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]. Topologoical Spaces

§1.1 Basic Definitions

Definition 1.1. Let X be a set. A topology on X is a collection 7 of subsets of X having the
following properties:

1. @ and X are in 7.
2. For any subcollection {Uy},c; of T, the union U,e; Uq is in T.
3. For any finite subcoluction {Uy,...,U,} of T, the intersection ();'; U; is in T.

A topological space (X, T) is a set X with a given topology 7. A subset U C X with U € T is
said to be an open set.

Example 1.1 (Two extreme examples). Let X be a set. Following are 2 examples of topologies on X :

1. (Discrete topology) The discrete Topology on X, denoted by Tgisc is the topology where all
subsets U C X are defined to be open. Hence, Tgqisc = Z(X), the power set of X. One can easily
check that Tgisc is indeed a topology.

2. (Indiscrete topology) The indiscrete topology on X, denoted by Tingis is the topology where only
the subsets X and @ are defined to be open sets. In other words, Tinqis = {2, X }.

Definition 1.2 (Finite topological space). If X is a finite set and 7 is a topology on X, we call
(X, T) a finite topological space.

Example 1.2. Let X be a 3-element set, X = {1,2,3}. Verify that the following are examples of
finite topological spaces:

1. T={2,{1,2,3}}.
2. T={2,{1,2,3},{1,2},{2,3},{2}}.
3. T ={2,{1,2,3},{1},{1,2}}.
Non-example: The collection 7 = {@,{1,2,3},{1},{2}} is not a topology on X = {1,2,3}, since it

is not closed under union.

Definition 1.3. Let 7 and 7" be 2 topologies on the same set X. If 7/ O T, we soy that 7" is
finer than 7, or T is coarser than 7’. If the containment above is proper, we say that 7’ is
strictly finer than 7, or T is strictly coarser than 7.

Example 1.3. In the context of Example 1.2, for the 3-element set X = {1, 2, 3}, consider the following
4 topologies:

1. T ={{1,2,3},2,{1,2},{2},{2,3}}).
2. T1 = {{1,2,3}, 2}

3. T ={{1,2,3},2,{2}}

4. T =1{{1,2,3},2,{1,2}}

Observe that T is strictly finer than all 3 of 71,75, 73. Also, one has 71 C T3, and 71 C T2, i.e. T3 is
strictly finer than 77, and 75 is strict finer than 77.
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§1.2 Review of Metric Space

Definition 1.4. A metric on a set X is a function d : X x X — R such that:
1. (Non-negativity) d(x,y) > 0 for any =,y € X, and d(z,y) = 0 if and only if z = y.
2. (Symmetry) d(z,y) = d(y, x), for any z,y € X.

3. (Triangle inequality) d(zx, z) < d(z,y) + d(y, z) for any z,y,z € X.

A metric space (X,d) is a set X equipped with a metric d.

Example 1.4. The real line R is a metric space, with distance function dgy. (z,y) = |y — z|. More
generally, in R™, one can define the Euclidean distance

diue (%,y) = Iy = x| = /(1 = 21)* + - + (o — 20)*, (1.1)

for x = (z1,...,2,) and y = (y1,...,yn) € R™. We call (R", dgy.) the Euclidean n-space.

Definition 1.5. Let (X, d) be a metric space. For each point x € X and each € < 0, let
Bi(z,e) ={ye X | d(z,y) < e}. (1.2)

Then the set By(z,¢) is called e-ball around z in (X, d).

Definition 1.6 (Metric topology). Let (X, d) be a metric space. The metric topology 75 on X is the
collection of subsets U C X such that for each x € U, there exists ¢ > 0 such that By(z,e) C U.

Lemma 1.1

The collection Ty is a topology on X.

Proof. Observe that @ is vacuously open in metric topology, i.e. @ € 7y since there is no element in &
to open the argument with. Also, the whole set X € Ty, i.e. the whole set X itself is open in the metric
topology. This is so because for any z € X, one can choose By(z,1) ={y € X |d(z,y) <1} C X
proving that X is open in the metric topology.

