w)- Indeed,
(uos) (@1, 92) = u(s (1, 42))
= (s(p1,92) 011,5 (p1,2) 0 i2).

Now,

(s (01, 92) 0d1) (V1) = s (1, 92) (i1 (v1))
= 5(p1,2) (v1,0v;)
= 1 (v1) + 92 (0v,)
=1 (v1)-

Therefore, s (1, @2) 041 = 1. Similarly, s (¢1, p2) 0 ia = p2. Hence,

(uos) (p1,p2) = (s (p1,92) 0 i1, 8 (p1,p2) 0 d2) = (¥1,92) -

So we have
u 0 8 = Lyome(Vi,W)@Home (Va,W) - (1.46)

On the other hand, given ¢ € Homg (V1 & Vo, W),

[(sou) (p)] (vi,v2) = [s (poir, poia)] (v, v2)
= (poir) (v1) + (poiz) (v2)
= ¢ (v1,01;,) + ¢ (0v;, v2)
= ¢ (vy,va).
Therefore,
50U = Lgome(VieVe, W) - (1.47)

So s : Homg (Vi, W) & Homg (Va, W) — Homg (Vi & Vo, W) is an isomorphism.

Now consider the following linear maps

t : Homg (W, V1) @ Homg (W, Vo) — Homg (W, Vi @ Va)
t(p1,902) (W) = (o1 (W), 2 (W)). (1.48)

15



1 Representation of Finite Groups 16

v : Homg (W, Vi @ V) — Home (W, V1) & Home (W, V2)
v () =(q1op, o), (1.49)

where g1 : V1 & Vo — Vi and ¢o : V1 & Vo — V5 are the canonical projections, defined by
q1 (v1,ve) =vy and ¢o(vy,ve) = va.
Now, one can check that v ot = Lyom, (W,vi)@Home (W,1v2) a0d t 00 = Lyom, (w,viev,)- Indeed,
(vot)(p1,902) = v (t(p1,2))
= (q1ot(p1,92),q20t(p1,92)) .

Now,

(q10t(p1,02)) (W) = q1 [t (¢1,p2) W]
=q1 (1 (W), p2(W))
=1 (w).

Therefore, ¢ ot (¢1,p2) = ¢1. Similarly, g2 ot (1, p2) = 2. Hence,

(vot)(p1,92) = (q1ot(p1,02),q2 0t (p1,02)) = (¢1,02).

So we have
v ot = Lome (W,Vi)@Home (W,V3) - (1.50)

On the other hand, given ¢ € Homg (W, V] @ Va), let ¢ (w) = (v1,va). Then

[(tov) ()] (W) =1t(q10¢,920¢) (W)

t
=((g10o9) (W), (g20¢) (W)
= (

vi,Vva) = ¢ (W).
Therefore,
tov= ]lHomc(W,VleaVQ) : (151)
So t : Homg (W, V1) @ Homg (W, V3) — Homg (W, V1 @ V,) is an isomorphism. |

Now, let G be a finite group and V be a finite dimensional complex representation of G. Since V is
a direct sum of irreducible representations by Maschke’s theorem, up to isomorphism we can group
together the isomorphic representations and say that

vevite.--aVm (1.52)
Here V;"* is the shorthand for r; fold direct sum of V; with itself.

Vi=VieVieo---aV. (1.53)

r;-fold direct sum

Here, for distinct ¢ and j, V; and V; are non-isomorphic, and the integers r; > 1.

Remark 1.2. While grouping together in (1.52), we are grouping isomorphic representations together,
NOT isomorphic vector spaces. V1 and V5 may be isomorphic as vector spaces, but we don’t group
them together unless they are isomorphic representations. In other words, if p: G — GL (V) is the
said representation of G into V', we group two irreducible subrepresentations W; and Wy together
while writing (1.52) if there exists a vector space isomorphism v : W; — Wj such that the following
diagram commutes for every g € G:

16



1 Representation of Finite Groups 17

W1 L Wg
p(g)]W1 p(g)]W2

Wi — Wy

When we say V; and V; are not isomorphic for ¢ # j in (1.52), we mean that they are not isomorphic
as representations, i.e. there is no isomorphism in Homg (V;, V). In principle, they can be isomorphic
as vector spaces, but that’s not our concern here.

Proposition 1.8
In (1.52), r; = dim¢ Homg (V;, V) = dime Homg (V, V).

Proof. By Lemma 1.7,

Homg; (Vi, V) 2 Homg (%,@Vf) =~ P Home (V;, V") (1.54)

j=1 j=1

But Homg (Vi, erj) is

Homg (Vi,V,”) = Homg | Vi, Vi@ ---@V; | = Homg (Vi,V}) @ -+ ® Homg (V;, V). (1.55)

r;-fold direct sum r;-fold direct sum

Since V;’s are pairwise non-isomorphic for j # i, we have Homg (V;, V;) = {0}, so that

dim¢ Homg (V;, V) =0 and dimc Homg (V;, V) = 1. (1.56)
So we have
dim¢ Homg (V;, V) = dime (@ Homg (VZ-, erj))
j=1
= Z dim¢ Homg (Vi, erj)
j=1
= dim¢ Homg (V;, V™)
= dimc | Homg (V;, Vi) @ - -- @ Homg (V;, Vi)
r;-fold direct sum
=14+14---41
—_——
r;-fold sum
Similarly, dim¢c Homg (V, V;) = r;. |

Proposition 1.9

The decomposition (1.52) is unique up to replacement of each V; by an isomorphic representation.

Proof. Suppose
Vvevie--aeVm =W e e Wn (1.58)

17



1 Representation of Finite Groups 18

are two decompositions into non-isomorphic irreducible representations of G. By Proposition 1.8, for
10 € {1,2,...,m},

r;, = dimc Homg (Vim V)

= dim¢ Homg (Vio, @ W;j)

j=1

i=1

— dime (QB Homg (VZ-O, W;j))
= Zsj dim Homg (Vi,, W) . (1.59)
j=1

Since r;, > 0, there must exist some jo € {1,2,...,n} such that Homg (V;,, Wj,) # {0}, i.e. it is
nontrivial. Then by Schur’s lemma, W, = V;,. The jp must also be unique because W;’s are pairwise
non-isomorphic. In other words, the only nonvanishing contribution in the sum (1.59) is due to the
unique value j = jg, for which

dimc Homg (Viy, Wj,) =1 and dimc Homg (Vi,, W;) = 0 for j # jo. (1.60)

Hence, by (1.59) and (1.60), 74, = sj,. Thus we have an injection o : {1,2,...,m} — {1,2,...,n} such

that Vi, = Wj, = Wo,) and 1y, = sj, = S4(;,) for each io.

i0)
In a similar manner, interchanging V; and W; throughout above, we have an injection 7 : {1,2,...,n} —
{1,2,...,m} such that Wj, = V, ;) and sj, = 7,(;,) for each jo. The first injection o implies that
m < n. The latter injection 7 gives n < m. Therefore, m = n, and ¢ and 7 are permutations, i.e.
o € 6, Hence, (1.52) is unique up to replacement of each Vj, by an isomorphic representation W,. W

Corollary 1.10

The irreducible complex representations of a finite abelian group G are all 1-dimensional.

Proof. Let V be a complex irreducible representation of a finite group G and p : G — GL(V') be the
underlying group homomorphism. Then, for each g € G, the map p(g) : V. — V is G-linear:

p(g)

v
p(h)h p(h)

Vv—V
p(9)

The diagram above is commutative for all h € G for a given g € G. Indeed,
p(g)p(h) = p(gh) = p(hg) = p(h)p(g).

We, therefore, have p(g) € Homg(V, V). By Schur’s lemma, dimc Homg(V,V) =1, so p(g9) = A\ 1v
for some )\, € C.
Now, choose a non-zero vector v € V' and consider the 1-dimensional subspace

(v)y=CvCV,
by taking all complex multiples of the nonzero vector v. Observe that (v) is G-invariant. Indeed,
p(g)v =1y v=2AveE(v),

i.e. (v) is a G-invariant subspace of V, i.e. a subrepresentation. But V is irreducible by hypothesis.
Hence, (v) = V. In other words, V' is 1-dimensional. ]

18



1 Representation of Finite Groups 19

Definition 1.9 (Faithful representation). A complex representation V' of a finite group G is called
faithful if the homomorphism p : G — GL(V) is injective.

Corollary 1.11
If G has a faithful complex irreducible representation, then Z(G) is cyclic.

Proof. Let p: G — GL(V) be the injective group homomorphism associated with a faithful irreducible
complex representation V' of a finite group G. Now, let z € Z(G) so that zg = gz for all g € G. Now
consider the map p(z) : V — V. Since z commutes with all g € G, the following diagram commutes:

1% L) v
p(9) p(9)

Vv— V
p(2)

Hence, p(z) € Homg(V,V). By Schur’s lemma, dim¢c Homg(V,V) = 1, so p(z) = A\, 1y for some
A, € C*:=C\ {0}.

Now, the map Z (G) — C* = GL (C) given by z — A, is a representation of the subgroup Z (G) of
G. Moreover, this representation is faithful, because

)\z = )\z’ - /\z 1y = )\z’ 1y

= p(2) = p(¢)

= =2,
since p is injective. Therefore, the map Z (G) — C* = GL (C) given by z — A, is injective. So Z (G)
is isomorphic to a finite subgroup of C*. Finite subgroups of the multiplicative group of a field is a

cyclic group. Hence, Z(G) is cyclic. [ |

One also knows from elementary group theory that every finite abelian group is isomorphic to a direct
product of cyclic groups. In other words, if G is a finite abelian group, then we can write G as

G=0Cy x---xCy, (1.61)
where each C),, is a cyclic group of order n;.

Proposition 1.12

A finite abelian group G has precisely |G|-many irreducible complex representations.

Proof. We write GG as a direct product of cyclic groups as follows:
G = (1) X X (zy), (1.62)

where [(x;)| = n;, and x; generates the cyclic group (x;). Suppose p : G — C* is an irreducible
representation of the finite abelian group G (which is 1-dimensional by Corollary 1.10). Let

,0(61,...,63',1,:6]',6];“,...,67«):)\jECX, (163)

where e;’s are the identity elements of the cyclic group C,, = (xj). Since ac?j = e;, and since
p: G — C* is a group homomorphism, one must have

l=pler,...,ep)=p (61,...,ej,l,az?j,ejﬂ,...,er) = )\;-Lj. (1.64)
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1 Representation of Finite Groups 20

Then )\;j = 1 gives us that \; is a n;-th root of unity. Also, observe that
p(az{l,...,x?) = AN (1.65)

for 1 < jp < ny for each k. Thus, the r-tuple (Aq,..., ;) completely determines the homomorphism
p: G — C*. There are n; many n;-th root of unity, so there are n; many choices for A;. Hence,
there are total n - - - n, many choices for the r-tuple (A1, ..., ;). Therefore, there are n;j ---n, many
irreducible representations p : G — C*. But

1G] = [{er) x - x ()] = T] 1) = Ty (1.66)
=1 j=1

Hence, there are |G| many irreducible complex representation of the finite abelian group G. |

Example 1.1 (Example of finite abelian group representations). (i)  Consider the finite abelian group
G = Oy x Oy = (x1) x (), with 22 = €1 and 23 = ep.!
We are concerned with the 2nd roots of unity, namely 1 and —1. There are 4 possible choices
for (A1, A2), they are (1,1),(1,-1),(—1,1),(—=1,—1). Corresponding to these 4 choices, there
are 4 irreducible representations pi, p2, p3, p4. The way these 4 irreducible representations map is
illustrates in the following table:

(A A2) | (ere2) (w1,e2) (e1,w2) (w1,%2)
= (L1) 1 1 1 1
p2 = (1,-1) 1 1 1 1
p3 = (—1,1) 1 1 1 1
pr=(—1,-1)| 1 1 -1 1

From this table, we can see that there is no irreducible faithful representation of G.

(ii) Now consider the cyclic group G = Cy = (x). This group has 4 elements: e, z, 22, 23, and 2 = e.
There are 4 roots of unity, namely 1, —1,%, —i. Corresponding to these 4 roots of unity, there are
4 irreducible representations pi, p2, p3, p4. The way these 4 irreducible representations map is
illustrates in the following table:

A ‘ e x x? a3
m=1 |1 1 1 1
p=-1|1 -1 1 -1
ps=i |1 i =1 —i

pr=—i |1 —i -1 i

From the table, we can see that p3 and p4 are faithful.

!This is the Klein four-group. Geometrically, it represents the group of all symmetries of a non-square rectangle.
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2 Character Theory

§2.1 Characters

Definition 2.1. Let V be a finite dimensional complex representation of a finite group G and
p : G : GL(V) be the corresponding group homomorphism. Then the character x, of the
representation V' is the function x, : G — C defined by

Xp(9) = Trp(g). (2.1)

The right side of (2.1) is unambiguous. In fact, p(g) € GL(V) is a invertible linear transformation on
the finite dimensional vector space V. In different bases of V, p(g) can be represented by different
n x n complex matrices if the dimension of V' is n. But Tr p(g) will be the same for all these matrices
following from the invariance of trace under conjugation: denote the n x n complex matrix [p(g)|s
representing the invertible linear transformation p(g) € GL(V') in the basis B of the finite dimensional
complex vector space V. Also, let [p(g)]p be the matrix representation of p(g) € GL(V) with respect
to the basis B’ of V. We know from basic linear algebra that there exists an invertible n x n complex
matrix 7" such that

[o(9)l = T~ p(9)]sT. (2.2)
The cyclicity of trace (i.e. Tr (ABC) = Tr (CAB) = Tr (BC'A)) then guarantees

Tr[p(g)]s = Trlp(9)]s- (2.3)

The basis independent complex number given by (2.3) is precisely the right side of (2.1), namely
Tt p(9).

\
Remark 2.1. In general, not every invertible linear map has an eigenbasis, i.e. not every linear
map is diagonalizable. But the situation is much simpler when we are dealing with representations
of finite groups. Since |G| is finite, g!¢l = ¢, for every g € G. Therefore,
p(9)1 = p(e) =1y, (24)
i.e. p(g) is of finite order. Linear maps that are of finite order are diagonalizable, because of the
following theorem from linear algebra:
A linear map is diagonalizable if and only if its minimal polynomial doesn’t have
repeated roots.
Since p(g) satisfies p(g)l¢! — 1y = 0, it is the zero of the polynomial z!/®l — 1. Therefore, the
minimal polynomial of p(g) divides z/%l — 1. But the roots of /¢! — 1 are the |G|-th roots of unity.
In particular, the roots of z/Gl — 1 are all distinct. Therfore, the minimal polynomial of p(g) can’t
have repeated roots. As a result, we can pick a basis of V' using eigenvectors of p(g). In this basis,
the trace of p(g) is the sum of its eigenvalues. So we can write
Xp(g) = > A (2.5)
A eigenvalues of p(g)
Furthermore, the roots of the minimal polynomial of p(g) are also roots of z/Gl — 1, which are the
|G|-th roots of unity. So the eigenvalues of p(g) have modulus 1.
. J
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2 Character Theory 22

Remark 2.2. Note that ther character x, : G — C of the representation p : G — GL(V') is constant

on the conjugacy classes of G. In other words,
xo (P719h) = xo(9) (2.6)
for every h € G. Also,
Xp(e) =Trp(e) =Trly =dimV, (2.7)

where e € GG is the identity element.

Proposition 2.1

Let V and W be representations of G with p : G — GL(V) and o : G — GL(WW) being the
respective group homomorphisms. Then

(a) Xpdo = Xp + Xos
(b) Xp®a = Xp * Xos
(¢) xp*(9) = Xp(g) for every g € G;

(d) XA2p(g) = % {(Xp(g))z — Xp (92)} for every g € G.

Proof. (a) Suppose n = dimV and m = dim W. Recall that p® o : G — GL (V @ W) is defined as

(p@o)g(v,w) = (p(g)v,o(g)w), for v € V and w € W. Let B; be a basis for V and By be a
basis for W so that B = B; U B> is a basis for V@ W.

Now, p(g) € GL(V) can be represented by the n x n complex matrix [p(g)]s,, and o(g) € GL(W)
can be represented by the m x m complex matrix [0(g)]g,. Then (p® o) g € GL(V & W) can be
represented by an (m +n) x (m + n) complex matrix

[p(9)]s,  Onxm ]
o = 2.8
[(p v )g]B [ Omxn [U(g)]Bg ( )
From (2.8), it follows that
Xpao(9) = Tr[(p© o) glg = Tr [p(9)lg, + Trlo(9)ls, = Xp(9) + Xo(9)- (2.9)

Recall that (p®0)g(vew) = p(g)v®o(g)w, for ve V and w € W. Let {vy,...,v,} be an
eigenbasis of V' with respect to p(g) € GL(V) and {w1, ..., w;,} be an eigenbasis of W with respect
to o(g) € GL(W). Then

p(g)vi = Aiv; and o(g)w; = pu;wj, (2.10)
fori=1,...,nand j=1,...,m. Then
(p®0)g(viow;)=p(g)vi®o(g)w; = Aivi @ puyw; = Xifij Vi ® W (2.11)

Therefore, v; ® w; is an eigenvector of (p ® o) g with the eigenvalue \ju;. We, therefore, see that
{vioew; |i=1,...,n;j=1,...,m} forms an eigenbasis of V' ® W. Therefore,

Xp®o (9) = Z A

A eigenvalues of (p®o)g

=X, (9) X0 (9) - (2.12)
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(c) Recall that p* : G — GL (V*) is defined by (p* (9)@) (v) =& (p(g7!)v), for & € V* and v € V.
The relevant eigenvalue equations are p(g)v; = A\;v;.
Let {v1,...,v,} be an eigenbasis of V with respect to p(g) € GL(V), and let {&',...,a"} be the
associated dual basis of V*. Then

(v (9)@7) (vi) =a (p(97") vi)

-5 (4

since @ (v;) = 87;. In other words,
p*(9)a? = —a. (2.13)

So {al,...,a"} is an eigenbasis of V* with respect to p*(g) € GL(V*). The eigenvalues are %

By Remark 2.1, |A;] =1, so % = ;. So we have

Xp+ (9) = ij = Z Aj = Xp(9)- (2.14)

(d) Let {vi,...,v,} be an eigenbasis of V' with respect to p(g) € GL(V'). The relevant eigenvalue
equations are p(g)v; = Ajvy, for i = 1,...,n. Then for 1 <i < j <n,

A%p (g) (vi Avy) = p(g)vi A p(g)vj = Nivi ANV = NA\jvi Avj. (2.15)

So {vi AV} <, < j<n forms an eigenbasis of A2V with respect to A2p(g). Therefore,

Xazp(9) = D i (2.16)

1<i<j<n

Now, the eigenvalues of p (g%) are A2.

(xo(9))* = Xp (92) = (i /\z-) - ix? =2 Y (2.17)

Therefore,

xaz9) = 5 [(uolo) — xo (7)) (2.18)
|

Remark 2.3. One can similarly compute the character of the second symmetric power of a given

representation, namely
1
Xsy? p (9) = 5 [ (00l9)” + 0 (97) ] (2.19)

Indeed, V®2 = A2V @ Sym? V, and p ® p = A%p @ Sym? p so that we have
For any g € G, we then compute

Xsym? p (9) = Xpop (9) — Xa2, (9)
= Xp (9) Xp (9) — xa2, (9)
= X (@)~ 3 [(669)* = xo ()]
- % 06(9)” + %0 (9%)] (2.21)
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§2.2 Permutation representation and regular representation

Let X be a finite set and 0 : G — Aut(X) is a group homomorphism from the finite group G to the
premutation group of X. That is, given g € G and = € X, o(g) : X — X is a bijection, so that
o(g)x € X. In other words, o(g) permutes the elements of X.

Now, construct the | X|-dimensional complex vector space V as follows: V is the vector space with
basis {e; | * € X}. Now, define the representation p : G — GL(V') by

p(g) <Z axez> = Z A€o (g)as (2.22)

rxeX zeX

with a, € C. The representation of G on the complex vector space V constructed above is called the
permutation representation.

Lemma 2.2

If V is the permutation representation associated with the action of a group G on a finite set X,
where p : G — GL(V) is the corresponding group homomorphism, then x,(g) is the number of
elements of X fixed by g¢.