Next, let {Ua},es be a subcollection of 75. Let W = U, Us. Consider x € W = |J, Us. Hence,
there is some ag € J such that x € U,,. Since Uy, € Ty, there exists € > 0 such that

By(z,6) CUqy C |J Ua =W. (1.3)
acJ

Hence, Upej Ua € Ta-

Now, let {Ui,...,U,} be a finite subcoluction of 7. Let V = U; N---NU, and consider z € V.
Hence, z € U; for each i € {1,...,n}. Since, each U; € Ty, there exists g; > 0, such that By (z,¢;) C U,
for each i € {1,...,n}. Choose € = min{ey,...,e,} > 0. Then one has By(z,e) C By (z,&;) C U;, for
any ¢. Therefore,

By ($,E) C ﬂ U;, (1.4)

proving that V =", U; € Ty. [ |
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§1.3 Basis for a Topology

Definition 1.7 (Basis). Let X be a set. A basis for a topology on X is a collection % of subsets
of X (called basis elements) such that

1. for each z € X, there exists B € & such that x € B C X

2. if x € By N By with By, By € 4, then there exists By € 4% such that x € B3 C B1 N Bs.

Definition 1.8 (Topology generated by a basis). Let % be a basis for a topology topology on a
given set X. The topology 7 generated by & is the collection of subsets U C X such that for
each x € U, there exists B € & with x € B C U. In other words, a subset U C X is defined to be
open in this topology if for each x € U, there exists a basis element B C U with z € B.

Lemma 1.2

The collection T generated by a basis B as defined above is a topology on X.

Proof. @ € T since there is no element in @ to verify the conditions, and hence @ is vacuously open.
By the first condition of basis, for each x € X, there exists B € & such that x € B C X. Therefore,
from the definition of the topology generated by a basis, X is open, i.e. X € T.

Now, let {Ua},c; be a subcollection of 7. Also, let U,ec; Us = W. We need to show that W € T.
Consider z € W = J, U,. Hence, there is some o € J such that z € U,,. Since U,, € T, there exists
B € % for which x € B C Uy, holds. In other words,

TE€BCUy C |JUs=W. (1.5)
acd

Therefore, W € T.

Now, let Uy,Us € T. Given x € Uy NUs, x is in both Uy and Us. Since Uy, Us € T, by the definition
of topology generated by a basis, there exist basis elements By, Bo € 9 such that x € By C Uy and
x € By C Uy. Then we have x € B1 N Bs.
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0

By the second condition for a basis, there is some Bs € 4 such that x € Bg C B; N By. Therefore,

r € B3 C BiNByCcU NUs. (1.6)

So Uy NUsz € T. Now we use induction to prove that V = (\i_; U; € T, where each U; € T. The base
case n = 1 is trivial. Now suppose that this is true for n — 1, i.e. ﬂ?z_ll U; € T. We also have U,, € T.
We have just proved that the intersection of two elements of 7 also belongs to 7. Therefore,

(nml Ul> NnU, = ﬁ U, eT. (17)

i=1 =1

Therefore, T is a topology on X. |

Lemma 1.3
In any metric space (X, d), the collection of e-balls

B ={Bgq(z,e) |z € X,e >0}

is a basis.

Proof. 1.For each x € X, the 1-ball By (x,1) € A.
2.Given By = By(x1,¢1) and By = By (x2,€2), consider € By N By. It is evident that
g1 —d(xz,x1) >0 and g9 — d(z, z2) > 0. (1.8)

Let ¢ = min{e; — d(z,z1),e2 — d(x,z2)}. Then ¢ > 0. Now we claim that x € By (x,e) =: Bg C
BN By. Let y € By = By (x,¢), so that d (z,y) < e. Then

d(z,y) <e<ey—d(z,z).
By the triangle inequality,
d(z1,y) < d(z,z1) +d(2,y) <e1, (1.9)

which implies that y € By = By (x1,¢1). So By C Bj. Similarly, Bs C By. Therefore, By =
By (x,e) C B N By, as required.
[ |

Proposition 1.4

The metric topology Ty defined earlier on the metric space coincides with the topology 7; on
(X, d) generated by the basis of e-balls as in Lemma 1.3.
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Proof. Suppose U € T;. Hence, from the definition of metric topology, for each y € U, there exists
0 > 0 such that By(y,d) C U. Since By(y,0) € B, and y € By(y,d) C U, U € T, the topology on
(X, d) generated by the basis Z. In other words, Ty C T.

Now conversely, suppose U € T. Hence, given y € U, there is a basis element By (z,¢) € £ such
that y € By (z,e) C U. Hence, d(x,y) < e. Define § = ¢ — d(x,y) > 0. Then one immediately finds
By (y,0) C By (z,¢). Indeed, if z € By (y,0), then d(y,z) < § =& — d(x,y). By the triangle inequality,

d(z,z) <d(z,y)+d(y,z) <e. (1.10)

Therefore, z € By (z,¢), proving that y € By (y,0) C Bg(xz,e) C U. So we have proved that given
y € U, there exists 6 > 0 such that By (y,0) C U. In other words, U € T4, so that 7 C 7;. Hence,
T ="Ta u

Example 1.5. Let X = R? and % be the collection of all circular regions (interior of circles) in the
plane. This is the collection of all e-balls

By (x,¢) = {y eR? | d(x,y) < 5}

with respect to the Euclidean metric dgye (X,y) = ||x —y|| = /(x1 — 31)2 + (22 — y2)2, with x =
(71,72),y = (y1,72) € R% Indeed, (R?, dgy) is a metric space, and by means of Lemma 1.3 and
Proposition 1.4, the collection

B = {BEHC (x,¢) | x € R?, 5>0}

is a basis for the metric topology with respect to the Euclidean metric on R2.

Example 1.6. Let X = R?, but in contrast to Example 1.5, here choose %’ to be the collection of all
rectangular regions (interior of rectangles) in the plane R?. This is the collection of all sets of the form

(a,b) x (¢,d) € R x R,

with a < b and ¢ < d. This is the open rectangular area bounded by the vertical lines z = a and x = b,
and horizontal lines y = ¢ and y = d. Let us verify that such a collection, indeed, satisfies the two
conditions for a basis:

1. For each (z,y) € R?, (z,y) € (x— L,z +1)x(y— 1L,y + 1), with (z — L,z + 1) x (y — L,y +1) €
A

2. Consider By = (a1,b1) x (c1,d1) and By = (ag,be) X (¢2,d2) to be two elements in %’. Take
(z0,y0) € By N Ba. Since a1 < xg < by and ay < 9 < be, one has

a :=max {a1,a2} < xo < min {by, b2} =: b,

Similarly,
c:=max {c1,ca} < yo < min{dy,ds} =: d.
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(CLQ, bg) X (CQ, d2)

Then (x0,y0) € (a,b) X (¢,d) =: Bs = B; N By, the shaded open rectangle in the diagram above.
The diagram above is the case when By N Bs # &. The condition for this to happen is a < b
and ¢ < d. Otherwise, the intersection is empty, and the second condition for basis is vacuously
satisfied.

Proposition 1.5

Let % be a basis for a topology 7 on X, i.e. T is the topology on X generated by the basis .
Then T equals the collection of all unions of elements of A.

Proof. Let us first prove that T is contained in the collection of all unions of elements of #. Let U € T.
For each x € U, there exists B, € # with x € B, C U. Then one easily has U = {J,c; Bz. Indeed,
since x € B, C U, taking union over all x € U gives us

U{x}c UBwCU.

zeU zelU

In other word,
Uc|JB.CU. (1.11)
zeU
So U = U ey Be- Therefore, any open set on X in the topology 7 generated by a basis # is a union
of basis elements from 2.

To prove the converse, i.e. any union of basis elements from % belongs to T, note that every basis
element B of £ is open, i.e. it belongs to 7. This is because for each x € B, there is a basis element,
namely B itself, such that x € B C B, proving that B € T, the topology generated by the basis 4.
From the definition of topology, it follows that arbitrary union of basis elements from % will be in T
as well. |

Proposition 1.6 (Local criterion of open sets)

Let X be a topological space; let A be a subset of X. Then A is open in X if and only if for each
x € A there is an open set U containing x such that U C A.

Proof. If A is open, then for each z € A, A is an open set containing x and contained in A. Conversely,
suppose for every x € A, there exists an open set U, such that z € U, C A. Then

A= {a}c U cA (1.12)
z€A z€A
So A =,ca U, ie. Ais a union of open sets, hence open. |

Example 1.7. If X is any set, the collection of all one-point subsets of X is a basis for the discrete
topology Tqis on X. For example, if X = {a,b,c}, then

Tais = {{CL, b, C}7@7{a}7{b}7{c}7{a7b}7{b7 0}7{67 a’}} = QZ(X),

and Z = {{a},{b},{c}}. Indeed, Tjis can be obtained from % by taking all possible unions. & is
understoor as the union of no basis elements at all.
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Lemma 1.7 (Comparing topologies using bases)

Let % and %' be bases for the topologies 7 and 7’ on X, respectively. Then the following are
equivalent:

1. 7" is finer than 7.