Proof. We need to show that x,(g) is the number of elements of X fixed by o(g). Suppose we have
enumerated the elements of X:
X ={x1,29,...,2n}. (2.23)

Then the n-dimensional vector space V has an ordered basis:

B={es,€upy--r€x,}- (2.24)

Now let’s consider the n X n matrix representation of p(g) in the basis B. Suppose [p(g)]z = [Aij]ijl'
We claim that

1 ifo(z) =

Ay = it o (@) = o, (2.25)
0 otherwise.
Ay

Ag;
The i-th column of [Aij]?jzl looks like | . |. It signifies that the coordinate of p(g) (es;) in the
Am
A

2i
aforementioned basis is | . |. In other words,

Ani

p(g) (ex,) =Y Ajiea,. (2.26)
j=1
But p(g) (ez;) = €o(g)(z;)- S0 We have
p (g) (efﬂz) = Z Ajiemj = Co(g)(zs)" (227)
j=1

Since every vector in a vector space can be uniquely written as a linear combination of the basis
vecctors, we can conclude from (2.27) that

1 if x; = i),
Aji = if ;= ofw:) (2.28)
0 otherwise.
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Hence,
1 if i) = iy
Ay = ifo(z) = (2.29)
0 otherwise;
and our claim is proved. Therefore,
Xp (9) = Trp(g) = T [p(g)lg = Y Aui- (2.30)
i=1

We have shown that A;; = 1 if and only if o(g) fixes x;, and A;; = 0 otherwise. Therefore, > 1" | A;; is
equal to the number of z;’s such that o(g) fixes z;. So

Xp(9) = ZA“' = |{z € X | 0(g) fixes z}|. (2.31)
i=1

There is another important representation called the regular representation of a given finite
group G, which is actually a special case of permutation representation. In this case, X = Gget, the
underlying set of the finite group G, and o : G — Aut (Gset) = &,,, where n = |G|. Here Aut (Gset)
is the group of all bijections from the set Gget to itself. Since |G| = n, there is a bijection from G to
{1,2,...,n}. So we can actually identify Aut (Gget) to &y,

Take V' = C[G], the group algebra corresponding to the finite group G. An element z € C[G] is a
complex valued function on the finite set G. C[G] is easily seen to be a complex vector space with
basis {d, | g € G}, where d, : G — C is defined by

1 ifh=
5y (h) = {0 ho {g]j (2.32)

A generic element f € C[G] can be represented as

a= Z agdy, (2.33)
geG

with a4 € C is the value « takes at g € G, i.e. ag = a(g). We don’t talk about the algebra structure
of C[G] at the moment. All we need here is the vector space structure of C[G]|. With these given
data, the regular representation of the finite group G is the associated permutation representation. If
p : G — GL (CI|G]) is the representation, then for a given h € G, p(h) : C[G] — C[G] is a linear map,

and p (h) (deg agdg) is a function from G to C. This is defined as follows: given k € G,

p(h) (Z ag5g) (k) = Z agéa(h)g (k)

geG geG
=ay such that o(h)g =k

= Qg(h—1)k

=Y ag8y (o (h7) k). (2.34)

geG

If we denote - ¢ agdy by a, then we can rewrite (2.34) as

(p(h)a) (k) = a (o (h7") k). (2.35)
For the left-regular representation, we define the homomorphism o : G — Aut(G) as

o (g9) (h) = gh. (2.36)
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In this case, (2.35) reads
(p(h)a) (k) = o (h7"k) . (2.37)

In a similar manner, we can also define the right-regular representation, where o : G — Aut(G) is
defined as

o () () = hg ™. (2.39)
In this case, (2.35) reads
(p(h)a) (k) = a(kh). (2.39)

§2.3 An example of G;

Consider G = G&3. It has 6 elements, 1, (1 2), (1 3),(2 3),(1 2 3), (1 3 2). There are 3 conjugacy classes:

{1}, {(12),(13),(23)}, {(123),(132)}. (2.40)

Here, G = Aut (X) with X = {1,2,3}. Consider V' to be the vector space of all complex valued
functions on X. It is isomorphic to C3, and the basis we choose for V is {e1, ez, e3}.
Here e, can be seen as a complex valued function on X = {1,2,3}, i.e. e, : X — C, defined by

1 if y =,
e (y) = {0 iy (2.41)

So the linear combination ) .y ay€, is also seen as a complex valued function on X. Now, (2.22)

reads
p(9) (Z axex> = Z A2€4(g)z> (2.42)

zeX zeX
so that for y € X,

p(g) (Z awew) (y) = Z AzCs(g)x (y)

zeX zeX
= a, such that o(g)z =y

= Qo(g=Y)y
- (Z a’o(gl):veSC) (y> :
rzeX
Therefore,
p(9) <Z axex> = Z Ug(g—1)z€a- (2.43)
zeX zeX
ai
We can identify a complex valued function on X = {1,2,3} by the column vector |as| € C3, and the
as
action of g € &3 on this triple is realized as
ai Qo(g=1)1
p(9) |az| = |ay(g-1)2] - (2.44)
as Ao (g=1)3
For g =(123),9g71=(132).
a Ao ((1 3 2)1 as 00 1f |a
p((l 2 3)) as | = ag((l 32)2| = al| = 1 0 0 as | . (245)
as ao((l 32))3 a 010 as
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Therefore, x, ((1 2 3)) = 0. Similarly, for g = (1 2), g7' = (1 2).

ap Ao ((1 2))1 az 0 1 0] |a
,0((1 2)) az | = ag((l 22 = [a1] = 1 00 an (2.46)
as Ao ((1 2))3 as 0 0 1] |as
So X, ((1 2)) = 1. Finally,
al aq 1 0 0 aq
p(1) |az| = |laz| = |0 1 0| |a2 (2.47)
as as 0 0 1 as

So x, (1) = 3.

The permutation representation C* associated with the group homomorphism p : &3 — GL(C?)
that we studied above is not irreducible. If we take the subspace

aj
as G(C?’\al:ag:ag ,
a3

which is a 1-dimensional subspace of C3, it is invariant under the action of the permutation group as
1

all the coefficients a1, ag, a3 are the same. This 1-dimensional subspace of C? is spanned by |1|. Tlhe
1

complementary subspace of this one-dimensional subspace is given by the set

Z1
V = 22 E(C3‘21+22+23=0
Z3

This is a 2-dimensional vector subspace of C3 that is also left invariant under the action of the
permutation group by Corollary 1.4. One can verify that the subrepresentations mentioned above are
irreducible representations of &3. The 2-dimensional irreducible representation of &3 is called the
standard representation of G3.

Let us denote the group homomorphism associated with the standard representation V of G3 by py.

1 1
Observe that |—1| and | 0 | form a basis By for the 2-dimensional subspace V of C3. Since
0 -1
1 0 1 -1
pv(123)|=1| =] 1] and py(123)|0|=]|1], (2.48)
0 -1 -1 0

one has the matrix representation of py (1 2 3) in the above basis as

[ov (1 23))]g, = [_11 _01] : (2.49)
Similarly,
[ov ((12))]5, = [_01 _11] , and [py (1)]g, = l(l, (1)] (2.50)
so that
Xov ((123)) = =1, xp, ((12)) =0, xp,, (1) =2, (2.51)

Recall that an element of &3 is even or odd if it can be written as a product of an even or odd number
of transpositions. The sign of an element of &3 is 1 if it is even and is —1 if it is odd. For example,
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sgn((123)) =1as (123)=(12)(13). Now, the alternating representation o’ : S3 — GL(C) = C* is
given by
a'(g)v = sgn(g)v, (2.52)

for g € G3 and v € C. This is indeed a representation as
o' (9') (0" (g)v) = 0" (¢') (sgn(g)v) = sgn(g')sgn(g)v = sgn(g'g)v = o’(g'g)v.
Explicitly, considering GL(C) = C*,
d)=1, o((12)=0((13)=0'(123)=-1, (123)=0'((132)=1.
And the character of the alternating representation is given by

Yo =1, xo(12)=-1, x((123)=1 (2.53)

The alternating representation is a 1-dimensional (irreducible) representation of G3. And there is this
trivial 1-dimensional representation of &3, 0 : &3 — GL(C) =& C* given by

o(g)=1, VgeGs. (2.54)
Then the character is given by

Xo(1) =1, xo((12)) =1, x,((123))=1. (2.55)

Now, take an arbitrary representation W of &3 whose associated homomorphism is given by pw :
S3 — GL(W). Now, &3 has an abelian subgroup of order 3, that is generated by a 3-cycle, say (1 2 3).
This finite abelian group is isomorphic to Zs. Let us denote this finite abelian subgroup by 2s. Let us
denote by g1 one of the two 3-cycles that generate 23, i.e. A3 = (g1). Then W is also a representation
of Q[3.

The complex vector space W has an eigenbasis with respect to p(g1) € GL(V). By Remark 2.1, the
eiganvalues are cubic roots of unity, namely 1,w,w?. Then we write the respective eigenvalue equations
as

p(g1) vi=wv;, (2.56)

with {v;}_; being the eigenbasis. Thus the representation W of 23 is decomoposed into one dimensional
complex vector spaces:
n
W=DV
i=1

where V; = Cv;. This decomposition only refers to 3 elements: g1 = (12 3),97 = (13 2),g7 = e of
GS3. How does the decomposition (2.3) respond to when the rest of the elements of &3 are considered?
Choose a transposition, say (1 2) of &3 and denote it by ga. Observe that g2 = (1 2) and g; = (1 2 3)
generate the whole of G3. Indeed, one has g2g192 = g%, i.e. 9192 = g2g3, since go = 92_1. We are trying
to find proper Gs-invariant subspace that can’t be further decomposed. Now, for v; € W satisfying
(2.56), one has

pw (91) (pw (g2)vi) = pw (9192) Vi

|
)
S
~~
Q
[\
Q
=
N—
S

= pw (92) pw (9%) Vi
= pw(g2) («v:)
2% (pw (g2) Vi) - (2.57)

So pw(ge)v; is an eigenvector of py (g1) with eigenvalue w?®i. To check &s3-invariance of a proper
subspace of the complex vector space W, it is sufficient to verify the invariance of the subspace in
question under the action of py(g1) and pw(g2), as g1 and g generate G3. Also, let

w 1
s= |1 and t= |w
w2 w?
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with s,t being a basis for the 2-dimensional vector subspace V of C? that is known as the standard
representation of G3. Recall that the permutation representation p : &3 — GL(C?) satisfies

w w w

plg) |1 ]| =lw|=w]|1];
w? 1 w?
(1] [w?] 1

plgr) |w| = 1] =’ |w]|;
_w2_ L w i w2
FERNCIE

plg2) | 1| = |w];
_CL)Z_ _WQ_
SERCIE

plgr) |w| =1
_w2_ ._WQ_

Altogether, one has the following;:
plg)s=ws, pg)t=wt, plp)s=t, plgp)t=s. (2.58)

Suppose that we start with an eigenvector v of py (g1). Then we have the following possibilities:

1. The eigenvalue of py(g1) corresponding to the eigenvactor v is w’, where w’ # 1. Then w? # w'.
In terms of the eigenvalue equations, one has

pw (g1) v = w'v and pw (91) pw (92) v = w” pw (g2) v. (2.59)

Since v and py (g2) v are eigenvectors of two different eigenvalues, they are linearly independent.
In other words, span {v, pi (g2) v} =: V' is a 2-dimensional vector subspace of W that is invariant
under the action of &3 (as g1 and g generate G3).

Furthermore, this 2-dimensional representation V' is isomorphic to the standard representation
V of &3. In order to show this isomorphism, we need to prove the commutativity of the following
square for each g € G3:

% J V!
p(g) pw(9)
V—TV
where j : V — V' is a vector space isomorphism. It suffices to verify the commutativity for g;
and go as they generate G3.

Here V = span {s,t} and V’ = span {v, pw (g92) v}. Consider the case i = 1 first. Then we define
j(s) =vand j(t) = pw (g2) v. This is an isomorphism of vector spaces.

(pw (g2) © ) (e18 + cat) = c1pw (g2) (J (8)) + capw (g2) (j (t))
= c1pw (92) v + c2pw (92) pw (92) v
= c1pw (92) v + cav

(Jop(g2) (c1s+ cat) = c17 (p(92) 8) + caj (p(g2) t)
= c1J (t) + c2j (s)
= c1pw (g2) v + cav.
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(pw (91) 0 7) (c18 + c2t) = crpw (91) (4 (8)) + c2pw (91) (5 (t))
= cipw (91) v + c2pw (91) pw (92) v
= clwv + cow? py (g2) v
(Gop(g1)) (c1s+cat) =c1j(p(g1)s) +c2i(p(g1)t)
=17 (ws) + c2j (w2t>
= cwv + cow’py (g2)

Therefore, the following diagrams commute

vV —L v vV —L v
p(g2) pw (g2) p(g1) pw(g1)
\%4 ﬁ Vv, \%4 f V.

So j : V — V' is an isomorphism of representations.

Now we are left with the case i = 2. We define j (s) = pw (g2) v and j (t) = v. This is an
isomorphism of vector spaces.

(pw (92) © ) (e1t + c28) = c1pw (92) (J (t)) + c2pw (g2) (5 (8))
= c1pw (92) v + c2pw (92) pw (92) v
= c1pw (92) v + cav
(jop(g2)) (cts +cos) = 17 (p(g2) t) + 25 (p(g2) 8)

= c1J (s) + c25 (t)
= c1pw (92) v + cov.

(pw (g1) © j) (1t + cas) = cipw (g1) (5 (£)) + c2pw (91) (4 (s))
= c1pw (91) v + c2pw (91) pw (92) v
= 1w’V + cow’pw (g2) v
(Jop(gr)) (cit + cos) = c1j (p(g1) t) + c2j (p(91) 8)
:C1J< %t )+C2J (ws)

= 1w’V + cowpw (g2) V.

Therefore, the following diagrams commute

V J V/ V -7 Vl
p(g2) pw(g2) p(g1) pw(g1)
V — |48 \%4 f V.

So j: V — V' is an isomorphism of representations in ¢ = 2 case as well.

Therefore, the 2-dimensional representation V' is isomorphic to V for both cases. Since V is
irreducible, so is V.

2. Now suppose the eigenvalue of py (g1) corresponding to the eigenvector v is 1. By (2.57),

pw (91) (pw (92) v) = pw (g2) V. (2.60)

In other words, pw (g2) v is an eigenvector of pw (g1) with eigenvalue 1. But v is also an
eigenvector of py (g1) with eigenvalue 1.
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Case 2(i): If v and pw (g2) v are linearly dependent, then v is an eigenvector of py (g2). Since
g5 = e, the eigenvalue of py (g2) corresponding to the eigenvector v will be 1 or —1.

If the eigenvalue is 1, then pw (91)v = v and pw (g2) v = v. Since g1 and g2 generate G,
pw (g) v =v for every g € &3. So Cv is a 1-dimensional representation of &3 isomorphic to the
trivial representation.

If the eigenvalue is —1, then pw (g1) v = v and pw (g2) v = —v. Then the equation py (g) v =
(sgn g) v holds for g = g1, g2. Since g1, g2 generate S3, this holds for all g € &3. Therefore, Cv is
a 1-dimensional representation of &3 isomorphic to the alternating representation.

Case 2(ii): Now suppose v and py (g2) v are linearly independent. Then v + py (g2) v span a
1-dimensional representation of &3 iromosphic to the trivial representation of &3. Indeed,

pw (91) (v + pw (92) v) = v+ pw (92) v,  pw (92) (V+ pw (92) V) = pw (g2) v+ v.  (2.61)

Since g; and go generate &3, pw (9) (pw (92) v+ v) = pw (g2) v + v for every g € &3. There-
fore, span {pw (g2) v+ v} is a 1-dimensional representation of &3 isomosphic to the trivial
representation of G3. On the other hand,

pw (91) (v —pw (92) V) = v —pw (92) v,  pw (92) (v — pw (92) V) = pw (g2) v —v.  (2.62)

The equation pw (9) (v — pw (g2) v) = (sgng) (v — pw (g2) v) holds for g = g1,g2. Since g1, 92
generate &3, this holds for all ¢ € &3. Therefore, span{v — py (g2) v} is a 1-dimensional
representation of G3 isomorphic to the alternating representation of Gs.

In conclusion, there are 3 irreducible subrepresentations of W of &3: the 2-dimensional irreducible
representation isomorphic to the standard representation; the 1-dimensional irreducible representation
isomorphic to the trivial representation; the 1-dimensional irreducible representation isomorphic to
the alternating representation. By Maschke’s theorem, W can be expressed as a direct sum of the 3
irreducible representations stated above:

pw = 0% @ (o) @ pie. (2.63)

Here, 0®* stands for the a-fold direct sum of the trivial representation o : &3 — GL(C) with itself;
(6/)®? stands for the b-fold direct sum of the alternating representation ¢’ : &3 — GL(C) with itself;
p%c stands for the c-fold direct sum of the standard representation py : &3 — GL(V') with itself. Now,
how do we determine the multiplicities a, b, ¢?

Suppose v € V is an eigenvector of py (¢1) € GL(V) with eigenvalue w. Then py (g1) v = wv.
Take pgc (g1) € GL (V©). There is a v in each copy of V in V. There are c-many linearly independent
eigenvectors in W of py (g1) with eigenvalue w, namely

0a><1 0a><1 0a><1

0b><1 Ob><1 0b><1

v 02x1 02x1
Oox1 |’ | v |77

02x1

[02x1] [O2x1] L v

Therefore, the number of linearly independent eigenvectors in W of py (g1) with eigenvalue w is equal
to c¢. Now, pw (g2) has eigenvalues 1 or —1. It has a + ¢ eigenvectors of eigenvalue 1, namely

M1 7 [ 0 Oa,><1 O(ZXI
0 0 0b><1 0b><1
e | | vApvi(g2) v 0251
o |l | Oss, - -
Opx1 Opx1 021
[02¢x1] 102ex1] L O2x1 i v+ pv (92) V]
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Finally, pw (g2) has b + ¢ eigenvectors of eigenvalue —1, namely

0a><1 0a><1 0a><1 0aL><1

1 0 Ob><1 0b><1

0 0 v —pv(g2)Vv 02x1

U IR ’ 0oy 1 1
[02¢x1 ] [02ex1] [ O2x1 v — pv (g2) V]

Hence, the nonnegative integer a + ¢ in (2.63) is the multiplicity of the eigenvalue 1 of py (g2); and
b+ c is the multiplicity of the eigenvalue —1 of py (g2).

§2.4 Projection formulae

Recall that if V and W are two finite dimensional complex representations of a finite group G, then
Homg (V, W) is the vector space of all G-linear maps (sometimes called G-module homomorphisms)
from the finite dimensional complex representation V' to the finite dimensional complex representation
W of the finite group G. Now, given any representation p : G — GL(V'), we define

={eV | p(g)v=v for every g € G} . (2.64)

Observe that for a given gy € G, the automorphism p(gg) : V' — V is not necessarily a G-module
homomorphism as p(g) o p(go) and p(go) o p(g) are not necessarily equal for every g € G. If we,
instead, take the average of all the automorphisms p (¢) € GL(V), for all g € G, and denote it by ¢, i.e.

Q= ’G| > plg) (2.65)

geG

then ¢ is a G-module homomorphism. Indeed, for any ¢’ € G,

plg) oy G| 9) > rlg) ,G|Zp P(9) |G‘Zp J9) |G;ZP

9eG geqG geG geG
pop(y > nly > ply > (g > (g
’ (QEG ) ’G‘ geG ’G‘ geG ’G| geG
Therefore,
p(g)op=vpop(d)=¢ (2.66)

for every ¢’ € G, i.e. the following diagram commutes:

vV —

v
p(g") ‘
v

V——

Proposition 2.3
The map ¢ : V — V& is a projection of V onto VC.

Proof. Let us first show that im ¢ = V&, Suppose v = ¢ (w). Then for any h € G,

p(h)v = [p(h) o o] (w) = o (w) = v, (2.67)

since we proved p(h) o ¢ = ¢ in (2.66). So we have p (h) v = v for any h € G. Therefore, v € VC, i.e
imy C VC,
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Conversely, suppose v € V. Then p(g)v = v for any g € G. So

1 1
p(v) = @ Z p(g)v = @ Z v=v. (2.68)
geG geG
Sov = (v) €img, ie. V¢ Cimyp. Hence, imyp = VC.
Now, for v eV,

(pop)(v)=¢(p(v)) =¢(v), (2.69)
since ¢ (v) € V& and we showed earlier that ¢ (w) = w for w € V&. Therefore, ¢ : V — V% is a
surjective map satisfying ¢ o ¢ = ¢. So it is a projection map of V onto V. |

Given a finite dimensional complex representation V' of the finite group G, we want to calculate the
dimension of the vector space V&. We refer back to the projection map ¢ : V. — V&. One can
decompose V as V = V& @ Ker ¢. Now, one can form a basis B of V by taking the union of a basis of
V& and a basis of Ker ¢. In this chosen basis of V, ¢ can be expressed as the following block-diagonal

matrix:
lvG
[90]3 =

)

kak‘|

where k£ = dim Ker . From this block-diagonal form, one obtains

dim V& = Tro = é Y Tr(p(9) = é > X (9)- (2.70)
geG geq

If one denotes dime V& = m, then one immediately finds that the nonnegative integer m is precisely the
number of times the trivial (1-dimensional) representation of G appears in the direct sum decomposition
of V. In particular, if V' is an irreducible representation other than the trivial representation of G,
then since there is no ptoper G-invariant subspace of V', one must have dim V& = 0. In other words, if
p: G — GL(V) is an irreducible representation (other than the trivial representation), then

Y xp(9)=0. (2.71)

geG

Now, given two finite dimensional representations V and W with associated group homomorphisms
p:G— GL(V) and 0 : G — GL(W), Hom (V, W) is also a representation with group homomorphism
v : G — GL (Hom (V, W)) defined by

V(g =0(g)ovop(st). (2.72)
In other words, the following diagram commutes:

VLW

p(g71) o(g)

Vv— W
v(g)¥

Now, using the definition (2.64),

Hom (V, W)% = {4 € Hom (V, W) | ~(g)% = o for every g € G} (2.73)

Proposition 2.4
Homg (V, W) = Hom (V, W)©.
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Proof.

Y € Hom(V,W)G < v(g9)v =1 for every g € G
— a(g)oqpop(g_l) =) for every g € G
<= o(g9)op =1 op(g) forevery g € G
<= 9 € Homg (V, W),
because o (g) oy =1 o p(g) is equivalent to the commutativity of the following diagram:

VLW

o(g) a(g)

V—w w

Therefore, Hom (V, W) = Homg (V, W). |

Remark 2.4. Note that in Proposition 2.4, on the right side, Hom (V, W) is the representation of G
given by the group homomorphism v : G — GL (Hom (V, W)) defined by (2.72). On the left hand side
of Proposition 2.4, Homg (V, W) is the vector space of all G-module homomorphisms from the finite
dimensional complex representation V' to the finite dimensional complex representation W.

If V is irreducible and W is reducible with the multiplicity of V' in the decomposition of W being m,
ie. W=V™g@ ... then by Proposition 1.8,

m = dim¢ Homg (V, W) = dime Hom (V, W) . (2.74)

Similarly, if W is irreducible and V is reducible with the multiplicity of W in the decomposition of V'
being n, i.e. V.=W" @ ---, then by Proposition 1.8,

n = dime Homg (V, W) = dime Hom (V, W) . (2.75)
When both the representations V and W of the finite group G are irreducibles, then

1 if V=2 W as representations;

dim¢ Hom (V, W)% = { (2.76)

0 if V22 W as representations.

In Proposition 1.1, we showed that Hom (V, W) and V* ® W are isomorphic as representations, i.e.
v = p* ® 0. Now, using Proposition 2.1, we get

Xy (9) = X (9) Xxo(9)- (2.77)
Now, using (2.70),
dime Hom (V, W)% G > x4 (g G > xp(9) (2.78)
] v Bl e

In the case when both V and W are irreducible representations, with the respective group homomor-
phisms p: G = GL(V) and ¢ : G — GL(W), then

|G| ZXP

geG

1 ifVEW
- { ' ’ (2.79)

0 VW

(Here, the isomorphism is isomorphism of representations.)
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Definition 2.2 (Class functions). A class function on G is a complex valued function f: G — C
that is constant on the conjugacy classes of G. We will denote the space of all class functions on a
finite group G by Cclass [G].

Character associated with a finite dimensional representation is an example of a class function. Now
we define a Hermitian inner product on Cjass [G] by

o, p |G’ > alg) (2.80)

geG

Then (2.79) translates into the following theorem.

Theorem 2.5

In terms of the inner product (2.80), the characters of the irreducible representations of G are
orthonormal.

Celass [G] 18, in fact, a complex inner product space endowed with the hermitial inner product given by
(2.80). The dimension of Cgjass [G] is the number of conjugacy classes of G. Theorem 2.5 tells us that
the irreducible characters are linearly independent, so that the number of irreducible representations is
less than or equal to the number of conjugacy classes. We will soon prove that these two are, indeed,
the same.

Corollary 2.6

Any representation is determined by its character. In other words, if o7 : G — GL(V), 0o
G — GL (W) are two representations of G such that x,, = Xo,, then o1 and o9 are isomorphic
representations.

Proof. Suppose p; : G — GL(V;) are all the irreducible representations, for i = 1,...,k. We express V'
and W as direct sum of irreducible representations:

k k
V=@V ad W =PV, (2.81)
i=1 i=1
for a;, b; € Zzo.
k k
o = ZaiXpi and xg, = ZbiXPi' (2.82)
i=1 =

Since Xg; = X0y, We have
k
> (ai —bi) xp; = 0. (2.83)
i=1

Since {Xpi}le is a linearly independent set in the space of all class functions, we must have a; — b; = 0
for each i. Therefore, a; = b; for each ¢, and hence, o1 and o9 are isomorphic representations. [ |

Corollary 2.7
A representation p : G — GL(V) is irreducible if and only if (x,, x,) = 1.

Proof. We have already proved one direction: if p : G — GL(V) is irreducible, then (x,,x,) = 1,
by Theorem 2.5. Conversely, suppose (x,,Xx,) = 1. Suppose p; : G — GL(V;) are all the irreducible

representations, for ¢ = 1,..., k. We express V and W as direct sum of irreducible representations:
k
V= @ Ve (2.84)
=1
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for a; € Z>p. Then
k
Xp =D aiXp,- (2.85)
i=1

Now, the sesqui-linearity of inner product along with the orthonormality of irreducible character gives
us

1= (Xps Xp)

k k
= (Z aiXpir D ajxpj)
i=1 j=1

=3 Jail?. (2:86)

=1

a; are each non-negative integers, and their square-sum is 1. This is only possible when a;, = 1 for
some 49, and a; = 0 for other i # ig. Therefore, p = p;,, and hence p is irreducible. |

4 )
Corollary 2.8
Let p; : G — GL(V;) be an irreducible representation, and p : G — GL(V) be any other
representation. Then the multiplicity a; of V; in V' is given by
a; = <XP7XPi) = (Xﬂi’ Xﬂ) o (2'87)
\-
Proof. Follows trivially from (2.74), (2.75), (2.78). [ |
Corollary 2.9

Any irreducible representation V; appears in the regular representation with multiplicity dim V;.

Proof. Let R = C[G] be the vector space on which the regular representation acts on, and p : G —
GL (C[G]) be the associated group homomorphism. As we know that regular representation is a special
case of permutation representation, with the set X being Gget-

p(h) (Z ag(sg) = Z g0 (h)gs (2.88)

geG geqG

where o(h) : Gget — Gset is a bijection (i.e. permutation), which we define as o(h)g = hg. Therefore,
the character x,(h) of the regular representation indicates the number of elements of Gset fixed by
o (h) (Lemma 2.2).

olh)g=9g < hg=g <= h=e. (2.89)

If h = e, then all the elements of Gget are fixed by o(e). Otherwise, none of the elements are fixed. So

|G| if h=e,
h) = 2.90
Xp( ) {0 otherwise. ( )
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Let p; : G — GL(V;) be an irreducible representation. Then the number of times V; appears in the
regular representation R is given by

1 _ .
(Xps Xps) = 5 D Xp(9) Xp: (9) xp( ) Xpi(€) = —=: |G| dim V; = dim V. (2.91)
|G\ P ~al [€]
Therefore, V; appears in R with multiplicity dim V;. |
4 N
Corollary 2.10
Let p; : G — GL (V;), i = 1,2,...,m be the irreducible representations of G. Then
> (dimV;)? =|G]. (2.92)
=1

. J

Proof. By Corollary 2.9,
(C[G] _ Vldimvl @ ‘/'QdimVQ D P Vrgimvm — @ V;dimVi' (293)

i=1
The dimension of C[G] is |G|. So equating the dimensions in (2.93), we have
G = dim (V) (2.94)
i=1

dim (Vk) — k dimV, so

(G =Y dim (V™) = 37 (dim V) (dim V;) = Y (dim V;)°. (2.95)
i=1 i=1 i=1

[ |

Proposition 2.11

Let a : G — C be any function on G, and V be a complex representation of G with the group
homomorphism p : G — GL(V). Let

day =Y a(g)plg) : V=V

geG

be a linear map. Then ¢, € Homg (V, V) for all V' if and only if « is a class function.

Proof. Suppose « is a class function. To prove that ¢, € Homg (V, V'), we need to show that for all
hedq, ¢a,V o p(h) = p(h) o ¢a,V-

a0 p(h) = alg)p(g)p (h). (2.96)

geG

Write h~tgh = ¢ so that g = hg’h™!. Since h is fixed, as g varies in G, ¢’ also varies in G. Hence,

by op(h) =3 a(hgn™") p(hg'h™") p(h). (2.97)

qg'eG
Since a is a class function, a(hg’h™1) = a(g’). So

dayoph)=> a(d)p(hgd)=ph) D> ald)p(d) =ph)oday. (2.98)

g'eG g'eG
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S0 ¢,y € Homeg (V, V).

Conversely, assume « is not a class function. Then we shall prove that ¢, 1 is not a G-linear map, for
V = C|[G], the regular representation. Since « is not a class function, there exists h,k € G such that
a(h™'k) # o (kh71).

Assume for the sake of contradiction that ¢4, is a G-linear map. Then, ¢, 0 p(h) = p(h) © ¢q .
In other words,

[Z a(g)p(g)] oph=p(h)o [Z a(g)p(g)] : (2.99)
geG geG

We can rewrite it as follows:

> alg)pgh) = alg)p(hg). (2.100)

geG geG

With the change of variable gh — ¢’ on LHS and hg — ¢’ on RHS, we have

S a(dh ) pld) = a(h™d)r(d). (2.101)

g'eG geG

Since these two are equal, they’ll yield the same value when acted on J. € C[G]. Hence,

> a(gh ) p(g) 0 =Y a(h'd)p(d) ()

g eG geG
= Z o (g'h_l) 0y = Z a (h_lg'> gt (2.102)
g'eG qg'eG

Since {59’}g'eG is a basis for C[G], (2.102) gives us that a (¢’h™!) = o (h™1g’) for every ¢’ € G. But we
know that there exists k € G with a (h™1k) # a (kh™!). Thus we arrive at a contradiction! Therefore,
¢a,v is not a G-linear map, for V= C[G], if « is not a class function. |

Lemma 2.12

A complex representation p : G — GL(V) is irreducible if and only if its dual representation
p* : G — GL (V*) is irreducible.

Proof.
p is irreducible <= (x,, xp) =1

= ‘(1;, > Xo(@) xp(9) =1

geG
1
<~ @ Z Xp*(g) Xp*(g) =1
geG
1
— @ Z (Xp*7Xp*) =1
geG

<= p" is irreducible.

Definition 2.3 (Irreducible Characters). The characters of the irreducible representations are called
irreducible characters.
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Theorem 2.13

The set of irreducible characters forms an orthonormal basis of Cgjass [G].

Proof. Let a € Celass [G] and (av, x,,) = 0 for every irreducible representation p : G — GL(V'). We need
to show that o = 0. That would prove that {x,} , Spans Celass |G-

Consider ¢ov = 3 ,eq (g)p(g) : V — V. By Proposition 2.11, ¢,y € Homg (V, V). Since V is
an irreducible representation, by Schur’s lemma, dim Homg (V, V) = 1. Since 1y € Homg (V, V), one
must have ¢,y = A1y for some A € C. Let n = dim V. Taking trace on both sides of ¢, = A1y,
we have

Tr¢ay =ATrly = Tr
geG

> a(g)p(g)] = An

= Y alg)Trp(g) = An

geG
= > alg)x,(9) =An
geG
= > alg)x,(9) =An=An
geG
1 —_— n
= — > algxp (9) = 5 A
Gl 2 Gl
n
= (aaXp* = @ A

Since p is irreducible, so is p*. By hypothesis, (a,x,) = 0 for every irreducible representation p.
Therefore, (o, x,+) = 0. f‘@ # 0, so A = 0. This gives us ¢,y = 0 for every irreducible representation

p:G— GL(V), ie.
> alg)p(g) = 0. (2.103)

geG

One can, therefore, conclude that for any representation W = 69?:1 Vi of G, associated with the
group homomorphism o : G — GL (W) = GL (@le V;”),

Paw =) al(g)o(g) =0, (2.104)

geG

i.e. the endomorophism ¢, is the zero map. In particular, (2.104) holds for the left-regular
representation C[G] of G. The group homomorphism associated with the left-regular representation is
o :G — GL(CI[G]). Here, {d, | g € G} is a basis for C[G]. Since ¢, cjg) = 0, it will give out 0 if acted
upon J.. Hence,

9geG geG

> alg)o (9)] (de) = > a(g)d,. (2.105)

{9y | g € G} is a basis for C[G]. Therefore, 3 ¢ a(g) dg = 0 implies a (g) = 0 for every g € G, i.e.
o : G — C has to be the O-function. |

Note that Cgass [G] has a basis of complex valued functions which are 1 on a given conjugacy class
and 0 otherwise (characteristic functions on conjugacy classes of the group). The number of such
characteristic functions is precisely the total number of conjugacy classes of the group. Hence, the
dimension of the complex vector space Cclass[G] is the number of conjugacy classes of the group G.
By Theorem 2.13, on the other hand, the number of irreducible characters and hence the number of
irreducible representation of G is also equal to the dimension of Ccjass[G].

Corollary 2.14

The number of irreducible representations of G is equal to the number of conjugacy class of G.
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Representation ring of G

Take the isomorphism classes of representations of G. Suppose the group homomorphism p : G — GL(V)
defines a representation of G on the finite dimensional vector space V. By the class [p], one denotes
the isomorphism classes of all such group homomorphism. We call [p] an isomorphism class of
representations of G. Then form the free abelian group generated by these isomorphism classes.
Elements of the resulting abelian group are like m [p] + n [o] + p[7], where m,n,p € Z and [p], [0], [7]
are isomorphism classes of representations of the finite group G.

Now take the quotient group R(G) of the above free abelian group by modding out the subgroup
generated by elements of the form [p] + [o] — [p @ o]. For example, in this quotient group R(G) of the
free abelian group, [p] + 2 [o] is the same as [p @ 0 @ o]. Now, a ring structure can be imposed on
R(G) as follows:

o] - [o] :==[p®a]. (2.106)

One can then extend the product on the whole of R(G) by linearity. For instance, the product of
[p] +2[o] and [p] — [o] in R(G) reads as

(ol +2[o]) - ([p] = [o]) = [p@p] = [p@ o]l +2[c®p] = 2[c ®a]. (2.107)

Now let us revisit the terms that we are familiar with using representation ring of a finite group G.

The character defines a map
X : R(G) = Cass[G]

by x ([p]) = xp- We have seen that Cclass[G] is a complex inner product space. The set of class
functions Cgjass[G] also comes equipped with certain algebraic structures, namely those of a ring: it is
a commutative ring under pointwise addition and multiplication:

(fi+f2)(9) = f1(9) + f2(g) and (f1-f2)(9) = f1(9) f2(g)- (2.108)

The additive identity is the constant function with value 0; and the multiplicative ideneity is the
constant function with value 1. By Proposition 2.1, x : R(G) — Cass[G] is a ring homomorphism.

The multiplicative identity of R(G) is the trivial representation 1¢, which is the 1-dimensional trivial
representation of the group G. Indeed, 1¢ ® p and p belong to the same isomorphism class in R(G), so
that we have

[1c] - [p] = [p] (2.109)

in R(G). Since 1¢ is the one-dimensional trivial representation of G, x1. is the constant function that
maps all the group elements to the constant 1 € C, which is precisely the multiplicative identity of
Cclass|G]. One also has

x ([p] +[o]) = x([p® o)) = xpao = Xp + Xo = x ([p]) + x ([0]);
x ([p] - o)) = x ([p® 7)) = Xp20 = Xp - Xo = X ([p]) - x ([0]) -

Therefore, x : R(G) — Celass|G] is, indeed, a ring homomorphism. However, it is not an isomorphism.
It’s injective, as a representation is uniquely determined by its character (Corollary 2.6). There are
too many elements in the codomain Cgjass[G]. Cerass|G] is @ complex vector space, while R(G) is a
Z-module. We can form the tensor product R(G) ® C which will then be a free C-vector space of all
isomorphism classes of representations of G modulo the C-subspace spanned by elements of the form
[p] + [6] — [p ® o]. One then has an isomorphism

xc : R(G) @ C — Cqass[G]-

Proposition 2.15

Let V' be a finite dimensional complex representation of a finite group G, and p : G — GL(V') be
the associated group homomorphism. Let p = @, p?ai be the canonical decomposition of p into
irreducibles p; : G — GL (V;), for i = 1,2,...,m, so that the representation space decomposes as
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V =@, V. Then
= dlmV Z Xp: (9) p(g) € End(V) (2.110)
geG
is the projection of V' onto V.
Proof. Let us first prove that
; d V
p =N (g VoV

geG

satisfies pj =4 1y.. First observe that pj € Homg (V;,V;
7 7 j 7 707

), since x,, is a class function (by Proposi-

tion 2.11). Now, since 1y, € Homg (V}, Vj), and Vj is irreducible, by Schur’s lemma, dim Homg (V}, V;) =
1, so that p] = A Ly, for some A € C. Taking trace, we have

dim V;

Adim V; = Trp! = @ > Xpi (9) Trpj(g)
geG
dlm Vi
- G Z sz Xp]
‘ | geG
= dim V; (Xpm Xp])
= dim Vlézj (2.111)
Therefore, \ = $my: “;l 6 =67 As a result,
Vi
, \& .
Now, write an element v e V = @2, V" as | . |, with v; € V**. Then
Vm
Vi
Da; V2
7‘(’()_(11111‘/|G‘ZX/)Z @p t :
geqG ’
Vm
[ dim V; ﬁ P Xp: (9T (9) vi ]
= | dimV; ¢ dea Xo: (9)P7" (9) Vi
dlmV \G\ deG Xp; \g ( )p?‘?zam ( )Vm_
0
= Vi
- 0 -
Therefore, m; (v) = v;, so m; is the projection onto V. u
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3 Character Table

The character of a representation of a group G is actually a function on the set of conjugacy classes
of G. In the character table, we list the character values on the conjugacy classes in different rows.
We write the number of elements in each conjugacy class just above the class. By Corollary 2.14, the
number of irreducible representations of GG is equal to the number of conjugacy class of G. Therefore,
a character table will have the same number of rows and columns. A typical character table looks as
follows:

#

G g1 92 e 9gm

P1

P2

Pm
Here, g1,..., gm are representatives of the conjugacy classes. Above these group elements, we write
the size of the conjugacy classes. Then we fill out the table by writing out the values of the character
of irreducible representations p1, ..., p,, on each conjugacy classes.

Example 3.1. We have already calculated the irreducible representations of G3. There are 3 conjugacy
classes of ©3:

{1}, {(12),(13),23)}, {(123),(132)}.

Likewise, there are 3 irreducible representations: the trivial representation o : &3 — C* that maps
g € 63 to 1; the sign representation ¢’ : &3 — C* that maps g € &3 to sgng; the standard
representation pgq : &3 — GL (V), where V C C3 is the subapace

21
V= 29 |21+22+Z3:0
z3

We have calculated the characters in (2.51).

Xpstd((l 2 3)) =-1, Xpstd((l 2)) =0, Xpstd(l) =2. (3'1)

So, the character table of &3 is

- 1 2 3
Ss 1 (123) (12)
o 1 1 1
o 1 1 —1
Pstd 2 -1 0

§3.1 Conjugacy classes of symmetric group G,,

Two group elements x1,z2 € G are conjugate if and only if there exists another group element y € G
such that z1 = yxoy~'. The group can be divided into classes of conjugate group elements. Indeed,
conjugacy is an equivalence relation, and the equivalence classes (i.e. the classes of conjugate elements)
form a partition of the group.

42



3 Character Table 43

For example, take x1 = (1536 74 2) (8 10) € &,,. Let us represent y € &,, by the follwing array:
(1 2 3 ... 10 .-
Yy i1 Gy i3 ce- d1p ccc)

w2 (i) = yery ="' (i) = y21 (§) = iay () (3.2)
Since x1 does not change values larger than 10, x2 will not change 7; for j > 10. So we can express x2
as the following array:

Let 29 = yxz1y~ . Then

oy = i1 12 i3 G4 15 g ir g l9 410 -
i5 11 g l2 U3 U7 4 L0 l9 I8 -
Therefore,
Ty = (il i5 i3 iﬁ i7 i4 iQ) (ig ilO) .
It has the same cycle structure as z (it is comprised of a 7-cycle and a 2-cycle). Thus, one verifies

that elements in the same conjugacy class of &,, have the same cycle structure. We, then, have the
following result on the symmetric group Sy:

Theorem 3.1 (a) Every permutation, i.e. an element of &,, can be represented by a product of
disjoint cycles. This decomposition is unique up to an ordering of factors— the product of
disjoint cycles is commutative.

(b) Every permutation may be represented by a product of transpositions. The number of
transpositions in any decomposition of a given g € &,, is invariant mod 2.

Since the cycle lengths themselves are characterized by partition of n and all the elements in the
same conjugacy classes have the same cycle structure, the number of conjugacy classes is precisely the
number of distinct partitions of n. For instance &3 has 3 conjugacy classes, as there are 3 partitions of
3:3,241,14+1+1. Also, &4 has 5 conjugacy classes, since there are 5 partitions of 4: 4, 3+ 1, 2+ 2,
241+1,1+1+1+1.

Because the disjoint cycles commute, we can order them from large to small. The partitions may be
characterized by the set of non-negative integers o = (a1, ..., a,) such that

n=aoay+ 2a9 + 3a3 + - -+ nay,. (3.3)

Example 3.2. Elements in the same conjugacy class of &, have the same cycle structure. If an
element of &,, is given by the cycle structure o = (a1, ..., ay) such that n = a1 + 202 +3asz+- - -+ nay,
then the element is written as a product of «; i-cycles, for i = 1,2, ..., n. Then the number of elements
in the conjugacy class of &,, containing this element is

n!

ho = (3.4)

n

Indeed, there are 1—[;1”7'

Sy many ways to divide n numbers into aj-many subsets of size 1, cs-many
!

subsets of size 2, ..., a,-many subsets of size n. The ordering of the subsets of same size doesn’t really
matter, so we need to divide by [];_; a;!. Then each of the subsets of size j gives us (j — 1)! many

different j-cycles. So we need to further multiply it by J[7_;(j — 1)!%7. Finally, the result we get is

n! 1 n n!
- G- =
[Ti=1 gt I oyt 31;[1 ITj—y ol

Consider &,4. For n = 4, then the possible candidates for the quadruple a = (a1, ag, a3, aq) are

(4,0,0,0),(2,1,0,0),(1,0,1,0),(0,2,0,0),(0,0,0,1).
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Cycle Structure | Relevant partition | number of elements

a = (a1, a9, a3, 04) of n=4 in conjugacy class
(4,0,0,0) I1+1+1+1 4,14—1
(1,0,1,0) 3+1 TS =8
(2,1,0,0) 24141 ST = 6
(0,2,0,0) 242 R
(0,0,0,1) 1 T =

Theorem 3.2
The order of a conjugacy class divides the order of the group G.

Proof. We define a subgroup U,, called the centralizer of z € G:

Uy = {y €eqG |yxy 't = :1:} . (3.5)

1

Now observe that, two elements uzu~' and vav~! are identical if and only if v and v belong to the

same left coset of U,. Indeed,

-1
wru~ ' = vyt = T = (u_1v> T (v_lu) = (u_lv) x (u_lv)
— v e, — veul,.

Hence, if two elements uzu~' and vzv~! that are conjugate to x are distinct, then v and v must belong
to distinct cosets of U, and vice versa. Therefore, the number of distinct elements that are conjugate
to x is precisely the number of left cosets of the subgroup U,. This is the index of the subgroup U,

which is % Clearly, this number divides |G|. [ |

§3.2 Character table properties

Before we compute the character table of some interesting groups, we need some results about the
character table. Theorem 2.5 says that the rows of the character table are orthonormal. Similarly, the
columns are also orthogonal, which is illustrated in the following result.

Theorem 3.3
If g, h € G, then

g is conjugate to h,
> xi@)xi(h) = {C@ | (3.6)
Pt 0 otherwise;

where m is the number of irreducible representations of G, and ¢(g) is the number of group
elements that belong to the conjugacy class containing g.