2. For each z € X and any basis element B € Z containing z, there is a basis element B’ € %’
such that z € B’ C B.

Proof. (1=2) Let z € X and B € & with x € B. We have seen in the proof of Proposition 1.5 that,
B € T. By hypothesis, T C T'. Hence, B € T'. Since 7' is the topology generated by ', there exists
B' € #' with x € B’ C B.

(2=1) Let U € T. Since T is generated by 4, for each x € U, there exists some B € £ with
x € B C U. By hypothesis, there exists a B’ € &' with x € B’ C B. Therefore, B’ € U. We, therefore,
have shown that for each = € U, there exists B’ € #’ with x € B C U. Hence, U € T’, the topology

generated by %’. Therefore, T C T". [ |
4 I
Corollary 1.8
Two bases & and %’ for topologies on X generate the same topology if and only if
1. for each x € B € 4, there is a basis element B’ € %’ such that x € B’ C B; and furthermore,
2. for each x € B’ € #', there is a basis element B € 4 such that x € B C B'.
. J

Proof. Let % and %’ be bases for the topologies 7 and 7’ on X, respectively. By Lemma 1.7, T C T’
is equivalent to (1). By Lemma 1.7, 77 C T is equivalent to (2). [ |

Example 1.8. The basis % of open circular regions in the plane R? and the basis %’ of open
rectanglular regions generate the same topology on R?, namely the metric topology.

B/

8

Example 1.9 (Three important topologies on R). Let Z be the collection of all open intervals in thr

real line R: b b b b b
a —a a —a a —a
(CLJ))—( 92 - 2 9 + 2 >_BEUC< ) )
#B = {(a,b) | a,b € R with a < b}. This collection A is a basis on R, and the topology it generates
is precisely the Euclidean metric topology on R by Proposition 1.4. This topology is also called the
standard topology on R.
Now, let %’ denote the collection of all half-open intervals of the form

[a,b) ={z eR |a <z <b},

10
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for a < b. In other words, ' = {[a,b) | a,b € R with a < b}. The topology on R generated by the
basis %' is called the lower-limit topology. When R is given the lower-limit topology, the resulting
topological space is denoted by R,.

Now, let K denote the set of all numbers of the form % for positive integers n. Also, let %" denote
the collection of all open intervals (a, b) along with all sets of the form (a,b) \ K. The topology on R
generated by %" is called the K-topology on R. R, equipped with the K-topology, is denoted by Rg.

Lemma 1.9

The topologies R, and R are strictly finer than the standard topology on R.

Proof. Let T, T' and T” be the topologies of R, R, and R, respectively. Given a basis element
(a,b) € A generating T, and = € (a,b), one finds [z,b) € A’ generating T’ such that x € [z,b) C (a,b).
This proves that 77 is finer than 7 using Lemma 1.7.

On the other hand, choose [z,y) € %’ generating T'. There exists no open interval (a,b) € £ such
that x € (a,b) C [z,y) is satisfied. Hence, 7" is strictly finer than 7.

Now, givena basis element (a,b) € % generating T, and z € (a,b), one finds (a,b) € A" generating
T" such that = € (a,b) C (a,b). This proves that 7" is finer than 7 using Lemma 1.7.

On the other hand, observe that B = (—2,2) \ K € %" generating 7", and 0 € B. But there exists
no open interval (a,b) € £ such that 0 € (a,b) C B. Hence, T" is strictly finer than 7. [ ]

§1.4 Subbasis

Definition 1.9 (Subbasis). A subbasis for a topology on X is a collection . of subsets of X, with
union equal to X. One can form the collection & consisting of all finite intersections of elements

of .&:
B=S5nN---NS,,

with Sy,...,5, € ., for n > 1. By the topology 7 generated by ., we mean the topology
generated by the associated basis #. One clearly has .¥ C #Z C T.

Lemma 1.10
Let . be a subbasis on X. The associated collection & is a basis for a topology.