Proof. By Corollary 2.14, the number of irreducible representations is the same as the number of
conjugacy classes of the group G. This means that the character table T' = [x; (¢;)] is a square matrix.
Hence, there will be m conjugacy classes in this case. We denote a representative of the j-th conjugacy
class by gj. The size of the j-th conjugacy class is then c(g;). The row orthonormality condition
(Theorem 2.5) gives us that

) Z i (g = §;
gGG

Z ¢ (gr) Xi (gx) Xj (9%) = 6ij-
gGG

44



3 Character Table 45

In the matrix form, this equation translates to

% 0O ... 0
0 c(g2)
T 1G] Tt = L. (3.7)
Vo ... clom)

In other words, TDT' = I, where D is the diagonal matrix in the middle. Therefore, 77T = D~!. In
the component form, this gives us

('), = (07),

— Sorim, = (),

k=1
m
= o (el
— > Tuli; = (D )J
k=1
” I
— ; =71
= > Xk (i) xk (g7) = { <99 ,
el 0 otherwise.
Therefore, we have the desired result
g is conjugate to h,
> xi(9) xi (h) = . (3.8)
Pt 0 otherwise.
|
Remark 3.1. By Theorem 3.2, the index of U, (the centralizer of g) in G is the order c(g) of the
conjugacy class containing g, which is \lé;'\ Therefore,
(&
Ugl = — (3.9)
c(g)
Therefore, when g, h are conjugate to each other,
Z Xz Xz |U | (310)

Remark 3.2. Theorem 2.5 and Theorem 3.3 will help us fill in the missing rows or columns of character
table without explicitly computing the representations.

Lemma 3.4

Let 0 : G — GL(V) be an irreducible representation of the finite group G. If p: G — C* is a
1-dimensional representation of G, then o ® p is also an irreducible representation of G.

Proof. Since p is a 1-dimensional representation p(g) € C* is some root of unity. So |x, (9)> =1.

(Xowp» Xowp) Z Xowp (9) Xowp (9)
gEG

Z Xo (g Xo (9) Xp(9)

gGG

Z Xo (9) Xo (9) Xp(9) X0(9)

geG

Zxa Xo (9) = 1.

gGG

So o ® p is also an irreducible representation by Corollary 2.7. |
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Lemma 3.5
Let p: G — GL(V) be a representation of G. If x, (9) = x, (e), then p(g) = p(e).

Proof. Let A1,...,\, be the eigenvalues of p(g). Since ,o(g)lG‘ = p(g|G|> = p(1) = 1y, we have

)\‘jG| =1 for each j, i.e. each \; is some root of unity. In particular, |A;| = 1. Now,

n=x,(9) = >

J=1

j=1

The equality case of triangle inequality occurs when all the summands have the same argument. Since

all A\;’s have the same modulus as well, all A;’s are equal; i.e. A\ = Ag =--- = X, =1 A.
n
n=xp(9) = Tr[p(g)] = D Aj = nA. (3.12)
j=1

So A = 1. Now, p(g) is diagonalizable, with all the eigenvalues being 1. Therefore, p(g) = 1y = p(e). B

Theorem 3.6

If V is a faithful representation of G, i.e., p : G — GL(V) is injective, then any irreducible
representation of G is contained in some tensor power V" of V.

Proof. If x,(g9) = xp(e), then p(g9) = p(e) (by Lemma 3.5). But in this case, p is a faithful
representation. So, there does not exist any g € G such that x, (9) = x, (e).
Let 0 : G — GL (W) be an irreducible representation of G.

W is contained in V" as a direct summand <= (X0, X on) € Zs0.

But (Xo» Xp®n) is a non-negative integer, so it suffices to prove that this inner product is nonzero.
Consider

n = (Xo» Xpon) = (xa,xﬁ) |G| Z Xo ( : (3.13)

Assume for the sake of contradiction that a,, = 0 for every n. Then the formal power series > o> ant™
is identically 0.

0= Zant"
|G‘ZZXU tn

n= OgGG

|G‘ ZOZC:\C\ Xa (9¢) Xp (90)" 1", (3.14)

where the sum runs over all the conjugacy classes C of G, g¢ is a representative of C'. Since the C-sum
is a finite sum, it commutes with the n-sum. Therefore,

S 1
:@%:!CI Xo (90) 1

—Xp (90)t (3:19)

So we have
Z LClxoloe) _, (3.16)
—Xp (9c)t
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For C # {e}, 1 — x, (gc)t # 1 — xp(e)t. So, the sum is of the following form:
1 €2 Ck

Tttt T T—bt * T T

where b;’s are pairwise disjoint. WLOG, b1 = x,(e) =dimV # 0. So ¢; = x, (e) = dim W. The other
bi’s are x, (gc). If there exists C,C" with x, (9¢) = X, (9cr), we combine them into one term T

0, (3.17)

Multiplying (3.17) by [T, (1 — bst), we get
a [T =bit) + e [T @ =bit)+ -+ e [] (1 —bit) =0. (3.18)
i#1 i#2 i#k
This holds for all values of ¢. Plugging in t = %, we have 1 — b1t = 0. As a result, (3.18) becomes

all (1 — 21) =0. (3.19)

i#£1
So we have ¢y = 0. But ¢; = dim W # 0, since irreducible representations are by definition nonzero. So
we have a contradiction. Therefore, there must exist some n such that a,, # 0, and we are done! N

§3.3 Character table of &,

Let us now compute the character table of &4. As we have seen earlier, there are 5 conjugacy classes, and
hence there are 5 irreducible representations. There is a trivial representation o : &4 — GL (C) = C*
with o (g) = 1 for every g € &4. There is an alternating representation as well: ¢’ : &4 — GL (C) = C*
given by ¢’ (g) = sgn g for every g € G4.

Cycle Structure Representative of number of elements sign of

a = (a1,a9,as3,04) conjugacy class in conjugacy class | permutation
(4,0,0,0) 1 1 1
(1,0,1,0) (123)=(12)(23) 8 1
(2,1,0,0) (12) 6 -1
(0,2,0,0) (12)(34) 3 1
(0,0,0,1) (1234)=(13)(34)(12) 6 -1

Let p be the permutation representation of G4 on the set {1,2,3,4}. By Lemma 2.2, x,(g) is the
number of elements of X = {1,2,3,4} fixed by g. Therefore,

Xp(D) =4, xp((12)) =2, x,((123))=1, x,((1234))=0, x,((12)(34))=0. (3.20)

Now,
(Xp> Xp) = i[ﬂxp(l) +8x, ((123)) x, (12 3)) +6x, (1 2)) x (1 2))
+3%, (12) (34)) X, ((12) (34)) + 6, (1 234)) x, (1 23 4)) ]

= 5 [16+8+24+04+0]=25#1.

Therefore, the permutation representation p is not irreducible. By (2.86), (X, Xp) = >_; |ai|2, where a;
are the multiplicities of the irreducible representations. Here, >, \ai|2 = 2, so there are two ¢ such that
a; = 1, and the rest a;’s are all 0. In other words, the permutation representation is the direct sum of
two irreducibles. Now,

(X x0) = 57 2 X0 (9) = 53 [Xo(1) +8 x5 (12 3)) + 6 x, (1 2))
geSy

+3%,((12)(34)) +6x,((1234))]

1
=_—[4 12+0 = 1.
24[ +8+12+0+0]
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Therefore, the trivial representation ¢ is a direct summand of the permutation representation p. The
other direct summand is called the standard representation, which we denote as pstq. Therefore,

p =0 D Psid, (3.21)
so that
Xpsta — Xp — Xo = Xp — 1. (3.22)
Using this, we can fill out the first 3 rows of the character table.
# 1 8 6 3 6
S,y 1 (123) (12) (12)(34) (1234)
o 1 1 1 1
o’ 1 1 -1 1 -1
Pstd 3 0 1 —1 —1

By Lemma 3.4, pstq ® 0’ is also an irreducible representation. Its character is given by X, Xo'-

# 1 8 6 3 6
G 1 (123) (12) (12)(34) (1234)

o 1 1 1 1 1

o’ 1 1 -1 1 -1

Pstd 3 0 1 —1 —1

Pstd @ 0’ 3 0 -1 -1 1

T T Y z t p

By Corollary 2.10, 12 4+ 12 + 32 4 32 4 22 = 24. Therefore, = 2. So 7 is a 2-dimensional irreducible
representation. By Lemma 3.4, 7 ® ¢’ is also an irreducible representation. But there are no more
2-dimensional irreducible representations. Therefore, 7 = 7 ® ¢’. As a result, z = p = 0, because
otherwise, 7 ® ¢’ will have character values —z and —p for the conjugacy classes of (1 2) and (1 2 3 4),
respectively, which is different from that of 7.
Now, we are only left with the value of y and p. Orthogonality of the first and second column gives
us that
1-141-143-043-04+2zy=0 = y=—1, (3.23)

since £ = 2. (Xo, X7) = 0 gives us that 37 ¢ x-(g) = 0. Hence,
248 (—1)+6-0+3t+6-0=0 = t=2. (3.24)

Therefore, the complete character table of &4 is

7 1 8 6 3 6
S, 1 (123) (12) (12)(34) (123 4)

o 1 1 1 1 1

o’ 1 1 —1 1 —1

Pstd 3 0 1 -1 ~1

Pstd ® o 3 0 -1 -1 1

T 2 -1 0 2 0
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§3.4 Character table of G;

There are 7 partitions of n = 5, corresponding to 7 conjugacy classes.

Cycle Structure Relevant partition | Representative of | number of elements
a = (a1, 00, a3, a4, as) of n=>5 conjugacy class in conjugacy class
(5,0,0,0) 1+14+1+1+1 1 =1
(1,0,0,1,0) 4+1 (1234) e = 30
(0,1,1,0,0) 342 (123)(45) ratirgr = 20
(2,0,1,0,0) 3+1+1 (123) Trgtergz = 20
(3,1,0,0,0) 2+1+1+1 (12) srergr = 10
(0,0,0,0,1) 5 (12345) £ =24
(1,2,0,0,0) 2+2+1 (12)(34) sy = 15

So, there are 7 irreducible representations of G5. We get 4 irreducible representations for free, using our
knowledge of the representation theory of G4: the trivial representation o, the alternating representation
o', the standard representation psiq, tensor product of the standard representation and the alternating
representation pgq ® o’.

Let p be the permutation representation of G5 on the set {1,2,3,4,5}. By Lemma 2.2, x,(g) is the
number of elements of X = {1,2,3,4,5} fixed by g. Therefore,

Xp (1) =5, xp((12)) =3, x,((123))=2, x,((1234))=1, (3.25)
Xp((12)(34) =1, x,((123)(45)) =0, x,((12345))=0. '
Now,
(Xps Xp) = % [mxp(l) +30x, ((1234))x,((1234)) +20x,((123)(45))x,((123)(45))

20, ((123)) x, (12 3)) + 10, (1 2)) x, (1 2))
243, (123 45))x, ((12345)) + 15X, (12) (3 9) x, (1 2) (3 4) ]

1
= 155 (25 T30+ 0480+ 90 +0+15] =2 # 1.

Therefore, the permutation representation p is not irreducible. By (2.86), (X, X,) = >_; |las|?, where a;
are the multiplicities of the irreducible representations. Here, >, \ai|2 = 2, so there are two ¢ such that
a; = 1, and the rest a;’s are all 0. In other words, the permutation representation is the direct sum of
two irreducibles. Now,

(X X) = 5 2= X0 (9) = 35 [Xo(1) + 30, (123 4)) + 20, (12 3) (4 5)
9€6s5

+20x, ((123)) +10x,((12))
+24%, ((12345) +15x,((12) (3 4))]

1
= 5[5+ 30404030 + 04 15] = 1.

Therefore, the trivial representation ¢ is a direct summand of the permutation representation p. The
other direct summand is called the standard representation, which we denote as pgtq. Therefore,

p =0 D psd, (3.26)
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so that

Xpsta = Xp — Xo = Xp — L.

Using this, we can fill out the first 3 rows of the character table.

i 1 30 20 20 10 24 15
Ss | 1 | (1234)|(123)45) | (123) |12 |(12345) | (1234
o 1 1 1 1 1 1 1

o 1 —1 —1 1 -1 1 1
psid | 4 0 —1 1 2 —1 0

By Lemma 3.4, pstq ® 0’ is also an irreducible representation. Its character is given by X, Xo'-

# 1 30 20 20 10 24 15
Ss 1 | (1234)|(123)45)|(123)|(12)|((12345)|(12)(34)
o 1 1 1 1 1 1 1
o 1 -1 -1 1 1 1 1
Pstd 1 0 -1 1 2 —1 0
pa @0’ | 4 0 1 1 —2 -1 0

Now, pstq is a faithful representation. Indeed, if g € Ker psq, then psiq (9) = psta (1). By taking trace,
we have X, (9) = Xpuq (1) = 4. From the character table, we can see that no element other than the
identity element 1 € G5 satisfies x,,, (9) = 4. Therefore, Ker pstq = {1}, and hence, psq is a faithful
irreducible representation.

Then by Theorem 3.6, every irreducible representation of &y is contained in some tensor power
0sta®™ as a direct summand. So it’s natural to look inside psq ® psta. We know that

pstd @ Pstd = A2 psra ® Sym? pyga. (3.28)
Let’s now find the characters xy2,,,, and xgym2 poa- By Proposition 2.1(d),
1
W2 (@) = 5 [ 0600 @) = Xpa (6°)] - (3.29)
1
s (1) = 5 [ ua (D) = Xpa (12)] = 5 [47 = 4] =6

X&2p (123 4)) = 5 [ (Xpa (12 3 9)))° = Xpa (123 9))]

[Otpaa (123 40)) — xps (13)(24))] = 5 [0 0] =0,
(o (123) (45)))° = x50 (((123) (45))%)]

(-1 = X (13 2)] = 511~ 1] =0,

[(Xpua ((123))* = X0 (12 3)%)]

1
(1 = Xpaa (132))] = 5

XAzpyq (12 3)(45))

XA2pgiq ((1 2 3))

N =N =N RN RN =N =N -

[1—1]=0.
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(X (1)) = Xpa ((12)%)]

(D = X (V] = 5 4= 4 =0

(X (123 45))% — xp, (123 45)?)]
:(—1)2 — Xpua (1352 4))} = % [1—(-1)] =1.

[ (0paa (1:2) (3 9))° = Xpuua (((12) (3 4))°)]

Then its norm is

1 ———
(02000 Xr2000) = T35 X% (D) X2paga (1) + 30 Xnz0 (12 30)) Xz (123 4))

+20 Xazp..y (12 3) (45)) Xa2p,,, (12 3) (4 5))

+20 Xa2puga (12 3)) Xa2py (12 3)) + 10X, ((12)) Xazp,,, (12))
+ 24 xa2,4 (1234 5))XAzpstd ((12345))

+ 15X a2 (1 2) (3 4)) Xazp, ((12) (3 4)) |

T35 36004040+ 244 60] = 1.

Therefore, A%pgq is an irreducible representation of G5. So we can update the character table:

¥ 1 30 20 20 10 24 15
S5 1 | (1234)|(123)@45) | (123)] (12| (12345)]|(12)(34)

o 1 1 1 1 1 1 1

o 1 —1 —1 1 —1 1 1

Pstd 4 0 —1 1 2 —1 0

pa@a’ | 4 0 1 1 ) —1 0

A?pgta 6 0 0 0 0 1 —2

Tensoring it with o/ doesn’t give us a new representation. Let’s now calculate the character of Sym? pgq.
By Remark 2.3,

XSym? poeg (9) = % [(Xpa (9)” + Xpa (%)) - (3.30)
Xyt s (1) = 5 [(Xoua D)+ Xpa (17)] = 5 [ +4] = 10.

X (123 4) = 5 [ (s (123 ) 4y, (123 2)]

= & [(Xoua(123 ) + X0, (1 3) 2 )] = £ [02 0] =0
X pu (128) (45) = o [(pa (1 28) (45)))% + 3 (1 23) (45)°)]
=[P v (32 = g1 =1
Xyt g (12 3) = 5 [0 237 4300 ((129)%)]

= [0 + X (132)] = g0+ 1] =1,
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(o ((12)))” + X (1 2))]
(2 4 xpua (] = 5 4+ 4] = 4.
(Xpua (123 45)))° + X5, (1234 5) 2)}
(1) 4 X (13524)] = 5 [1+(~1)] =
}Mmmaﬂmmf+mm«umw4»ﬂ

(07 4 xpa (V] = g 044 =2,

XSym? pyiq ((1 2)) =

XSym? psiq ((1 234 5)) =

Xsym? pq ((12) (314)) =

DO =D =D =N =N =N

Let’s now calculate the norm of xgy,,2 pata”

1 —
(XS paa Xy psa ) = g X () Xsm? g (1) + 30 Xsyun? iy (123 4)) Xy, (123 4))

((123)(45)) Xgym?2 po,q ((123)(45))
+ 20 Xsym?2 g (12 3)) Xgym?2 ppq (12 3))
+ 10 Xgym? pog (1 2)) Xsym? poq ((12))
((
((1

+ 20 Xsym? poe

+ 24 Xgym? 5,y (123 45)) (12345))
2) (3 4)) Xsym? g ((12) (34)) |

[100 + 0 + 20 + 20 + 160 4 0 4 60] = 3.

XSym? peq

+ 15 XSym2 Pstd

T 120

Therefore, the permutation representation Sym? psq is not irreducible. By (2.86), (XSym2 pora? XSym? pqtd) =

> |ai|2, where a; are the multiplicities of the irreducible representations. Here, Y, |a¢\2 = 3, so there
are three ¢ such that a; = 1, and the rest a;’s are all 0. In other words, the permutation representation
is the direct sum of three irreducibles. Now,

(XU’XSym2 Pstd) - 120 Z XSym? pgiq (9)
g€Bs

1
= Ton |:XSym2 pstd(l) + 30 XSym2 Pstd ((1 23 4)) + 20 XSym2 Pstd ((1 2 3) (4 5))

120
+20 XSym? Pstd ((1 2 3)) + 10 XSym? Pstd ((1 2))
+ 24 Xy oy (12345)) + 15 xgp,., (12) (3 4))]

1
= 755 [10+0+20+20+40+0+30] = 1.

Therefore, the trivial representation o is a direct summand of Sym? pgq.

1

(Xors Xy a) = T 2 (81D Xsyu 1 (9)
9€6s
1
= 0 [Xsymz (D) =30 Xgyme . (123 4)) — 20 xigyme .., ((123) (4 5))

+ 20 Xgym? poyy ((123))—10 XSym? para ((12)

+ 24 Yy e, (123 45)) + 15 g0, ((12)(3 4))]
1

= — 4 =
120[10 0—-20+20—40+0+30] =0.
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So, the alternating representation ¢’ is NOT a direct summand of Sym? pgq.

1 -
(Xpstd7 XSym? Pstd) = 1720 Z Xpstd (g) XSym? pgiq (g)
9€6s5

1
= 55 Xy s (1) = 30 Xy g (123 4) = 2052, (123) (4 5))

+ 20 XSym? pea ((123))—10 XSym? pea ((12)
+ 24 Xgyme poy (123 45)) + 15 xgm2 . (12) (3 4))}

1
= 75 [4710+30-0-0420- (~1)-1420-1-1+10-2-4+24-(~1)-0+15-0-2
1

120 [404+0—-20+20+80+0+0] = 1.

Therefore, the standard representation pgq is a direct summand of Sym2 pstd- The other direct
summand is a 5-dimensional irreducible representation, which we don’t know of yet. Let’s call that .
Then
Sym? psa = 0 @ psra D ¥, (3.31)
so that
X¢ = XSym? pgeq — Xo ™ Xpsta- (3.32)

Using this formula, we fill out another row of the character table.

i 1 30 20 20 10 24 15
Ss 1 | (1234)|(123)@45) | (123)] (12 |(12345)]|(12)(34)
o 1 1 1 1 1 1 1
o 1 -1 1 1 1 1 1
Pstd 4 0 —1 1 2 —1 0

pa @0 | 4 0 1 1 ) —1 0

A?pgta 6 0 0 0 0 1 —2
b 5 1 1 —1 1 1

By Lemma 3.4, ¢ ® ¢’ is also an irreducible representation. Its character is given by xyx,/. Therefore,
the complete character table is:

n 1 30 20 20 10 24 15

Ss 1 [ (1234)](123)(45)|(123)|(12)|(12345)](12)(34)
o 1 1 1 1 1 1 1
o 1 -1 -1 1 —1 1 1
Pstd 1 0 —1 1 2 1 0
Pstd @ 0 1 0 1 1 —2 -1 0
A pgia 6 0 0 0 1 —2
¥ 5 -1 1 -1 1 0 1
p=9v®d | b 1 1 -1 1 0 1

§3.5 Properties of group from character table

In this section, we will examine what information about the group we can extract from the character
table. Indeed, if two groups are isomorphic, then their irreducible representations are in a one-to-one
correspondecne. Then the character values of those irreducible representations are also equal. Therefore,
if two groups are isomorphic, then their character tables are identical. In this section, we will explore
whether the converse is true or not.
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Intuitively speaking, to know a group, it suffices to know all its irreducible representations. Because
the regular representation C [G] is a faithful representation as we’ll soon see. This regular representation
contains all the irreducible representations as V' subrepresentations, with multiplicity dim V. Therefore,
if we know all the irreducible representations, then we can construct the regular representations. If we
know the regular representation, then we know the group.

The character table gives us the trace values of the irreducible representations. For a given group G,
the characters determine a representation up to isomorphism. But given a character table, can we
actually reconstruct the group up to isomorphism? This is the question we will try to answer in this
section.

Proposition 3.7

If a value « appears in the character table of a group G then also @ appears in the character table

Proof. Let p: G — GL (V) be an irreducible representation. Let A1,...,\, be the eigenvalues of p (g).
All of these eigenvalues are |G|-th root of unities, since gl¢l = e. The eigenvalues of p(g)~' will be
/\1_1, ...y A\, L. Therefore,

M= A=) (3.33)

n
Xp (9_1>: 1>‘i71:‘ .
(2 =

n n
1= 1=

1

~

So, if o appears in the row of p in the character table as x,(g), then @ also appears in the row of p in
the character table as x,(g7!). [ |

Corollary 3.8

If all the entries in the character table are real, then every element of the group is conjugate to its
inverse.

Proof. If all the entries of the character table are real, then it means x (g) = x (¢~') for every irreducible
character x and every g € GG. Since irreducible characters form a basis for the space of class functions,
we have c(g) = ¢ (g_l) for every class function ¢. Now consider the class function ¢

c(h) = 1 if A is in the conjugacy class of g, (3.34)
0 otherwise.
Clearly, ¢ (g) = 1. Therefore, ¢ (¢7!) = 1, and hence g and g—! are conjugate. |

Proposition 3.9
For a finite group G,

Z(G)={9€ G| |x(g9)] = x(e), for every irreducible character x} .

Proof. Take g € Z(G). Let p : G — GL(V) be an irreducible representation, and x, be the
corresponding irreducible character. Since gr = xg for every x € G, p(g) : V — V is a G-linear map.
Indeed, the following diagram commutes:

Vv

lp(g)

Vv

\%4
p(g)l
\%4

p(x)

p(x)
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p(g)op(x)=p(gr) =plzg) =px)op(yg). (3.35)
So p(g) : V — V is a G-linear map. Since V is an irreducible representation, by Schur’s lemma,
p(g) =0 or p(g) an isomorphism of representations. But since p (¢~!) is the inverse of p(g), p(g) = 0
is not possible. Hence, p (¢g) an isomorphism of representations.
Again, by Schur’s lemma, dim Homg (V,V) = 0 or 1. But Homg (V, V') contains 1y, so it is 1-
dimensional. Therefore, all the elements of Homg (V, V') are scalar multiples of 1y. In particular,
p(g) = ¢y for some ¢ € C.

p ()¢ =p (glcl) =p() =1y = %1y =1y = ¢ =1. (3.36)
So we have, |c¢| = 1. Now,
Xo (@) = [T [p (9] = [Tr[cly]]| = e dim V] = [¢] dim V = dim V' = x, (e) . (3.37)
So we have proved that if g € Z (G), then for any irreducible character x,, |x, (9)| = x, (€)-

Now, conversely, suppose |x,(9)| = x, (e) for every irreducible character x, associated with the
irreducible representation p : G — GL(V'). We need to show that g € Z (G).

Following the analysis of Lemma 3.5 in (3.11), [x, (9)| = X, (e) implies that all the eigenvalues of p (g)
are equal, say A,. p(g) is diagonalizable, and all its eigenvalues are A\, € C. Therefore, p(g) = A, 1y.
This is true for any irreducible representation p : G — GL(V). As a result, for any z € G and v € V,

pi (9z) v = pi(g) pi (z) v
= Appi (@) v
= pi(z) (Ap,v)
= pi (z) [pi (9) V]
= pi (zg)v. (3.38)
This holds for any v € V;. Therefore, p; (gz) = pi(xg). Let o0 : G — GL(C[G]) be the regular
representation defined by

o (h) (Z a15x> = Z az0he = Z ap,—140z. (3.39)

zeG z€G zeG

This is a faithful representation. Indeed, if h € Kero, then o (h) is the identity map on C [G].

o (h) (Z axdw> = Z a0y =—> Z ap—1,0 = Z g0z

ze€G zeG zeG zeG
— hlz=z Vzed
— h=e. (3.40)
Now, any irreducible representation p : G — GL(V') appear in the regular representation dim V' times.

Suppose p; : G — GL(V;), i = 1,2,...,k are all the irreducible representations, with dimV; = n;.
Then

k
ClIzVvieV,?e-— oV =V =W (3.41)
i=1
This is an isomorphism of representations. In other words,
k
o= @Ppim = (3.42)
i=1

We have shown earlier that p; (9) = A, 1y; for any irreducible representation p; : G — GL(V;). We
have also showed that for any = € G, p; (9x) = p; (xg). Now we want to show that ¢ (gz) = v (xg) for
any x € G. A generic element from W looks like

1) (1 2) (2
(vg ),vg),...,vglll),vg ),vé),...,vgz,..

2) (k) (k) (k))

VL Ve e, Vo
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with v\ € V;.

¥ (gx) (vgl), . ,vgl),v?), . ,V%), o ,ng), ... >V7(1]Z))

— [é p?"i (g:p)] (vgl), .. ,vq(ill)’vgz), .. ,v%)’ ... ,vgk), o ’V?(l?)

i=1
= (p1 (g2) V"1 (g0) Vi 2 (g2) Vi p2 (92) VD, pn (g2) VI i (9) VD)
= <p1 (zg) Vgl), cooyp1(zg) Vgl), p2 (zg) VEQ), ooy p2(zg) V%), ey i (z9) ng), ooy pi (z9) Vg?)
_ lép@ <xg>] (0, WV )

i=1
=1 (xg) (vgl), e ,vgl),v?), e ,v%), .. ,vgk), . ,v%’?) .

Therefore, ¥ (gx) = ¢ (zg) for any « € G. 1 is isomorphic to a faithful representation o (the regular
representation), so it is faithful as well. Therefore, gx = zg for any z € G. So g € Z(G). This proves

the equality
Z(G)={9€ G : |x(g9)] = x(e), for every irreducible character x} . (3.43)

Definition 3.1 (Commutator subgroup). Given a group G, we define commutator in G as
lg,h] = g~'hgh, (3.44)

for g,h € G. The commutator subgroup of G, often denoted as G’ or [G, G| is the subgroup
generated by all the commutator elements [g, h].

Lemma 3.10
Given a group G, G/G' is abelian. Furthermore, if G/N is abelian, then N must contain G’.

Proof. The commutator subgroup G’ is generated by all the commutators [g, h] = g~ 'h~!gh. Consider
glG’,ng’ S G/G/ Then

(11G") - (92G") = (9192) G’ = g291 91, 92) G' = 921G’ = (92G") - (1 G) (3.45)
So G/G' is abelian.
Given a group homomorphism f : G — Ga,
f(g.h) = f (97'h7"gh) = Fl9) " F ()" F9)F(R) = £ (9) . f (). (3.46)

Now consider the quotient map f : G — G/N. Given any g, h € G, since G/N is abelian, [f (¢), f (h)] =
eG/N, the identity of G/N. Therefore,

flg.h]) =[f(9), f (h)] = eg/n- (3.47)
So [g,h] € Ker f = N. Therefore, all the commutators [g, h] = g~'h~!gh are contained in N. So the
subgroup generated by all the commutators is also contained in N. Hence, G’ C N. |

Proposition 3.11

Given a finite group G, |G/G’| is the number of 1-dimensional representations of G.

o6



3 Character Table 57

Proof. Since G/G’ is abelian, all its irreducible representations are 1-dimensional. Also, since it is
abelian, all conjugacy classes are singletons. Therefore, there are |G /G’|-many 1-dimensional irreducible
representations of G/G'.

G "5 G/G ——

Given a 1-dimensional irreducible representation p of G/G’, we have a 1-dimensional irreducible
representation of G as p o m, where 7 : G — G/G’ is the projection map. Therefore,

# of 1-dimensional irreducible representation of G > |G/G’|. (3.48)

Now, if o : G — C* is a 1-dimensional irreducible representations of G, then G/ Kero = o (G) is an
abelian group. So G’ C Kero.

This gives us a representation of G/G’: 7: G/G' — C*, given by 7 (9G’) = o (g). This is well-defined,
for gG' = hG', h~1g € G’ C Kera, so that o (h) = o (g). Hence,

7(9G") =0 (g9) = o (h) =7 (hG'). (3.49)

Therefore, every 1-dimensional irreducible representations of G gives rise to a 1-dimensional represen-
tation of G/G’. So we have

# of 1-dimensional irreducible representation of G < |G/G'|. (3.50)
Combining these,
G
||G’|| = # of 1-dimensional irreducible representation of G. (3.51)
|
Lemma 3.12
For a finite group G, G'= () Kerp.
p 1-d irrep

Proof. If p : G — C* is a 1-dimensional representation, then imp = G/ Ker p is abelian, so Ker p
contains G’. Since this is true for every p, therefore,

G'C () Kerp. (3.52)

p 1-d irrep

On the other hand, suppose g € Ker p for every 1-dimensional irreducible representations p. Then
p (g) =1 for every 1-dimensional irreducible representations p. Therefore,

P (9G") =1 (3.53)

for every 1-dimensional irreducible representations p’ of G/G’. G/G’ has only 1-dimensional irreducible
representations. Therefore, y (9G’) = 1 for every irreducible character x of G/G’. Hence, ¢ (¢G') =1
for every class function ¢ on G/G’. This proves that gG' = eG’, so that g € G'. Therefore,

ﬂ Kerp C G'. (3.54)

p 1-d irrep

Hence, [ Kerp=G' [ |
p 1-d irrep

If two finite groups G and H have the same character table,

o Their order is also equal, because |G| =3, xp(€)%

o7
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o Their number of 1-dimensional irreducible representations is also equal. Hence, |G/G'| = |H/H'|.
Then |G| = |H| implies |G'| = |H'|. Therefore, if two groups have the identical character table,
their commutator subgroups have the same order.

o There will be same number of elements such that |y (g)| = x (e) for every irreducible character .
So |Z(G)| = |Z(H)|, by Proposition 3.9.

So, the character table uniquely identifies these properties of the group. Can the character table
uniquely identify the group (up to isomorphism)? Let’s see a few examples.

Example 3.3. The quaternion group is Q = {41, +i, +j, +k} with i? = j2 = k? = —1 and ij = k,
jk =i, ki=j, ji=—k, kj = —i, ik = —j. The conjugacy classes of () are

{1}7 {_1}7 {iv _i}v {j’_j}a {k7 _k}‘

Suppose p: Q — GL(C) = C* is a 1-dimensional representation of Q).

pk)=p@{j)=pA)pG) =p3) (b)) =p (i) =p(-k) =p(=1)p(k). (3.55)

Therefore, p(—1) = 1. Since i? = j> = k? = —1, this gives us that p(i),p(j),p (k) € {1,—1}.
Furthermore, since p (—1) =1,

p(i)=p(=1), p()=p(j), pk) =p(-k). (3.56)

If all of them are 1, then we have the trivial representation. If two of them are 1, then it forces the
third one to be 1 as well because of ij = k, jk =1, ki =j.

Now, suppose only one of them is 1, and WLOG, p (i) = p(—i) = 1. Since jk = i, this means we
must have either p (j) = p (k) =1 or p(j) = p(k) = —1. This gives us a 1-dimensional representation
other than the trivial one.

For the other cases p(j) = p(—=j) = 1 and p(k) = p(=k) = 1, we get two other nontrivial
1-dimensional representations. These are the all four 1-dimensional representations of ().

Q 1 1 i —i j —j k -k
p1 1 1 1 1 1 1 1 1
P2 1 1 1 1 -1 -1 -1 -1
03 1 1 -1 -1 1 1 -1 -1
N 1 1 -1 -1 -1 -1 1 1

There is a 2-dimensional irreducible representation. The embedding @@ C GL2(C) is given by

_Jto -1 o] _Ji o] . _[-io0

0 —1 0 1 0 —i 0 i (8:57)
j:L 0]’ j:[—l 0]’ k:[—z’ 0]’ k:[i o]'
From the matrices above, we can see that
x(1)=2, x(-1)=-2, x()=x(-1)=x0)=x())=xk) =x(-k)=0. (3.58)
So [x|* is ,
x> = (6. x) |Q‘ 2 x(9)x(9) =5@2-2+(-2)-(-2) =1 (3.59)

geQ

So this is an irreducible representation as well. These are all the irreducible representations, since
12 4+12 + 12 + 12 + 22 = 8 = |Qs]. Then the character table of Q is
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e 1 1 2 2 2
Q 1 -1 i j k
o1 1 1 1 1
D2 1 1 —1 -1
03 1 1 -1 1 -1
4 1 1 -1 -1 1
P5 2 -2 0 0

Example 3.4. Consider the dihedral group, D,,, when n is even.
D, = {sirj |i=0,1;7=0,...,n—1;7" = s> = ¢ and sr:r”_ls}.

D4 has 5 conjugacy classes:

{e}, {T’Q} , {r, 7“3} , {s, 37“2} , {sr, 57“3} )
So, there are 5 irreducible representations of Dy. Suppose p : Dy — C* is a 1-dimensional representation.

p(r)™ =1, s0 p(r) is one of the 4-th root of unities. p(s)* =1, so p(s) = £1. sr = r~1s gives us that

-1

p(s)p(r)=p(r) " p(s) = p(r)=p(r)"" = p(r) ==L (3.60)

p(s),p(r) € {1,—1}. Therefore, we have total 4 choices, and hence 4 1-dimensional representations.

Dy e T r2 r3 s sr sr2 sr3
o1 1 1 1 1 1 1 1
02 1 1 1 1 -1 -1 -1 -1
03 1 -1 1 -1 1 -1 1 -1
P4 1 -1 1 -1 -1 1 -1 1

The remaining irreducible representation is a 2-dimensional representation, because there are exactly
5 of them, and 4 of them are 1-dimensional. If the remaining one has dimension d, then 8 = |Dy| =
12+12 4+ 12+ 1% 4+ d?; so d = 2. Suppose o : D,, — GL (C?) is the 2-dimensional representation.

Cy={rt|i=0,...,3} is an abelian subgroup of D4. All the irreducible representations of Cy are
1-dimensional, and there are exactly 4 of them. 1,i,—1, —i are the 4-th roots of unity. Then the
irreducible representations of Cy, are p; : C,, — C, p; (r) =i/ for j = 0,1,2,3.

o defines a 2-dimensional representation of Cy, and it decomposes as direct sum of two 1-d irreducible
representations. Therefore, in the matrix representation, o (r) should be a diagonal matrix:

,L'k
o(r)= lo g] , (3.61)

for k,1 € {0,1,2,3}. Since s = e, o (s) is a 2 x 2 matrix of order 2. Therefore,

o (s) = [‘f (1)1 . (3.62)

1 1

Since rs = sr™+, i.e. srs =7r"", one has

Z'k: ,L'—k il i_k
LAk AR -l = E -l o e

Therefore, k = —I, i.e.
i* 0
o(r)= 0 k|- (3.64)



3 Character Table 60

If k=0,0or k=2, 0(r)is I or —I, respectively. This does not define an irreducible representation,
since the 1-dimensional subspace {(21,22) € C? | 21 = 22} is invariant under the action of both o (r)
and o(s). For k =1, we get

o(r)= [é 0.] . (3.65)

Then we calculate the following:
ole) = [é (1)1 o(r) = [(Z) _011 7 () = [_01 —011’ o (') = [_OZ ﬂ
R B e N O R I VR R |

1 1
(XosXo) == > IXo(@) = 2 [224 0%+ (=2 + 0 + 0> + 02 + 02 + 0?| = L. (3.66)
8 8
geG

Then

Therefore, o is a 2-dimensional irreducible representation. Now, the character table of Dy is

# 1 1 2 2 2
Dy e r? T s sr
Pl 1 1 1 1
p2 1 1 -1 -1
P3 1 1 -1 1 -1
P4 1 1 -1 -1 1
o 2 -2 0 0

The two character tables of the quaternion group ) and the dihedral group D, are identical. However,
D, and @ are not isomorphic groups. There are 5 elements order 2 in Dy: 72, s, sr, sr2, sr>. But the
only element of order 2 in ) is —1. Therefore, Q) and Dg are not isomorphic. So we have reached the
conclusion that identical character table doesn’t necessarily imply that the groups are isomorphic.
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4 Induced Representation Theory

Suppose we have a finite group G and a subgroup H < G. Given a representation p : H — GL (W)
of the subgroup H, we want to construct a representation of G in a “canonical” way. This canonical
representation of G will be called the induced representation

Ind% p: G — GL(?).

§4.1 Induced representation

Definition 4.1. A representation pg : G — GL(V) is said to be induced by pg : H — GL(W) if
(a) W CV is an H-invariant subspace of V', i.e. pg (h) (W) C W for every h € H,;

(b) for every left H-coset 0 = gH € G/H, there exists a vector subspace W, C V such that

V= w., (4.1)

ceG/H
and W = Wy,
(c) for g € G, we have an action pg (g) : Wy — Wys. Set theoretically, one writes

pG (9) (Wan) = Ween. (4.2)

Remark 4.1. Note that G acts on G/H by left multiplication:
g- (xH) = (g2) H. (4.3)

The group action pg (g) on the subuspaces, on the other hand, is given by (4.2). Requirement (c) asks
for these two actions to be equivariant, i.e. the following diagram commutes for every g € G:

G/H—2 G/H

{Woloea/n Woloea/n

pc(g)

Won Woon Wosn

-1 -1 _
929 1
—1> m 9395 9493
H=eH
€ ggH

l

g1 g3 H

G/H
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4 Induced Representation Theory 62

Universal property of the induced representation:

Let W be an H-representation and V be a G-representation, with the corresponding group
homomorphisms pg : H — GL(W) and pg : G — GL(V). One says that W < V is an induction
if it satisfies the following universal property:

(i) « is H-linear: for every h € H, the following diagram commutes:
W —2 5V
pu(h) pa|,,(h)
W ——V

(ii) if Z is another representation of G, and f: W — Z is a H-linear map, then there exists a
unique G-linear map 5 : V — Z such that the following diagram commutes:

W —=-V
V8 36
7
ie. B=pBoa.
Lemma 4.1

It V =@,cq/a Wo as in Definition 4.1, then W = Wy — V satisfies the universal property.

Proof. Let g : W — Z be any H-linear map with Z being a G-representation with the group
homomorphism pz : G — GL (Z).

Uniqueness of 3: Suppose the diagram

W —% 5V
= 4.4
) 35 (4.4)

A

commutes, with 3 being a G-linear map. We need to show that 3 is unique. Fix 0 = gH € G/H and
v € W,. We know how Gacts on the subspaces W, labelled by the cosets o € G/H given by (4.2),
from which one obtains

06 (67') Wo) = 06 (97") (Worr) = Wyeryir = Werr = W. (45)

Since v € Wy, pg (97') v € W. By the commutativity of (4.4), one has 8 = 8o a. Also, « is just the
inclusion map W — V. Hence,

) 8(pa(971)v) =Boa(pa(97")v) =B (pc (s7") V). (4.6)

B is G-linear, so the following diagram commutes:

'z
pa(g™t) }2@1)
VA

V—e—

B
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4 Induced Representation Theory 63

Therefore,
8(pa(97')v) =B (pc (97")v) =pz(97")B(v). (4.7)
Hence,
Bv) =pz(9)8(pc (97")v), (4.8)

for v.e W, = Wyg. (4.8) depends on the choice of g, so we need to show the well-definedness of (4.8).
Let 0 = gH = ¢’H. Then g~'¢g’ € H. Since 3 : W — Z is a H-linear map, the following diagram

comiutes:
w—" sz
pH(glg’)h hpz(glg’)
w T Z
In other words,
Bopu(97'9) = pz (97'9') o . (4.9)
Composing by pz (g) to the left, we have
pz(9)0Bopu(97'¢) = pz(d) 0B (4.10)

As a result,
p2(9) 8 (p (9 7)) = pz(9) Bou (97'9') pci (9 ')
pz(9)Bpc (97'9) pc (9 ~'v)
=p2(9)8 (pc (971) V). (4.11)

Here we used the fact that W is a subspace of V, and so py = pg| g When acted on vectors of W.
Hence, (4.8) is well-defined! (4.8) shows that 3 is uniquely determined by 8 on V = @, ¢ 1 Wo.

Existence of 3: For v € W, = Wy, we define 3 by (4.8), and then extend it linearly to all of
V = @oecq/a Wo. We have shown that this definition is well-defined. We now need to show that

B = Boaand B is G-linear. Indeed, for ve W = Wy,

Bv)=pz(e)B(pc(e7t)v) =B(v). (4.12)
Since av : W — V is the inclusion, a (v) = v, so that from (4.12), we have
B(v)=B(v)=p5(a(v)). (4.13)

Therefore, 8 = B o a. In order to show that 3 is G-linear, we need to show the commutativity of the
following diagram for all x € G

VL

Z
pa(z) lﬂz (z)
A

V—e——

B
Given v € Wyn, pg (v) v € pg (x) (Wyr) = Wegn. Therefore,

B (p (x)v) = pz (x9) © B [pc ((w9) ") pc () V]
=02 (@)pz(9)° B pa (97) V]
=pz(z) o B(v).
Therefore, 8o pg (z) = pz (z) o B on each Wyn, and hence B is G-linear. |
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4 Induced Representation Theory 64

§4.2 Explicit construction of Ind% IV

Given an H-representation W, we’ll show that Ind% W indeed exists! We construct Ind§ W in the
following way: first we pick representatives

G1=2¢€ 92, 93, - gn €G
of cosets in G/H, i.e. G/H ={g1H,g2H,...,g,H}. Define a vector space
V=WeWe - --eW=W",
where the subspaces are labelled by the cosets, i.e.
V=Wen ®Wgu @ - &Wy,u. (4.14)

Then we define a G-action on V' in the following way: for g € G' and v € Wy, y, first find the unique j
such that

9(9iH) = (99:) H = g; H.
In otheer words, there exists a unique j and a unique h € H such that
99i; = g;h. (4.15)
We need to consider vector space isomorphisms
fi W =Weg = Wyn

Wy, is the same vector space as W, just labelled differently. So f; is just the identity map. Then we
define

p(o)v=(Fopuh)oft)v, (4.16)
for v.e Wy, g, and gg; = gjh.
1 pr(h) [ V) fipu () f7)(v) = plg)v
v fi (v)
—1
W, o LN W = W.py pr (h) W =W,y Ji W, b

Now we need to show that p : G — GL(V) is, indeed, a representation.

Proposition 4.2

p : G — GL(V) defined as in (4.16) is a representation, i.e. p : G — GL(V) is a group
homomorphism, where V = @i, W 5.