Proof. There are 2 conditions of a basis to be fulfilled:

1. Since the union of all elements of .¥ is X by the definition of a subbasis, each x € X lies in some
S € .. Since S itself is a basis element, the first condition for basis is fulfilled.

2. Suppose By = S1N---N Sy, and By = S{N---NS), where S;, S! € .. Then the intersection
BiNBy=(S1N---NSyp)N(S1N---NS,) (1.13)

is also a finite intersection of elements of ., and hence B; N By € 4, fulfilling the second
condition of basis.

Suppose (X, T) is a topological space. We are given 4 C T, a subcollection of open subsets of X.
How do we recognize if € is a basis for the topology 7 on X7 The following lemma answers this
question.

11
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Lemma 1.11 (Recognition principle)

Let (X,7) be a topological space. Suppose € C T is a subcollection of open subsets of X, such
that for each open U € T and each x € U, there exists C' € € with x € C' C U. Then % is a basis
for the topology 7 on X.

Proof. Let us first check that € is a basis for some topology on X.
1. Observe that X € 7. Hence, by hypothesis, for each x € X, there exists C € € with z € C C X.

2. Suppose C1,Cy € € with £ € C1 N Cy. Since € C T, C1 and Cy are both open and so is
their intersection C; N Cy, i.e. Cy N Co € T. By hypothesis, there exists C3 € % such that
xz € C3 C Cy N Cy. Thus the second condition for basis is also fulfilled.

Let us denote the topology on X generated by ¢ with 7'. We are left to show that 7/ = T. Let
U € T and z € U. By hypothesis, there exists C € ¢ with x € C' C U. Then, by definition of topology
generated by a basis, U € T'. So T C T".

Now, let U € T'. By Proposition 1.5, U is a union of elements of €. Since ¥ C T, each element of
% isin T. As T is a topology, it must be closed under arbitrary union. Hence, U € T. Therefore,
T CT. [ |

§1.5 The Product Topology on X x Y

Definition 1.10 (Product topology). Let X and Y be topological spaces. The product topology
on X X Y is the topology generated by the basis

B ={UxV |Uopenin X, and V openinY }. (1.14)

Lemma 1.12

The collection # as above is a basis for a topology on X x Y.

Proof. Two conditions for basis need to be checked:
1. Observe that X x Y € £.

2. Let B; = U; x Vj and By = Uy x V5 be two basis elements. Observe that
(Ul XW)O(UQ X VQ)I (UlﬂUQ) X (VlﬂVQ). (1.15)

From the above set theoretic identity, one verifies that By N By = B3, where By = U3z x V3 with
Us = U; NUs being open in X and V3 = V; N V5 being open in Y. This proves that the second
condition for basis is verified.

Lemma 1.12 gives us a basis for the product topology on X x Y in terms of open sets of X and Y.
If we have information about the bases that generate the topologies on X and Y, then the following
theorem gives us a basis generating the product topology on X x Y.

Theorem 1.13
If &% is a basis for the topology of X, % is a basis for the topology of Y, then the collection

2 ={BxC|Be€%Band Ce€E}

is a basis for the product topology of X.

12
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Proof. We apply Recognition principle. We know from the definition of the product topology on X xY
that it is generated by the basis

Brorod {U xV | U C X and V CY are open }. (1.16)

Now, given an open set W C X x Y and (z,y) € W, there exists a basis element U x V' € HBp0q with
(z,y) € U xV C W. Now, since U C X and V C Y are open, there are basis elements B € % and
Ce¥ withxe BCU and y € C C V. Therefore,

(x,y) eBxCCUxV CW. (1.17)

We, thus, have found that for an open set W C X x Y and any (x,y) € W, there exists Bx C € 2
such that (z,y) € B x C C W. So Z is a basis for the product topology on X x Y, by Recognition
principle. |

Definition 1.11. Let m : X X Y — X denote the projection onto the first component define by
71 (z,y) = x; and let m2 : X x Y — Y be the projection onto the second component defined by

w2 (z,y) = y.