Proof. Let g,¢' € G, we need to show that p(¢'g) = p(¢') p (g9). Take v € Wy, . Choose the unique j

and h € H such that gg; = g;h; then choose the unique k and b’ € H such that ¢'g; = gxh’. Then
(d'9) gi = gr (Wh). As a result,

P( ) ] (4.17)
Therefore, p(g'g) = p(9’) p(g9), and hence p : G — GL(V) is a representation. |
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Remark 4.2. From the construction, we can see that
dimInd§ W = dim &,cq/yWo = |G/H|dim W = [G : H]dim W, (4.18)
where [G : H] is the index of the subgroup H in G, i.e. the number of distinct left-cosets of H in G.

Example 4.1. Let Cy,jy be the 1-dimensional trivial representation on H. Then
d¥ (Cuiy) = C[G/H]. (4.19)

Here, the H-invariant subspace W is the 1-dimensional space Cey. In this case, the subspaces W,
labelled by the cosets o € G/H, are all 1-dimensional, i.e. W, = Ce,, for 0 € G/H. As a result,

md% (Coin) = @ Wo= € Ce, =C[G/H]. (4.20)
ceG/H ceG/H

In this case, the G-action on V = @UeG/H Ce, is given by

p(9)es = ego. (4.21)

Here, C[G/H] is the permutation representation of G associated with its action on the set G/H by left
multiplication. Hence, this permutation representation of G is induced from the trivial 1-dimensional
representation of H.

Remark 4.3. Take H = {e}, the subgroup containing just the identity element. Then
G
Ind{e} ((Ctriv) =C [G] . (422)

Hence, the regular representation of G is induced from the 1-dimensional trivial representation of

{e} <G.
Example 4.2. Let C[H] be the representation space of the left-regular representation of H. Then
Ind% (C[H]) = C[q]. (4.23)
Let H = {e, hi,...,h}. Then the representation space C[H] is
W =C[H] =Ce.®Cep, ®---®Cey,.

Clearly, W is H-invariant, since
p (hq) (ehj) = epn, € W.
Now, let 0 = gH € G/H be a coset. Then define

We=Clegq, : he H)=C(e, : z€0). (4.24)
Then p (') egn, = €grgn € Wy gm, implying that

P (gl) (WgH) = Wg/gH-

Now,

df W= P Wo= @ Cle, : z€0)=EPCley) =C[G]. (4.25)
oc€G/H ceG/H geqG

Remark 4.4. Since the regular representation of the group containing only the ideneity element is the
1-dimensional trvial representation, one has C [{e}] = Cyiy. Plugging in H = {e} in Example 4.2, we
have
G
Ind{e} ((Ctriv) =C [G] . (426)

(4.23) tells us that the regular representation of G is induced from the regular representation of H.
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§4.3 Induction and restriction

Given a finite group G and its subgroup H < G and a G-representation U with group homomorphism
p: G — GL(U), one writes Res% p for the restriction of the group homomorphism p, i.e.

Res% p = ply : H— GL(U),
so that Resg p is a H-representation.

Lemma 4.3
Restriction is transitive, i.e. if H < K < G and p : G — GL(V) is a G-representation, then
Resg p = Resly (Resﬁ p).

Proof.
Resk (Res% p) = (Res% p) ]H = (,0|K) ‘H = ,0|H = Res% p. (4.27)

Proposition 4.4

Induction is also transitive, i.e. if H < K < G and p: H — GL(W) is a H-representation, then
ndf p = Ind§ (ndff p).

The proof is a bit lengthy and tedius. We can make our lives easier when we learn about induced class
functions and induced characters. Then we’ll give a proof of this.

Recall the universal mapping property of induced representation. For H < G, let W be a H-
representation, and Indg W be the induced representation of G. Take the inclusion ¢ : W — Indg W =
Do /i Wo. Then given any G-representation U and any H-linear map ¢ : W — U, there exists a

unique G-linear map @ : Ind$; W — U such that the following diagram commutes:
W——Id§W= @ W,
ceG/H
B (4.28)
2
-
U
ie. por=.
Now, observe that ¢ is a H-linear map W — U. Hence, ¢ € Hompy (W, Resg U ), because U

is a G-representation to begin with, and we can restrict to a H-representation. For every ¢ €
Homp (VV, Resg U ), there is a unique corresponding G-linear map @ : Indi — U, ie. ¢ €

Homg (Indg W, U) :
Similarly, obseve that « : W — IndG W = @Docc/u Wo is an H-linear map, because clearly the

following diagram commutes:

W—" @ W,
ceG/H

pu(l) o, (M=o (h)

W—— & W,
ceG/H
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4 Induced Representation Theory 67

Now, given any G-linear map ¢ € Homg (Ind%VV,U), @ is automatically H-linear. Hence, the
composition ot : W — Resg U is a H-linear map. So given any ¢ € Homg (Indg W, U), there exists

a unique corresponding ¢ = @ ot € Hompg (VV, Res% U) subject to the commutativity of (4.28). It
establishes the isomorphism of the two vector spaces

Homg (Indg W, U) ~ Hompy (W, Res, U) . (4.29)

Proposition 4.5

Suppose G is a finite group and H < G. Additionally, suppose U is a G-representation with group
homomorphism pg : G — GL(U), and W is an H-representation with group homomorphism
pu : H— GL(W). Then

pe ® Ind% py = Ind$ (Resg PG ® pH) . (4.30)
In terms of the representation space, this reads

U @ndG W = Indf (Resfj U @ ). (4.31)

Proof. We’ll construct a G-linear isomorphism

¢:U®( D WU)—> b vew),.

oc€G/H ceG/H

Let fi : W =Wy = Wypgand f, : UW =UW),; — (U® W), i be the respective vector
space isomorphisms (which are just identity maps, as we have discussed earlier). Here, f; concerns
IndG W = @Boecc i Wo, and f; concerns Ind$ (Resg U® W) =@oca/u (U W),.

We define the i-th compoenent of ¢ to be

pi=Tio[pa(o7") @ £ (4.32)

It takes a vector u@ w € U @ Wy, i to f; (pg (gi_1> u® fi_lw) e U® W)giH‘ Here, f;, pc (gi_l), fi
are all bijective linear maps. Hence, ¢ is a bijective linear map. Now we need to show the G-linearity
of .

At this point, let’s denote by p(g) the group action of G on U ® (@oeg/[_] WU), and by p(g) the

group action of G on @P,eq/p (U@ W),. Now, take u € U and w € Wy, g, so that u@w € U @ W, i
Given g € G, take the unique j and h € H such that gg; = g;jh. Then

p(9) (@ w) = pi (9)u® (df pir) (W) = pa (9)u fi (pu (h) £ (w)). (4.33)

This vector is in U @ Wy, i, and the j-th component of ¢ will act on it. Hence,

(
v
=T lpc (9;"9) ue pu (k) £ w]
[pc (hg ") w e pur () f;'w] (4.34)
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because gg; = g;h implies gjflg = hg[l. On the other hand,

p(9)lp (@ w)]=¢(9)[pi(uew)
=5(9) [fio|pa (0") @ 7] (@ w)
=5(9) [Fi (po (57 ) ue f;'w)]

— f (ResH PG ® ,OH) (h)o fy 1} [ﬁ (pG (gi_l) u® fi_lw)}
= f; o (pc (h) ® py (h)) [(Pc (gfl) u® fflwﬂ
7, [pe () e (g:)w ® pu () 7] (439)

Comparing (4.34) and (4.35), we have

|—|

poplg)=p(g)oe. (4.36)

In other words, the following diagram commutes:

U®< o) m)* ® Uew),
ceG/H

p(9)

U®< @ WU)T> O Uaw),
ceG/H ceG/H

This establishes the G-linearity of ¢ : U® (@oec/H Wg) — @oeq/u (U W),. Hence, ¢ is a G-linear

bijective linear map, i.e. an isomorphism of representations, as required. |

§4.4 Induced class function

We have seen that given H < G and a G-representation U with group homomorphism p: G — GL(U),
one writes Resg p for the restruction of the group homomorphism p to the subgroup H, i.e. Resg p=
p]H : H — GL(U).

Evidently, the representation space for both p and Res% p is U. If x is the character of G associated
with the representation p, then by Resg x we denote the character of the subgroup H < G associated
with the representation Res% p. One often writes x| g or simply xp for Resg X-

Lemma 4.6

Suppose H < G. If ¢ is a nonzero character of H, then there exists an irreducible character x of
G such that

(Resg X 111)H # 0. (4.37)

(Here (a, ) denotes the inner product in the space Celass [H] of class functions on H.)

Proof. Let x1,...,x% be the irreducible characters of G. Let us denote the character associated with
the regular representation of G by Xreg. From (2.90), we know that

|G| if h=e,
re h) = 4.38
Xeg(h) {0 otherwise. ( )
Therefore,
1
(Xreg‘va)H ’H| Z Xreg’H W ’G‘ ¢(€) . (4'39)
geH
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By Corollary 2.9, every irreducible representation V is contained in the regular representation with
multiplicity dim V. Therefore, Xyeg = 2?21 nixi. S0

k k k
(Xreg!H,ID)H = <2niX¢|H,¢> = Zlnﬁ‘ (Xi!H,Ib)H = Zlm (Xi\HW)H- (4.40)
i= o i= i=

Since ﬁ |G| 9 (e) # 0, we have

k
> ni (xilgv), #0. (4.41)
i=1
Therefore, at least one of the summands is nonzero, i.e. (Xi‘H’ z/J)H #0 for some i € {1,2,...,k}. W

Remark 4.5. (Resg X ¢) = 0 is also expressed as ¢ C Resg X, or ¥ is a constituent of Resg X-

Lemma 4.7

Let x be an irreducible character of G, and let Resg X = »_;CiXi, where x;’s are irreducible
characters of H, with ¢; € Z>¢. Then

> ¢ <[G:H], (4.42)

with equality if and only if x (¢) = 0 for every g € G\ H.

(Here [G : H] is the index of the subgroup H in the group G given by the formula [G : H] = % which
is the number of left H-cosets in G.)
Proof.
Z = (Resg X, Res% X)H \H] Z Ix (h)]”. (4.43)
i heH

But since x is an irreducible character of G, one has

1= le

gEG
= 1a] G| oM+ D0 Ix
heH geG\H
_H]
geG\H

|H |
> = (4.44)

G|

with equality if and only if x (g) = 0 for every g € G \ H. Therefore,

Z 2 < =[G : H]. (4.45)
|

Definition 4.2 (Induction of class functions). Let ¢ € Cgjass(H). We define the induced class
function Indf] 1 on G by

Ind% |H| xezcw (a: gx) (4.46)
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where 1/1 is a piecewise function defined on the whole of G as follows:

Y(y) ify € H,

0 if y ¢ H. (4.47)

Lemma 4.8
If ¥ € Celass(H), then Ind% ¢ € Cepass(G), and Ind% (e) = [G : H] ¢ (e).

Proof. Let g and ¢’ be conjugate elements. Then there exists y € G such that ¢ = y~'gy. Then
Ind 1/1 g

’H’ Zw(m ylgyz)

zeG

|H| > 9 () glye))

yreG

Zw( 9z) = Indfj ¥ (9)

zeG

Therefore, Indf] ¥ is a class function on G.

ndS, Z b (2 ex) = ’1H’ G ¥ (e) = [G: H]d(e). (4.48)

xEG
]

Let us now denote the index of the subgroup H in G by n, i.e. n =[G : H|. Then there are n-distinct
left H-cosets in G. Let g1 = e, go, ..., g, be a complete set of coset representatives, also known as left
transversal. Then g1H(=eH = H),g92H,g3H, ..., g, H are precisely the left cosets of H in G.

Lemma 4.9

Given a transversal as above,

n

md% ¢ (9) = ¥ (9, 99:) - (4.49)

=1

Proof. Using the definition of induced class function,
Ind% Z ) (x_lgx) = Z Z ¥ (x gx) (4.50)
’H| |H| i=1xcg; H

Now, for x € g;H, x = g;h for some h € H. So
¥ (27gz) = (g ggih) (4.51)

If gi_lggi € H, the RHS of (4.51) is equal to 9 (h_lgi_lggih> =1 (gi_lggz-), since 1 is a class function
on H. On the other hand, if g; 'gg; ¢ H, then h='g; *gg;h ¢ H as well. Then the RHS of (4.51) is 0,
S0 is 1) (g;lggi) In either case, the RHS of (4.51) is ) (gi_lggi). Hence,

Ind ]H] Z Z 111 (x g:n) = \H\ Z Z ¢ (gl ggz) — Zz:;ﬂ) (glflggz)- (4.52)

i=1x€eg;H i=1x€g; H
|
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Theorem 4.10 (Frobenius reciprocity)
Let ¢ € Celass [H] and ¢ € Ceass [G], where H < G. Then

(Resy 6,0 o= (¢,1nd% z/;)G . (4.53)

Proof.
((;S,Ind )G ‘G| Z¢ Ind$, ~ T |H| Z¢ Zzp(:c gx) (4.54)

zeG

We use the change of variable y = x'gz. Then g = xyz~'. For a fixed z € G, as g varies in G, y also
varies in G. Hence,

(¢.mafv) =

> oy (4.55)

z,yeG

> SG 0= g

G e

since ¢ is a class function on G. The summands are z-independent, so the x-sum will yield |G|. Also,
fory ¢ H, ¢ (y) = 0. So, the y-sum can be rewritten as a sum over y € H. Hence,

G|
Ind; | R 4.56
(¢.mafv) = |G\|H|Z¢ )= (Res 6,4) . (4.56)
[ |
Corollary 4.11
If 4 is a character of H, then Ind% ¥ is a character of G.
Proof. Let x be an irreducible character of G. By Theorem 4.10,
(.ndGv) = (Res§ x. ) . € Zso, (4.57)
since ¢ and Res$ y are both characters of H. Then (4.57) means that Ind$ ¢ is a Zso-linear
combination of irreducible characters of G. Therefore, Ind% ¢ is a character of G. [

So we have proved that the induced class function of a character of H is a character of GG, and that is
precisely the character of the induced representation, as the following result states.

Theorem 4.12

Suppose H < G, and let x be the character of the representation p : H — GL(W). Then Ind% x
is the character of the induced representation Ind% p

Proof. Let X1nd$ p be the character of the induced representation Ind% p. We need to show that
XInd€ p = Ind% x- Let g € G, then

(Indgp) (g): @WZH — @WZH;
i=1 i=1

where g1 = e, g2, 93, ..., gn is a complete set of left transversals. Let {vy,va,...,vi} be a basis for W.
Then
0 v, v,
R 2 R
I L))
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is a basis for @;; Wy, u. Let A be the matrix representation of (Ind% p) (g) in this basis. A;; denotes
the component of the i-th basis vector when (Indg p) (g) applied to the i-th basis vector.

By definition of (Indf] p) (9), it takes Wy, iy to Wy, g, where j is the unique number such that
99; € g;H. If i # j, (Indf] p) (g) takes each of the vectors Vgi), vgi), e ,V,(f) to some linear combinations
of vgj ), ng ). ,v,(Cj ). That contributes 0 to the diagonal entries of the matrix A.

On the contrary, when i = j, (Indg p) (9) takes Wy, i to itself. In that case gg; = g;h, for some

unique h € H. Then h = gi_lggi. Then the i-th component of (Indg p) (g) is

fip(h) f71 = fip (gflggi) o Wym — Wyn.

Therefore,

Tr [ (ndf p) (9)] = Z:Tr o) 17 = Y Tep (g '99:)]. (4.58)

—1
9; 99:€H

The summand is nothing but x (gi_ ! ggi>. This sum is the same as summing over all ¢, except when

9; Lggi ¢ H, we’ll consider the summand to be 0. Therefore,

-

x(9:'90:)  ifglggi € H,
0 otherwise.

i=1

|

% (9 '99:)

=1
= Indf x (), (4.59)
by Lemma 4.9. Hence, XInd§ p = Ind% X- |

Let € (g) denote the conjugacy class of G containing g.
Ca(g) = {x_lgx |z € G}.

For H < G, take the set 65 (g) N H, which can be written as the disjoint union of some H-conjugacy
classes. Note that € (g) N H cannot contain any H-conjugacy class partially. Indeed, let z € ¢ (g9)NH,
and suppose z’ is conjugate to x in H. Then 2’ = h™'xh for some h € H, so ' € H. Since = € 65(g),
x =y lgy for some y € G. As a result, 2’ = h™'azh = h= Yy Lgyh = (yh) " g (yh) € Ga(g). Hence,
x' € 6c(g) N H. Therefore, é;(g) N H cannot contain any H-conjugacy class partially.

A Dbrief on double cosets: Let H, K < G. A double coset of H and K in G is a set of the form
HxK ={hzk | h € H and k € K}, for some = € G. It’s well known that two double cosets are either
disjoint or equal, because double cosets are precisely the equivalence classes of the equivalence relation

x ~y <= there exists h € H, k € K such that y = hzk.

The cardinality of a double coset Hx K is

HIIK] _ _ |H[|K]|

HzK| = _ '
[HzK] |HNaxKz=l |o71HzN K|

(4.60)

Indeed, there is a bijection between HxK and HxKz~'. Therefore, these two sets have the same
cardinality. The latter is a product of two subgroups. We know that if Hy, Hy < G, then

|Hy | |Ho|

Hy Hy| = .
| H| |Hy N H|

(4.61)

72



4 Induced Representation Theory 73

Therefore,
Ly H||eKa| _ |H||K]
HeK| = |HaKa | = | = : 4.62
[HzK] ’ TR ‘ |HNzKz=l| |HNzKz™l (462)
Similarly, the bijection between HzK and z~'Hz K will give us
|H] K]
HzK|= —————. 4.63
|HeK| |z~ Hz N K| (4.63)

Proposition 4.13
Let v be a character of H < G, and let g € G. Let

Golg) N H = | ) % (1)

i=1

where the € (z;) are the pairwise disjoint H-conjugacy classes whose union is é¢(g) N H. Then

0 if m =0,
Indg ¢(g) = SR o (4.64)
1Ca (9)] Z;l 1 ()] otherwise;
where Cg (g) = {x € G | x7 gz = g} is the centralizer of g in G.

Proof. If m =0, then 65(9) N H = @, i.e. {x € G| 2 'gx € H} is an empty set. Then we have

1nd¢ Z ?/}( ) ’H’ Z { zlgx) if :c*lgin: € H,

oy Joyer otherwise
=0. (4.65)

Now let m > 0. Let X; = {z € G | z gz € €y (x:)}, for 1 <i < m. Then X; are pairwise disjoint,
and their union is the set {x € G | r gz e H }. By definition of the induced class function

Ind \H] Z 1/}( ) |H| Z Z ) (a: gm) (4.66)

zeG i=1zeX;
For z € X;, x gz is H-conjugate to x;, and ¢ € Celass [H], s0 ¥ (x71gz) = 1 (z;). Therefore, there
are | X;|-many contributions each equal to v (z;). As a result,
m

G _ ’Xz|
nd§ o (9) = - v o

(4.67)

Let’s now calculate ||)I§i‘|. For each ¢, choose g; € G such that g, Y9g; = x;. We claim that Cg (9)g9:H =
X;.
reX;, = x lgr=h"la;h= h_lgi_lggih for some h € H
— g (xhilgi_l) = (xhilgi_l) g for some h € H
> zh lg; ' € Cq(g) for some h € H
— z€Cq(g9)g:H.

Therefore, Cq (g9) giH = X;, and as a result, we have

[Ca (9)] 1H]

: . (4.68)
9 'Calg)gi N H|

[ Xi| = [Ca (9) giH| =
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Now,
x € Cq(x;) <= zz; =10 = mgi_lggi = gi_lggix
— (g ") 9 =g (giwg; ")
— gizg; ' € Ca(9) gi

= z €g;'Calg)y,

proving that gi_ICG(g)gi = Cg (zi). So

Cq (9)| |H]
Xi|l=——""—. 4.69
= it ] (409
Now,
heCq(z))NH — hlzsh=xz;and h€e H < he Cy (),
so that Cg (z;) N H = Cy (z;). Therefore,
[ Xi| _ 1Cq (9)]
= . 4.70
H ~ Cn () w1
Plugging it into (4.67), we have
~ 1Cc (9)] (%)
Ind§, _y 1 i) =|C . 471
i (9) = 3 Gy ) = 1Ca 01X g 0 (71)
|

We now give a proof of Theorem 4.4 as promised.

Proposition 4.14 (Previously Proposition 4.4)
Induction is transitive, i.e. if H < K < G and p : H — GL(W) is a H-representation, then
Ind$ p = Ind% (Indg p).

Proof. We show that the two associated characters are equal. Then by Corollary 2.6, we are done
proving the isomorphism of representations. Let x be the character associated with the H-representation
p: H — GL(W). By Theorem 4.12, induced character (induced as a class function) is the character of
the induced representation. So we need to show that

ndf y = md§ (ndf x). (4.72)

Take g € G. Then

(Indg X) ‘1

; (:U_lgx> . (4.73)

On the other hand,

nd (ndff )| (9) = |[1(’ % (mdff x) (v~"gv)
y‘l{gyGK
= |K1!|;17| > > % (zfl (yilgy) z) . (4.74)
y*%EfGK z_l(yielgj)zeH
We can rewrite it as follows:
hﬁ@ﬁﬂ@:@§|ziwwm¢ (4.75)
yeG,zeK
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4 Induced Representation Theory 75

where Y = x on H, and x = 0 outside of H. Now, given any = € G, there are exactly |K|-many
solutions to the equation x = yz where y € G and z € K. Indeed, given any z € K, there is a unique
y € G, namely y = xz~'. Therefore,

[md§ (ndff x)] (9) = R 2 X (v2) " gv2)

= (Indg X) (9). (4.76)

Hence, Indg X = Ind% (Indg X), and we are done! |

§4.5 Other constructions of Ind% IV

There are actually several other constructions of the induced representation. But they all are equivalent
by the universal property of induced representation.

Theorem 4.15

Let H < G, and let W be an H-representation. Suppose W —% Vi and W =2 V5 are two
inductions of W to the group G. Then V; and V5 are isomorphic as G-representations.

Proof. By the universal property of induced representation, if Z is another representation of G, and
B : W1 — Z is a H-linear map, then there exists a unique G-linear map 8 : V4 — Z such that the
following diagram commutes:

(4.77)

Similarly, there exists a unique G-linear map F : Vo = Z such that the following diagram commutes:
W —"==

» 13! 3 (4.78)

-

Z

Taking Z = V5 and 8 = ae in (4.77), there exists a unique G-linear map f : V3 — V5 subject to the
commutativity of the following diagram:

EIN (4.79)

Similarly, taking Z = V; and 8 = aj in (4.78), there exists a unique G-linear map g : Vo — Vj subject
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4 Induced Representation Theory 76

to the commutativity of the following diagram:

dlg (480)

Combining (4.79) and (4.80), we have the following commutative diagram:

Va
“2 g wW—=951
w— 5V = s fog (4.81)
as f Va
Va

But taking Z = V5 and 8 = a9 in (4.78), there exists a unique G-linear map az : Vo — V3, namely
1y, : Vo — V5 subject to the commutativity of the following diagram:

3 @p=1y, (4.82)

But by (4.81), taking az = f o g also makes the diagram commute. Therefore, by the uniqueness,
fog=1y,. Similarly, go f = 1y,. f,g are G-linear maps. Therefore, f : V; — V5 is an isomorphism
of G-representations. |
§4.5.i Using right-cosets

We previously constructed Ind% W as the direct sum of W, r’s, where g; H’s make up a complete set
of left-cosets of H. One can similarly construct Indg W using right-cosets as well.

Let n = [G : HJ, so there are n right cosets of H in G. Take g1 = e,g2,93,...,9n such that
Hg1,Hgs,...,Hg, are all the right-cosets of H in G, so that

G=HgiUHgU-- - Hg,. (4.83)
(Here U signifies disjoint union) As before, we take
V=WeWeao - -oW=W" (4.84)
We label them with the cosets, so
V =Whg ® WrHg, ® - ® Why,. (4.85)
Suppose pg : H — GL (W) be the H-representation in question. We define the induced representation

p: G — GL(V) as follows: For g € G, we are going to define p(g) (v) for v.€ Wy,,. Suppose

ggj_l = gi_lh for some h € H. Then

p(g) v := the copy of pg (h) v in Wgy,. (4.86)
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More formally speaking, suppose f; : W = Wy, — Wiy, be the identification. Then for v € Wy, and
997 =g;'h,
p(g)v = [fiopu (h)o f;] v. (4.87)

Then it’s a routine check that this is, indeed, a representation. One can similarly check as in Lemma 4.1
that it satisfies the universal property of induced representation’.
§4.5.ii Using function space
Let pg : H — GL(W) be a representation of H, and H < G. Consider the function space

V={f:G—->W| f(hx)=pg(h)f(x), Ve € G,h € H}. (4.88)

We can define a representation p: G — GL(V) of G on V as follows:

[ (9) 1 (z) = [ (29). (4.89)
We need to check that p(g) f is an element of V.
[0 (9) f] (ha) = f (hzg) = pu (h) f (zg) = pu (R) [P (9) [] (z) .- (4.90)

Therefore, p(g) f € V. Given g,¢' € G,

[p(99") ] (x) = [ (zgd) -
[p(9)p(d) f] (x) = [p(d) f] (zg) = f (zgd') -

Therefore, p(g99') f = p(g9) p(¢’) f, and hence, p : G — GL(V) is, indeed, a representation of G. We
want to show that this is also an induced representation, induced by pys.

The crucial observation is that any function f € V is completely determined by its values in the
right-coset representatives. To be precise, take g1 = e, 992,93, ..., 9n such that Hgy, Hgo, ..., Hg, are
all the right-cosets of H in G, so that

G=HgiUHgU---UHg,.
Then any g € G can uniquely be written as g = hg; for some h € H and i € {1,2,...,n}. Then

f(9) = f(hgi) = pm (h) f (9i) - (4.91)

So, if we know the value of f on each g;, then we know the value of f on the whole of G. Now we can
define an isomorphism of vector spaces:

VW =P Whg, =V

i=1

(W17W2a'~-7wn)'_>f7 f(gl)zwl Vi.

This is an isomorphism of vector spaces, because as mentioned earlier, f is completely determined by
its values on each g;. We claim that this is also a G-linear map.

Take w; € Wyy,. Then ¢ (w) € V' is a function, such that 1 (w;) (g;) = w; and ¥ (w;) (gx) = 0 for
k # 7. We can write it as follows:

W ifk}:j,

0 if k # j. (4.92)

b (wj) (9x) = {

Let p1 : G — GL (@j2; Why,) and p2 : G — GL(V) be the relevant group homomorphisms of the
representations. For g € G,

[p2 (9) ¥ (W5)] (gr) = ¥ (W;) (9r9) - (4.93)

!Check https://atonurc.github.io/assets/catrep_talk_2.pdf (slides 24 to 29) for a detailed proof that this con-
struction satisfies the universal property of induced representation.
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grg belongs to a right H-coset, say Hg;. Then grg = h'g;. As a result,

[p2 (9) ¥ (W)] (gk) = ¥ (wj) (W' g1) = pm (B') % (w;) (a1) - (4.94)

For [ # j, this is 0. Suppose, for k = 7, we have [ = j. Then g;g = hg;, i.e. ggj_1 = hgi_l. Then we have

[p2 (9) ¥ (W;)] (9:) = pu (R) Y (W;) (9;) = pu (h) W;. (4.95)

To summarize,

if k =4, where i satisfies ggj_1 = hgz-_l,

[p2 (9) ¥ (W)] (gx) = {pH (h)w; (4.96)

0 otherwise.

Now, p1 (g) w; gives us the copy of py (h) w; in the i-th component W, , where ¢ satisfies gg;1 = hg; .
Therefore, applying 1 on it gives

pu (h) w; if k= 71‘, where ¢ satisfies ggj_1 = hgz-_l, (4.97)
0 otherwise.

[ (p1 (9) W) (g) = {

Therefore,
Yopi(g) =p2(g)ov, (4.98)

i.e. the following diagram commutes for every g € G:

O Wiy —2 V
=1

p1(9)l B/’?(Q)
® Wiy, —— V
=1

n
Therefore, ¢ is an isomorphism of G-representations. We have already seen that @ Wy, = Indg wW.
i=1

As a result, V = IndG W, B

§4.5.iii By extension of scalars

We have seen that a G-representation V' can be thought of as a G-module. The concept of module we
know is that of a module over a ring. But G is not a ring. So “a module over G” doesn’t make any
sense. However, we can think of a G-representation V' as a module over a ring as well. That ring is
precisely the group algebra C[G].

Definition 4.3. The group algebra C [G] is
C[G] =span{d, | g € G}.

The multiplication rule is given by
0g - Ogr = Oggts (4.99)

and extend it linearly. The multiplicative identity is d., where e € GG is the identity element.

If p: G — GL(V) is a representation, then V' is a C[G]-module (module over the ring of C[G]).

geg geg

(Z agég) Vo= Z agp (g)v. (4.100)
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Then one can check that this satisfies all the axioms of a module over the ring C[G]. Usually in a
module, the scalars come from the ground ring. Here, the ring is C [G]. In (4.100), 3", a4 € C[G]
is the scalar from the ring.

Similarly, a vector space V that has a C[G]-module structure is a representation of G. The
representation p : G — GL(V) is defined as follows:

ge€yg

p(g)v:=10d4-V. (4.101)

The multiplication ¢, - v on the RHS of (4.101) comes from the C[G]-module structure of V. Here
v € V, and §, € C[G]. The multiplication J, - v is the scalar multiplication of the module element v
by the scalar §, from the ground ring C [G].

So we have established that a representation of a group G is the same as a vector space V' which has
the structure of a module over the ring C[G]. Now, let W be a representation of H, where H < G,
with group homomorphism pg : H — GL(W). Then W is a C [H]-module:

op-w:=pg (h)w. (4.102)

We want to make a C[G]-module out of it. For that purpose, we need to extend the scalars of the
module from C[H] to C[G]. One way to do it is to take the tensor product

ClG] @cim W-

Here, both C[G] and W are representations of H, i.e. both are vector spaces that are C [H]-modules.
Then the tensor product C [G]®@¢ (g W is also a C [H]-module. This has the structure of a C [G]-module
as well:

O+ ((59 ®(C[H] W) = 5mg ®(C[H] w. (4.103)

Therefore, C[G] ®@cia) W defines a representation of the group G. Indeed, this is the same as the
induced representation Indg W. To show this, first we fix representatives

g1=2¢€, g2, g3, ..., QHEG

of left-cosets in G/H, i.e. G/H = {g1H,92H,...,g,H}. Then we define the linear map

¢ @ Wy = CG] @cim W

i=1

as follows: given w € Wy, i (remember that W and W,y are the same vector space, just labelled
differently), we define
Y (W) =g, Qcigy W, forwe Wypn. (4.104)

To be precise, let f; : W — W, g be the vector space isomorphisms. Wy, g is the same vector space as
W, just labelled differently. So f; is just the identity map. Then for w € W, y,

¥ (W) = 8y, cpu) fi ' W (4.105)

This is a well-defined linear map. This is also an isomorphism of vector spaces, because the inverse
map is given by
n
¢: ClGl ®cyy W — P Wy,n.
i=1
It takes dy @) W, for some g € G and w € W, and maps it to ;2 Wy, iz. The way it is defined is
as follows: first identify which coset g belongs to, i.e. write g = g;h for some h € H. Then

0g @ciH] W = Og;n Ocim] W = 0g,0n Qc) W
= 591’ Qc[H] OpwW = 5!% Xc[H] Opw
= 0, ®cim) pu (h) w. (4.106)
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So ¢ maps it to
0] (59 ®c(H] W) = the copy of py (h)w in W, g. (4.107)
To be precise, for g = g;h and w € W,
6 (8g @y w) = filpu (D) w]. (4.108)
Now, given w € Wy, g,
6 (W (w) = ¢ (85, Scpy £ 'W) = fifi'w
=we Wy,n. (4.109)
Therefore, p oy = l@?:l Wy, On the other hand, given g € G and w € W,
¥ (¢ (9 @cpm w)) = v [fior (1) w) (4.110)
where g = g;h, for h € H. Then
0 <¢> (59 ®c[H] W)) = [fipn (h) W]
= 8g, @c) Ji " [fipm () w)
= 09, ®cu) pr (h) W
= 0g4 Q) W, (4.111)

by (4.106). Therefore, ¢ 0 ¢ = Legeyw. So ¢« @ity Wy, — C[G] ®cpy W is an isomorphism of

vector space. Now we show that it is a G-linear map.

Let p1 : G — GL (@i, Wy,m) and p2 : G — GL (C [G] ®ci W) be the relevant group homomor-
phisms of the representations. To show that 1 is a homomorphism of representations, we need to show

that the following diagram commutes for every g € G.

Dy Wi ——— C[C] ®cia W

p1(9) ‘pz (9)

D W —— ClGl e W

Take w € Wy, ;. Suppose gg; = g;h for some h € H.

p2 (9) 0 (W) = pa (9) [d, By ;7 W]
= 0gg; Oc|H] fiflw
= 8g,n Ocim) f;'w
= 09,00 Ocim) fi ‘W
= 0g; ®c[H] On (fi_lw)
= 0g, ®cm) pu (h) (fz‘_lw) -
On the other hand,
¥ (p2 () w) = (fipm () £7'w)
= 6g, Rcim) f; (ijH (h) fi_lw)
= 0y, @cim) pu (M) (fi_lw) :

Therefore, 1 is a G-linear map, and hence it is an isomorphism of representations.
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5 Young Tableaux

In this chapter, we’ll see a very elegant description of irreducible representations of &,, through
Young tableaux.

§5.1 Young diagram

Definition 5.1. A partition of a positive integer n is a sequence of positive integer A =
()\1,)\2,...,)\1) satisfying A\ > X > - > N > 0O with n = A\ + Ao+ --- + \;. We write
A n to denote that A is a partition of n.

For instance the number 4 has five partitions: (4),(3,1),(2,2),(2,1,1),(1,1,1,1). These partitions
are pictorially represented by Young diagrams as follows.

Definition 5.2 (Young diagram). A Young diagram is a finite collection of boxes arranged in
left-justified rows with row size weakly decreasing (equal or less). The Young diagram associated
with the partition A = (A1, Ag,..., ;) is the one that has [ rows and the i-th row contains \;
boxes.

For example, the Young diagrams corresponding to the partitions of 4 are:

(4) (3,1) (2,2) (2,1,1) (1,1,1,1)

N [ ] |

Because of the 1-1 corresponsence between partitions and Young diagram, same symbol is used for
both of them. Foor example, by (3,1), one represents the second Young diagram above. A Young
tableau is obtained by filling the boxes of a Young diagram with numbers.

Definition 5.3 (Young tableau). Suppose A - n. A Young tableau ¢ of shape A is obtained by
filling in the boxes of A with each of 1,2,...,n exactly once. In this case, we say that t is a
A-tableau.

We can easily see that there are n! such A-tableaux. For example, corresponding to A = (2, 1), there
are 3! = 6 such tableaux:

2] [2]1] |1]3] [3]1 23 32|

3 3 2 2 1

Definition 5.4 (Standard Young tableau). A standard Young tableau is a Young tableau whose
entries are increasing across each row and each column.

The only standard tableau for A = (2,1) are

32\ ;3\

Here is another example of a standard tableau associated with A = (3,3,2,1) F O:

81



5 Young Tableaux 82

’@\Iwr—t

‘We know from our previous discussions on character theory that the conjugacy classes of &,, are
characterized by the cycle types, and thus they correspond to partitions of n, which we have seen to
be equivalent to Young diagrams of size n. We also have learned from the construction of character
table that the number of irreducible representations of a finite group is equal to the number of its
conjugacy classes. So it makes perfect sense to talk about constructing an irreducible representation of
&, corresponding to each Young diagram of size n.

§5.2 Tabloid and permutation module 1/*

Definition 5.5 (Young tabloid). Two A-tableaux t; and ¢y are row-equivalent, denoted ¢; ~ to, if
the corresponding rows of the two tableaux contain the same elements. A tabloid of shape A, or
A-tabloid is such an equibalence class, denoted by [t] = {t1 | t1 ~ t}, where ¢ is a A-tabloid.

We draw the tabloid [t] by removing the vertical bars separating the entries within each row. For
instance, if

i=1]2]

)

then [t] is the tabloid drawn as

w

which represents the equivalence class containing the following tableaux:

12 211
and
3 3
Also, for example, notice that
1 4 7 4 7 1 4 7 1 4 7 1
3 6 = 6 3 % 6 2 % 2 3
2 5 2 5 3 5 6 5

We now want to define a representation of &,, on a vector space whose basis is the set of tabloids for a
given shape. For this, we need to find a way for the elements of &,, to act on the relevant tabloids.
There is an obvious choice of letting the permutations permute the entries of the tabloid. For instance,

(123) (5.1)

1 2 2 3

3 1 ‘
This is a well-defined action. Indeed, if ¢; ~ t9, then the rows of ¢; and ¢35 contain the same elements.
After performing the permutation m € &,,, the rows will also have the same elements. In other words,

(t1] = [to] = m[ta] = m[t2],

i.e. the action of &,, on the tabloids is well-defined.
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Definition 5.6 (Permutation module). Suppose A F n. Let M? denote the vector space whose basis
is the set of A-tabloids. Then M? is a representation of &,,, known as the permutation module
corresponding to .

Example 5.1. Consider A\ = (n). We see then M* = M) is the 1-dimesnional vector space spanned
by the single tabloid

1 2 3 ---n

There is this single tabloid in the basis set of M (™) as there is only one row involved. Since this tabloid
is fixed under the action of &,, by permuting its entries, we see that M (™ is the 1-dimensional trivial
representation.

Example 5.2. Consider A = (1,1,...,1). Then a A-tabloid is simply a permutation of {1,2,3,...,n}.
Here is an example of such a A-tabloid:

1
2
3

5]

There are n! such distinct A-tabloids. Each A-tabloid corrresponds to a unique o € 6,,. m € &,, acting
on the A-tabloid corrresponding to ¢ € G, gives us the A-tabloid corresponding to wo € &,,. Therefore,
it follows that M (1121 is isomorphic to the regular representation C [S,,].

Example 5.3. Consider A = (n — 1,1). Let [t;] be the A-tabloid with i on the second row. Then M*

has basis as [t1], [t2], ..., [tn]. For example, for n = 4, M3 has the following basis:
2 3 4 1 3 4 1 2 4 1 2 3
= ] = = fty] = —
] =— lto] =— [ta] = — 23]

The action of m € &,, sends [t;] to [tﬂ(i)}. Hence, M ™11 is isomorphic to the defining permutation
representation of &,, on C".

Now we study the dimension and characters of M?*.

Proposition 5.1
If A= (A, N\, ..., A)) Fn, then

|
dim M* = i

N )\1')\2')\[' (5'2>

Proof. The first row of a A-tabloid has Aj-many entries, and there are ( )7:”1 )-many ways to choose the

A1-many entries of the first row. Then there are (”;2’\1)—many ways to choose the As-many entries

of the second row. Continuing this way, there are ("_Al_/\'"_Alfl)—many ways to choose the A\j-many
entries of the [-th row. Choosing the entries is enough, we don’t need to arrange or permute the entries

in a row. Therefore, the total number of A-tabloids is

n\[{n—>XMN n—A—-—AN-1) n!
<A1>< Ao )( Y )_)\1!)\2!---)\1!’ (5-3)

The dimension of M* is the number of A-tabloids. Therefore, dim M* = m |
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Proposition 5.2

Let A = (A1, A2,...,N) Fn,and g € &,,. Let (my1,ma,...,m,;) be the cycle type of g (i.e. g
is a product of an mi-cycle, an mo-cycle, and so forth in its the disjoint cycle product form).
Then the character of the representation of &,, on M* evaluated at g is equal to the coefficient of

ad? - -$l>" in the product

T
IT (=7 + 25 + - + 2]).
g=il

Proof. Since M* can be realized as a permutation representation on the set of A-tabloids, by Lemma 2.2,
the character value evaluated at g € &,, is the number of A-tabloids fixed by g. Now, only those
A-tabloids will be g-fixed for which each cycle of g permutes the elements from a single row.

This is achieved by putting the m;-cycles in a single row (for all the rows) so that under the action
of that cycle, the tabloid remains invariant. There are r such steps where r comes from the fact that
the cycle type of g is given by the r-tuple (my,ma,...,m;).

As we expand the polynomial given above (also known as generating function), the variable we select
in each factor, say x;, corresponds to the choice of which row in the tabloid we would like to put the
cycle in. Specifically, choosing :1:;”1 corresponds to placing a cycle of length m; into the j-th row of the
tabloid. Then for any term after the expansion is carried out, the exponent of x; corresponds to the
total number of elements placed in the j-th row which we expect to be ;.

So, the coefficient of the term x{‘lxg"" e xl)‘l in the given polynomial expression precisely refers to
the number of tabloids of shape A that emerges after this r-step process, i.e. the number of A-tabloids
fixed by a permutation of cycle type (my, ma,...,m;). |

Example 5.4. Let us calculate the full list of characters of the permutation modules for G4. We know
that the character at the identity element is equal to the dimension of the representation space.

|
dim M@ = 2 _ g

4!
4!
. 31 _ A
dim M =5 = 4
4!
1 (272) N —
dim M = 591 = 6
I
dim @l — Ao
211111
4!
1 (17171) — —
dim M = T - 2

Suppose, we want to calculate the character of &4 corresponding to M2 at the permutation
(12) € &4. Then A = (2,2) and the cycle type is (2,1, 1). Hence, the generating polynomial is

(x% + x%) (21 4 o) (21 + x2) = 2 + 2030y + 22222 + 22123 + 23, (5.4)
The coefficient of 2323 in the above polynomial is 2. Hence, the character of &4 associated with M (%2)
evaluated at (1 2) is 2. From the same polynomial, we see the coefficient of 325 is 2. So the character
of &4 associated with M (1) evaluated at (1 2) is also 2. Similarly, we can compute other characters
as well, which we can express in the following table:

Permutation 1 (123) (12) (12)(34) (1234)
CyCle type (17 17 17 1) (37 1) (27 17 1) (27 2) (4)
M@ 1 1 1 1 1
MGD 4 1 2 0 0
M©22) 6 0 2 2 0
ML 12 0 2 0 0
MOLLD) 24 0 0 0 0
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Note that this is NOT the character table of &4, because the permutation modules M* are not, in
general, irreducible representations.

Now we move forward to construct irreducible representations of &,,.

§5.3 Specht modules S*

In the previous section, we constructed representations M?* of &,,, known as permutation modules. In
this section, we construct an irreducible subrepresentation of M* that corresponds uniquely to .

Definition 5.7. For a tableau ¢ of size n, the row group of ¢, denoted by R; is the subgroup of
G, consisting of permutations which only permutes the elements within each row of ¢. Similarly,
the column group C} is the subgroup of &,, consisting of permutations which only permutes the
elements within each column of ¢.

For example, if

then

Ry = 611241 X S35 = 63 X 63,
Ct = 6{3’4} X 6{175} X 6{2} = 62 X 62.

Let us select certain elements from the vector space M* to span a subspace.

Definition 5.8 (Polytabloid). If ¢ is a tableau, then the associated polytabloid is

e = Z (sgnm)m[t]. (5.5)

TelCy
For example, if
1]2]
t= ,
5
then the associated polytabloid e; is
4 1 2 (34)412 (15)412+(34)(15)412
e =e — —
T35 3 5 3 5 3 5
4 1 2 3 1 2 4 5 2 N 3 5 2
35 4 5 31 4 1
Now, using the following lemma, we’ll see that &,, permutes the set of polytabloids.
Lemma 5.3
Let ¢t be a tableau and 7 € &,,. Then
€t = Tey. (56)

Proof. Let us denote the columns of the tableau ¢ by C7,Co, ...,y so that the column group can be
written as

CtZGCIXGCQX”-XGCk.