Observe that the preimage of U € X under m : X x Y — X is 7 (U) U x Y; and the preimage of
VCYunder my: X xY = Yis ' (V) = X x V. Note the identity,

UxY)N(X xV)=UxV. (1.18)

Since each basis element B for the product topology on X X Y is of the form U x V with U C X and
V C Y being open, the basis element B = U x V can be written as the intersection of 7; ' (U) and
Ty L(V). It follows that a basis element for the product topology can be written as intersection of

subsets from the following collection .7:

S ={UxY |UCXopen}U{X xV |V CY open} :{Wl_l(U) |UCXopen}U{772_1(V) |VCYopen}

Theorem 1.14
The collection .# as above is a subbasis for the product topology on X x Y.

Proof. 1t is immediate that the collection .% is a subbasis for a topology on X x Y as the union of all
elements of .# is equal to X x Y. All that needs to be proved now is that the topology generated by
this subbasis is equal to the product topology on X x Y. Let 7 denote the product topology on X x Y
and 7’ denote topology generated by .. T contains arbitrary unions of finite intersections of elements
of .. Since each element of . belongs to T as well, so do arbitrary unions of finite intersections of
elements of . as T is a topology. Hence 7' C T.

Conversely, since U x V is a generic basis element from % generating product topology on X x Y
with U open in X and V open in Y, an arbitrary element W from 7T can be written as union of sets of
the form U x V. But

UxV=xaU)nm*(V),

with 77 Y(U), 75 (V) € . and hence 7 *(U) N 75 ' (V) € T7, the topology generated by the subbasis
.7 so0 that an arbitrary union of sets of the form m; ' (U) N7y ' (V') will also belong to 77 leading to
the fact that the arbitrary element W € T also belongs to 7’. Hence, T C T'. Therefore, 7 =7'. R

§1.6 Subspace Topology

13



1 Topologoical Spaces 14

Definition 1.12 (Subspace topology). Let (X,7) be a topological space. Ass, let A C X be a
subset. The collection
Ta={ANU | UeT} (1.19)

of subsets of A is called the subspace topology on A. with this topology, (A, T4) is called a
subspace of (X, T).

Lemma 1.15
The collection T4 as defined above is a topology on A.

Proof. Let us first note that @ can be written as @ = AN & with @ € T as T is a topology. Hence
by definition (1.19), @ € T4. Also, notice that A = AN X with X € T again by the fact that 7 is a
topology on X and A C X. Hence, by definition (1.19), A € T4.

It remains to show that 7y is closed under arbitrary union and finite intersection. Let {AN Uy}, c;
be a subcollection of elements from 7y as defined in (1.19) associated with the subcollection {Uq} ¢
of open subsets from 7 indexed by J. Now, observe that

U @Ants) =4n (U Ua> (1.20)

aeJ acJ

by distributive law in set theory. Hence, using the fact that |J,c; U, € T holds, one deduces the fact
that U,es (ANUy) € Ta. In other words, Ty is closed under arbitrary union of elements from it.

Now, let us choose a finite subcollection {A N Uy, ..., AN U,} of elements from Ty with {Uy,...,U,} C
T, being a finite subcollection of open subsets of X drawn from 7. Again, one observes that

ﬁ(AﬂUi)=Aﬂ ((n] Ui>7 (1.21)
=1

i=1
with i, U; € T as T a topology. Now, using definition (1.19), one concludes i, (ANU;) € T4. In
other words, T4 is closed under finite intersection of elements from it. |

Remark 1.1. When (A, T4) is a subspace of (X,7), and V C A C X. one cant simply say that “V is
open”, as there may arise a potential ambiguity. One says “V is open in A” to indicate that V € Ty
while phrases “V is open in X” to imply that V' € 7. The former indicate that V = AN U for some
UeT.

Lemma 1.16
If % is a basis for topology 7 on X, and A C X, then the collection

%A:{AQB‘BEQ}

is a basis for the subspace topology 74 on A.

Proof. We apply Recognition principle for the collection %A, in the context of the topological space
(A, Ta). Since each basis element B € A is open in X, i.e. B € T, each subset AN B € %4 is open in
A, ie. AN B € Ty. Additionally, given x € ANU € Tx, with U € T, one has € U € T so that ther
exists B € # with x € B C U as 4 is a basis for topology 7 on X. Also, sincex € ANU, x € A so
that x € BN A C U N A. Therefore, we have shown that given ANU € T4 and x € ANU, there exists
ANB e By such that t € AN B C ANU. Therefore, the collection 44 meets the criteria as required
by the Recognition principle to become a basis for the subspace topology _#4 on A. |

Example 1.10. Give R the standard Euclidean metric topology generated by the open intervals
(a,b), and let A =10,1). According to Lemma 1.16 above, the subspace topology T4 on A has a basis
consisting of intersections [0, 1) N (a, b). Observe that the basis consists of all intervals of the form [0, b)
and (a,b) with 0 <a <b<1.

14



1 Topologoical Spaces 15

Theorem 1.17

If A is a subspace of X and B is a subspace of Y, then the product topology on A x B is the same
as the subspace topology on A x B as a subset of X x Y.

Proof. The subspace topology 74 on A is given by the collection
Ta={ANU|U €T},

with A C X, a subset and 7 is the given topology on X. Similarly, the subspace toplogy Tg on a
subset B C Y is given by the collection

T ={BnV|VeT},

Where 7' is the given topology on Y. Hence, by the definition of product topology, the product
topology on A x B is generated by the basis

Baxp={(ANU)x(BNV)|UeT, VeT}. (1.22)
On the other hand, from the result provided in Lemma 1.16. the collection
Bug={(AxB)NUxV)|UeT, VeT} (1.23)

is a basis for the subspace topology Taxp on A x B as a subset of X x Y. Note that here we use the
fact that open subsets U x V of X x Y, with U open in X and V open in Y, constitute a basis for the
product topology on X x Y. In view of the following set theoretic equality,

(ANU) x (BAV)=(AxB)N (U x V) (1.24)

one concludes that the 2 bases given, by (1.22) and (1.23) are actually the same, i.e. Baxp = By, 5-
Hence, the 2 topologies they generate are the same. |

Definition 1.13. By an open subspace of X, we mean an open subset A C X with the subspace
topology.

Lemma 1.18
Let A be an open subspace of X. Then a subset V' C A is open if and only if it is open in X.

Proof. Suppose V' C A is open with respect to subspace topology on A, hence, V = ANU, for some U
open in X. Since A is also open in X, V = AN U must also be open in X. Now, let VC A and V be
open in X. Write V = ANV with V open in X. From the definition of subspace topology, V is open
in A with respect to subspace topology, as required. |

15



2 Closed Sets and Limit Points

§2.1 Closed Sets

Definition 2.1. A subset K of a topological space x is said to be closed if and only if X \ K is
open.

Example 2.1. The interval [a,b] = {x € R | a < x < b} is closed in R with respect to the standard
topology, as R\ [a,b] = (—o00,a) U (b, 00) is open in R.

Example 2.2. In the discrete topology 7Tgis on a set X, every subset is closed. In the indiscrete
topology Tingis on X, only the subsets @ and X are closed.

Theorem 2.1
Let X be a topological space.

(i) @ and X are closed subsets of X.

(ii) The intersection of any collection of closed subsets of X is closed.

(iii) The union of any finite collection of closed subsets of X is closed.

Proof. (i)  Let us denote the topology on X by 7. From the definition of topology, one knows that
@, X € T. Hence, X \ X = & is closed. Also, X \ @ = X is closed.

(ii) Let {K4}aes be any collection of closed subsets of X. Hence, {X \ K, }acs is a collection of open
subsets of X indexed by the same set J. From the definition of topology,

U X\ K, eT.
aceJ

By De Morgan’s law, one obtains,

U(X\Ka):X\<mKa>€7', ie., X\(ﬂKa> is open in X,

aeJ aeJ aeJ

which in turn implies that
ﬂ K, is closed in X.
acJ

(iii) Let {K;}}~, be a finite collection of closed subsets of X. Then {X \ K1,..., X \ K,} is a finite
collection of open subsets of X. By the definition of topology, one has,

n

N(X\K;)eT.

=1

By De Morgan’s law, one has,

.

(X\K,)zX\(LnJKi)ET, ie., X\(OKJ is open in X,

=1 1=1 =1

which in turn implies that

n
U K is closed in X.
i=1

16



2 Closed Sets and Limit Points 17

When (A, T4) is a subspace of (X,7), and K C A C X, we can interpret the phrase "K is closed" in 2
possible ways:

(i) KeT,or
(i) KNAe€Ta.

In the latter case, we say that K is a closed subset of A or K is closed in the subspace topology on A.