Then
Crt) = Gxcr) X Gricy) X - X Gr(cy)s
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where 7 (C;) consists of the images of the column C; under 7 € &,,. Given o € S¢;, if
o= (a1 az -+ ag)(bi by - b)),
and if 7 sends x to 2/, then
ron t = (a} by -+ a}) (V) by - Bl,) - (5.7)
Therefore, G, = 7&c,m L. As a result,
7C = Cpy. (5.8)
Then using the definition of polytabloid,
ert = Z (sgno) o [rt]

UECﬂ't

= Z (sgno) o [wt]

oenCyr—1

= Z (sgn (WU'W_I)) no'n ! wt]

o'eCt

=7 Y (sgno’)o’[{]

o’'eCy
= Tr€;. (59)

Now we are ready to extract an irreducible subrepresentation from M?.

Definition 5.9 (Specht module). For any partition A - n, the corresponding Specht module,
denoted by S*, is the submodule of M* spanned by the polytabloids e;, where ¢ is taken over all
tableaux of shape A.

Let us pause a bit and loot at a few examples.

Example 5.5. Consider A = (n). Then there is only one polytabloid, namely

1 2 3 ---n

as there is nothing to permute along the columns. Since the polytabloid is fixed under the action of
any m € &,, we see that S (") is the 1-dimensional trivial representation.

Example 5.6. Consider A = (1,1,...,1). Let
1
2
3

n

There is only one column here, which we denote by C. Ct = G153 = &p. There are n! many
elements in Cy. Hence, there are n! many A-tabloids for this example. If ¢ is such a A tabloid, then one
can write down the polytabloid e; associated with the given A-tabloid using (5.5).

If one writes down the polytabloid e; associated with another A-tabloid ¢ among the n! many
choices, then one easily finds that
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(i) if ¢’ is obtained from ¢ through an even permutation, [t'] = o [t], for sgno = 1. Then

ey = Z (sgnm) 7 [t'] = Z (senm) o [t] = Z (sgn(mo)) 7o [t] = ey. (5.10)

meCl TeCt ToeCh

(ii) if ¢’ is obtained from ¢ through an odd permutation, [t'| = o [t], for sgno = —1. Then

ey =Y (sgnm)w[t']= > (sgnm)mo[t]=— > (sgn(no))wo[t] = —e;. (5.11)

TeCl TeClt woeCh

So there is only 1 linearly independent polytabloid, and hence S* is a 1-dimensional representation of
S,,. From Lemma 5.3, it follows that

mer = en = (sgnm) ey (5.12)
Hence, S(-1--1) s the sign representation of &,,.

Example 5.7. Consider A = (n — 1,1). Let [t;] be the A-tabloid whose entry in the second row is i.
There are n such A-tabloids. For a given tableau t; of shape A = (n — 1, 1),

ilalbl -
t = J | | \ (5.13)
i
the polytabloid e;, reads
j a b .- i a b ---
e, = - — ; = [t:i] — [t;], (5.14)

as there is only two element in the column group Cy, which permutes 7 and j. Now, the number of
linearly independent polytabloid ey, is actually » — 1, namely

[tl] - [tQ] ; [tQ] - [t3] PR [tn—l] - [tn] .
If we denote [t;] by v;, then vi —va,vo — vs,...,v,_1 — v, forms a basis for S(=L1)  Then
S — feivi + v+ eV | el F a4 -+ ¢, = 0} (5.15)

Indeed, dim S~ = n — 1. This is an irreducible representation of &,, known as the standard
representation, which we studied earlier. The direct sum of the standard representation S~11) and
the trivial representation S(n) is the defining representation of &, i.e. S~ 11 g §(n) =~ pr(n—11)

For &3, we have seen that there ave exactly 3 irreducible representations of it, namely, trivial, sign,
and standard representation. These correspond to the 3 Specht modules discussed in the last 3 examples,
namely SG), §11L1) and S So, we see that in this case the irreducible representations are precisely
the specht modules. Amazingly, this is true, in general, as given by the following Theorem:

Theorem 5.4

The Specht modules S* for A - n form a complete list of irreducible representations of &,, over C.

Before diving into the proof of Theorem 5.4, we’ll need a few results.

Lemma 5.5

Let t and t' be two A-tableaux. Then Y ¢, (sgn) [t'] = £e;. This sign is positive if ¢’ is
obtained from ¢ using an even permutation, and negative otherwise.
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Proof. Suppose t' is obtained from ¢ by applying g € &, i.e. [t'] = g[t]. In fact, we can assume WLOG
that g € Cy. Indeed, if [t'] = [t], then g = e. Otherwise, suppose (i j) is a transposition in g. We can
rearrange the rows of ¢’ so that ¢ and j are in the same column of ¢. Thus, we get (i j) € Cy. Similarly,
all the transpositions of g are in C;. So we can assume g € C;. As a result, when 7 varies in Ct, wg
also varies in C4.

> (sgnm)w[t'] = ) (sgnw)mg ]

weCy TeCy

= (sgng) > (sgu(rg)) (wg) [t]

TgeClt
= (sgng) e. (5.16)

Definition 5.10 (Lexicographic ordering). Let A = (A1,...,\;) and p = (u1, . .., ug) be two partitions
of n with X\ # p. Let i be the first index where A and p differ. If A\; < p;, we write A < p. This is
called the lexicographic order on the set of partitions of n.

The lexicographic ordering is a total order, as one can verify easily. In other words, given any A # p,
either A < por p < A

Lemma 5.6 (Dominance lemma)

Let A= (A1,...,A) and p = (p1, ..., pr) be two partitions of n with A < . Let ¢ be a A-tableau
and t’ be a p-tableau. Then there exists a pair (z,y) such that z,y are in the same row of ¢’ and
in the same column of t.

Proof. Let i be the first index where A and p differ. By hypothesis, A; < p;. Assume the contrary.
Then for each j, the elements of the j-th row of ¢ are all in different columns of t. We sort the entries
in the column of ¢ so that the elements of the first j rows of ¢’ all occur in the first j rows of . We can
do this because if there is a column of ¢ that contains more that j entries from the first j rows of ¢/,
then we must have two entries in the column coming from the same row, which we assumed doesn’t
happen. Now,

A1 + -+ + A\; = number of elements in the first ¢ rows of ¢
> number of elements of ¢ in the first i rows of ¢
= number of elements of in the first ¢ rows of ¢’

= p1 ot e
This contradicts the fact that ¢ is the first index where A and p differ, and A; < p;. |
Lemma 5.7

Let A= (A1,...,A\) and g = (p1, ..., pr) be two partitions of n with A < p. Let ¢ be a A-tableau
and t’ be a p-tableau. Then
3 (sgnm) 7 [¢] =0,

TelCy

where the equality holds in M*.

Proof. By Dominance lemma, there exists a transposition (z y) € C; and (x y) € Ry. Let’s call the

88



5 Young Tableaux 89

transposition g := (z y). sgng = —1; and since g € Cy, when 7 varies in Cy, mg also varies in C.

> (sgnm)w[t'] = D (sgn(wg)) (wg) [t']

meCy meCh

=— Z (sgnm)m[g-t']

meCt

=— > (senm)w[t], (5.17)

meCt

since g € Ry. Therefore, > (sgnmw)n[t'] = 0. [ |
TeCly

Lemma 5.8

If A= (\,...,N) and g = (1, ..., p) are two partitions of n with A # y, then S* and S* are
not isomorphic representations.

Proof. WLOG, assume A\ < pu. Assume the contrary that f : S* — S* is an isomorphism of
representations. Then for any v € S* and any g € &,

flg-v)=g-f(v). (5.18)
Then it follows that for any A-tableau ¢,

f (Z (sgnw)w-v) = Z (sgnm)m- f(v). (5.19)

7eCt meCt
For any p-tableau t', Y7 o, (sgnm) 7 [t'] = 0 by Lemma 5.7. Therefore, the RHS of (5.19) is always 0.

Now, take v = e;.

Z (sgnm)m-e, = Z (sgnm)m Z (sgno) o [t]

TeCy TeCy oeCy
= Z Z (sgnm) (sgno) (wo) [t]
meC oeCy
= > Y (sgn(w0)) (7o) [t]
weCy mo€eCly
=Y e =[Cile #0. (5.20)
7eCl

Since the argument of f on the LHS (5.19) is nonzero, the LHS must also be nonzero since f is an
isomorphism. But we have seen that the RHS of (5.19) is always 0. Contradiction! Therefore, there is
no such isomorphism. |

Lemma 5.9

Given A n, S is an irreducible representation of &,,.

Proof. Let W be a nontrivial &,,-invariant subspace of S*. Then take a nonzero vector w € W. Then
it is some complex linear combination of [t;]’s where each t; is a A-tableau (S? is a subspace of M?*,
and M* is spanned by [t;]’s for t; being a A-tableau). In other words,

N
w=> ¢ [t]. (5.21)
i=1
Fix a A-tableau t. Since W is a &,-invariant subspace, > ¢, (sgn7) 7 - w is also in W.
N N N
Z (sgnm)m- Z ¢ [ti] = Z Ci Z (sgnm)m[t;] = Z +ciey, (5.22)
TeCly i=1 i=1 TeC} i=1

by Lemma 5.5. This is a scalar multiple of e;, say ce;. Then we have two cases:
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(i) ¢ = 0 for every choice of nonzero w € W: By (5.20), >, ¢, (sgn7) 7 applied to e; gives us
|Ct| e;. Since ¢ = 0 for every choice of nonzero w € W, this means e; ¢ W. Not only that, the
component of e; in any vector of W must also be 0.

Hence, e, € W. Since W+ is also a &,-invariant subspace, e, = o0 e; € W for every o € &,,.
As a result, every e; is in W', as we can get to any A-tableau by permuting the entries of t.
Hence, W+ is the whole S*. In other words, W = 0.

(ii) ¢ # 0 for some nonzero w € W: In this case, since W is a subspace, we have e, € W. Since W is
a G, -invariant subspace, e,; = ce; € W for every o € &,,. As a result, every e; is in W, as we
can get to any A-tableau by permuting the entries of t. Hence, W is the whole S*.

Therefore, S is irreducible. |
Now we gather all the pieces of the puzzle to complete the proof of Theorem 5.4.

Proof of Theorem 5.4. The number of partitions of n is the same as the number of conjugacy classes of
S,,, which is the number of irreducible representations of &,,. The collection {S A | A n} is a collection
of pairwise non-isomorphic irreducible representations. The number of irreducible representations in
this collection is precisely the number of irreducible representations &,, can have. Therefore, this is
the collection of all irreducible representations &,,. |

Polytabloids are, in general, linearly dependent, as we have seen in the examples before. We know
that the Specht module S* is spanned by the polytabloids. We may ask how to select a basis for S*
from the set of polytabloids. The answer is given in the following theorem.

Theorem 5.10

Let A n. The set
{e: | t is a standard A-tableau }

forms a basis for S* as a vector space.

As before, we need a few machinaries to prove Theorem 5.10. For A F n, let f* denote the number
of standard A tabloids. We want to show that dimS* = f*. Since S*’s are all the irreducible
representations, the sum of the square of their dimensions will be the cardinality of &,,. So we will have

2
S (P) =
()
We will prove a combinatorial identity first, which proves that this is indeed the case.

Proposition 5.11 (Robinson—Schensted correspondence)

There is a one-to-one correspondence between elements of &,, and pairs (P, Q) of standard tableaux,
both of the same shape A. In other words,

3 (fA>2 =nl (5.23)

AFn

Proof. Let 0 € G, be a permutation:

(1 2 3
- \e(@) o(2) o(3) - o(n))”
From this permutation, we construct a sequence of standard tableaux (Py, Qo) , (P1, Q1) ..., (Pn,Qn),
with (P,, @,) being the corresponding pair of standard tableaux, both of the same shape \. (FPy, Qo)

is the empty tableaux, and at the i-th step, we add one element to each of (P,_1,Q;_1). Here is the
algorithm:
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1. Suppose we have constructed up to (Pj—1,Q;—1). Now we will insert ¢ into @; and o (i) into F;.

2. Look at the first row of P;_;. If all the numbers are smaller than o (7), then add o (i) to the end
of the first row.

3. Otherwise, find the leftmost number z in the first row that is greater than o (i). Replace x by
o (7).

4. Head over to the next row, repeat the previous step for x. That is, either add z to the end of the
row, or find the leftmost number that is greater than x; replace that number with x; then do this
again for that number. We have to keep on doing this until a new box is added at the end of
some row. Thus we get P;.

5. When a new box is created, create the same new box at the same spot in @;_1, and write 7 in
that new box. Thus we get Q;.

Clearly, each P; is a standard tableau. @ is a record of where a box was added in each step of the
construction of P. After the insertion of o (i), one new box is added to the shape of P;_1 to obtain
the shape of P;. We add a box to the shape of ();—1 and write ¢ in the box. Then each @); is also a
standard tableau, because a new box is added at the end of a row, or it creates a new row. The new
box always has a box above it (except in the first row), so the values in the columns and rows are
always in an increasing order.

We illustrate the process using the example of

1 2 3 4 5
”‘(3 415 2)665'
At the beginning Py and Qg are the empty tableaux.
1. i=1,0(i) = 3. So P, and @Q); are:

P = , Q1= -
2. i=2,0(i) =4. We just add 4 to the end of P;.

3. i =3, 0(i) = 1. The leftmost entry in the first row that is larger than o(7) is 3. So we replace 1
with 3, and move 3 to the next row.

14\ _12\
3 ) Q3_ .

P; =

4. i1 =4, 0(1) = 5. We just add 5 to the end of the first row of Pj.

14|5\ _12|4\
3 B '

P =

5. i =05, 0 (i) = 2. The leftmost entry in the first row that is larger than o (i) is 4. So we replace 2
with 4, and move 4 to the next row. Then we can add 4 to the end of the next row.

d 4

Ps =

) Q5:
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Thus, from a permutation in &,, we get a pair of standard tableaux. The crucial fact about this
algorithm is that it is perfectly reversible. At the i-th step, we add a box containing 7 to QJ;_1 in the
place where P; got a new box. The reverse algorithm is as follows: Write the incomplete o

(1 2 3 ... n)
g = .

1. Delete from @; the box containing ¢. Locate that box in P; and delete it. Suppose that box
contains the number z.

We will fill out this.

2. Move to the above row. Find the rightmost number less than z. Replace x with that number y.

3. Do the same for y. That is, go to the previous row. Find the righmost number less than y.
Replace that number with y. Then keep on repeating this process until finally some number k is
bumped from the first row.

4. Add k as o(i) in the incomplete o matrix:
(12 i1 it1 - on
KA . k=o(i) o(i+1) -+ o(n))’

As before, we illustrate the process using the example of

P_125\ _124\
REI Q_35 '

1. Look up 5 from . The number in the corresponding place in Ps is 4. The rightmost number in
the previous row smaller than 4 is 2. Write 4 in place of 2. There is no previous row, and 2 is
removed. Therefore, o(5) = 2.

1({4]|5 1({2|4 1 2 3 45
P4:3 |" Qs = |" UZ(****2>'

2. Look up 4 from @. The number in the corresponding place in Py is 5. There is no previous row,
and 5 is removed. Therefore, o(4) = 5.

1|4 1]2 1 2 3 4 5
P3: ‘7 Q3: y UZ( 5 2)

3 S

3. Look up 3 from ). The number in the corresponding place in Ps is 3. The rightmost number in
the previous row smaller than 3 is 1. Write 3 in place of 1. There is no previous row, and 1 is
removed. Therefore, o(3) = 1.

123 45
P=[3[4] Q=[1]2] ":<* « 15 2)'

4. Look up 2 from (). The number in the corresponding place in P; is 4. There is no previous row,
and 4 is removed. Therefore, 0(2) = 4.

123 45
Pl:’ Ql:’ U‘<*4152>'

5. This step is now obvious.
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Therefore, we have established a one-to-one correspondence
o € 6, «— pairs of standard tableaux (P,Q).

Therefore,

3 (fA)2 = n! (5.24)

AFn
|

Definition 5.11. Given A\ F n, we define an ordering <,.w on the set of A-tabloids as follows: let
[t] and [t'] be A-tabloids with [t] # [t']. We say that [t] <;ow [t] if and only if there exists some @
such that

(a) for all j >4, j is in the same row of [¢] and [t']; and

(b) i is in a higher row of [¢] than [¢'].

In other words, for [t] # [t], let i be the largest number which is not in the same row of [t] and [t'].
Then [t] <;ow [t'] if and only if 4 is in a higher row of [¢] than [¢']. (Here, higher row means that if we
label the rows from top to bottom, the number of the row is smaller.) Given [t] # [t'], then either
[t] <row [t'] Or [t'] <row [t] holds.

Also, this ordering is transitive: Suppose [s| <iow [t] and [t] <iow [u]. Suppose i; is the largest
number which is not in the same row of [s] and [t]; and iy is the largest number which is not in the
same row of [¢t] and [u]. Let ¢ = max {i1,i2}. Then for j > 4, j is in the same row of [s], [t], [u]. We
have 3 cases:

1. If ¢ = 43 = g, then ¢ is in a higher row of [s| than [t]; and 4 is in higher row of [t] than [u].
Therefore, i is in a higher row of [s] than [u], i.e. [s] <tow [u].

2. Otherwise, if 4 =41 > ia, @ = 41 is in a higher row of [s] than [t]; and i > 45 is in the same row of
[t] and [u]. Therefore, i is in a higher row of [s] than [u], i.e. [s] <yow [u].

3. Similarly, if ¢ = ig > i1, ¢ > i1 is in the same row of [s| and [t]; and i = i2 is in a higher row of [¢]
than [u]. Therefore, i is in a higher row of [s] than [u], i.e. [s] <iow [u].

Therefore, <,ow is a total ordering on the set of all A-tabloids. For instance, for n = 5, the number of
(3,2)-tabloids is ;—é, = 10. Here are all the (3,2)-tabloids in the ascending order of <;qy-.

3 4 5 2 4 5 1 4 5 2 3 5 1 3 5
T2 Y T 3 Srow g Srow T Srow T
1 2 5 2 3 4 1 3 4 1 2 4 1 2 3
<TOW 3 4 <I'OW 1 5 <TOW 2 5 <I‘OW 3 5 <r0W 4 5
Lemma 5.12

Let A+ n, and let ¢ be a standard A-tableau. Then for m € C; with 7 # e, 7 [t] <iow [t]-

Proof. Let i be the largest entry that is NOT fixed by 7. Then all the entries j > i are not permuted
by 7. So those entries are in the same row of 7 [t] and [¢t]. Since all the entries j > i are fixed, we
must have 7(7) < i. Since t is a standard tableau, 7 (7) is in a higher row of [¢] than i. Therefore, after
applying 7, ¢ will be in a higher row of 7 [¢] that it was in [t].

To summarize, for j > ¢, j is in the same row of 7 [t] and [¢]; and ¢ is in a higher row of 7 [¢] than [¢].
Therefore, 7 [t] <row [t]- [ |
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Lemma 5.13
Let A n. Then {e; | t is a standard A-tableau} is a linearly independent subset of S*.

Proof. Let tq,ts,...,t be all the standard A-tableaux. WLOG, we can assume

[tl] <row [tQ] <row 0 <tow [tk] .
Suppose ¢, ca, ..., c, € C such that
C1 €, +Cget2 +"'+Cketk =0. (525)

When we expand ey, , we get
ey = [tk] +m [tk] + 79 [tk] + ...

Hence,

k—1
0= (Ck [tk]:tckﬂl [tk]:lzckﬂ'g [td:l:u-)—i—ZCi ([ti]ﬁ:ﬂ'/[ti]-f—"')
i=1

In order to cancel out [tg], it must appear again in the sum. But the other terms are either +cgm [tg],
or +¢;w [t;] for i < k. By Lemma 5.13,

™ [tk] <row [tk] . (5.26)

Also, for i < k, Also, the possible value of 7’ [t;] is either [¢;] itself (when 7’ is the identity), or 7’ [t;]
for some nontrivial 7’ € C},. In either case, we have

[ti] <vow [tk]  or T [ti] <vow [ti] <row [tk]- (5.27)
Therefore, [tx] doesn’t appear in the sum. Hence, ¢, must be 0. Inductively, all the ¢;’s must be 0. W

Now we can finally give a proof of Theorem 5.10.

Proof of Theorem 5.10. By Lemma 5.13, {e; | ¢ is a standard A-tableau } is a linearly independent set.
So dim S* > f*. The order of a group is equal to the sum of square of the dimension of the irreducible
representations. Therefore,

=16, = (dms?) = 3 () =t (5.28)

AFn AFn

where the last equality follows from Robinson-Schensted correspondence. Therefore, dim S* = f* for
every \. Now, {e; | t is a standard A-tableau } is a linearly independent set of cardinality f* = dim S*.
Therefore, it spans S*, i.e. it’s a basis for S*. |

Example 5.8. For G3, we list standard A-tableaux under each possible partitions:

(3) (2,1) (1,1,1)
1|2 \
11213
(1]2[3] .
13 \
2
dim S®) =1 dim S@&Y =1 dim S(LY) — 1

For &4, we list standard A-tableaux under each possible partitions:
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(3) (2,2) (3,1) (2,1,1) (1,1,1,1)

1 2\
1]2 1]2]3
TR by Al B
L 4
1 3\
1|3 1 3|4\ :
2 2] e
1 2|4\ ;4‘
13 ]

dim S@W =1 dimS®? =2  dimSGY =3  dimSEM) =3  dim SELLD =4

Theorem 5.14 (Frobenius character formula)

Suppose A = (A1,...,N),p = (p1, ..., pm) are partitions of n. The character of S* evaluated
at an element of &, with cycle type u is equal to the coefficient of x1\1+l_1x§‘2+l_2 - -a:?l in the
following polynomial

m

1<i<j<l i=1
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