Theorem 2.2

Let A be a subspace of X. A subset K C A is closed in A if and only if there exists a closed
subset L C X with K = AN L.

Proof. Let K C A be closed in A. Then V = A\ K is open in A, i.e., V= ANU for some U € T.
Hence, by definition of subspace topology, there exists U C X open such that V =ANU.
Let L =X \U. Then L is closed in X, and

ANL=AN(X\U)=(ANX)\(ANU)=A\V =4\ (4\ K) = K.

Conversely, suppose L C X is closed and K = AN L. Then U = X \ L is open in X so that
V =AnNU is open in A in subspace topology. Now,

A\K = A\ (ANL) = (A\A)U(A\L)=AN(X\L)=AnU =V,

leading to the fact that A\ K is open in A in subspace topology. Hence, K C A is closed in A as
required. |

Lemma 2.3
Let A C X be closed in X. Then a subset K C A is closed in A if and only if it is closed in X.

Proof. Suppose K C A is closed in A, in the subspace topology. Then by Theorem 2.2, there exists a
closed subset L in X such that K = AN L. As both A and L are closed in X, so is their intersection
K=ANL.

Conversely, suppose K C A is closed in X. One writes K = AN K. Since K is closed in X, by
Theorem 2.2 one concludes that K C A is closed in A in subspace topology, as required. |

§2.2 Closure and Interior

Definition 2.2. Let X be a topological space and A C X a subset. The closure A (or C1 A) of A
is defined to be the intersection of all the closed sets containing A. The interior Int(A) of A is
the union of all the open subsets of X that are contained in A.

Remark 2.1. If z € Int(A), then x belongs to the union of all open sets contained in A. Hence, by
the definition of union, there exists an open set U contained in A such that x € U C A.

Lemma 2.4 (Properties of closure and interior)
The followings hold:

(i) A is a closed subset of X, and Int(A) is an open subset of X.

(ii) A C A, and Int(4) C A.

Proof. (i)  Since the intersection of closed sets is closed, A is closed. Similarly, since the union of
open sets is open, Int(A) is open.

17



2 Closed Sets and Limit Points 18

(ii) Since A is contained in any closed set containing A, A C A. In a similar manner, since Int(A) is

a union of open sets contained in A, Int(A) C A.
|

Example 2.3. Let X = R with the standard topology and A = [a, b] where a,b € R and a < b. Here,
A = [a,b] and Int(A) = (a,b).

Definition 2.3 (Dense sets). A subset A C X is dense if A = X.

Lemma 2.5
Let X be a topological space and A C X. Then

X\ CIA =Int (X \ A).

Furthermore,
X\IntA=Cl(X\ A4).

Proof. Since CI A is the intersection of all closed sets containing A,

X\ClA=X\| () K

K closed,
ACK

= U x\K)

K closed,

ACK

= U U

U open,

X\ADU
=Int (X \ 4);

since K being closed is equivalent to X \ K =: U being open, and A C K is equivalent to X\ A D X\ K.
The second statement immediately follows from the previous one, since

X\ClI(X\A) =Int (X \(X\A)) =Int A (2.1)
Hence, X \Int A = C1(X \ A). [

Example 2.4. Let X = R with the standard topology and let A = Q, the set of rational numbers.
Given z € R and € > 0, (x — e,z + ¢) is not contained in Q, so Int Q = @. Similarly, given z € R\ Q
and € > 0, (z — e,z + €) is not contained in R\ @, so Int(R\ Q) = @. Then

R\CIQ =Int(R\ Q) = &, (2.2)
proving that C1Q = R.
§2.2.i Closure in subspaces
We use Clyx A to denote the closure of A in the topology on X.

Theorem 2.6

Let X be a topological space. And Y C X is a subspace with A C Y a subset. Then the closure
of Ain Y denoted by Cly(A), is Cly(4) =Y N Clx(A).

18



2 Closed Sets and Limit Points 19

Proof. Let us denote the closure of A in Y by B, i.e., B = Cly(A). First, we see that B C Y N Clx(A)
holds. Indeed, Clx(A) is closed in X by Lemma 2.4. Hence, by Theorem 2.2, one has Y N Clx(A) to
be closed in Y. Since A C Y is given and since A C Clx(A) by Lemma 2.4, onehas ACYNACY.
Since Cly(A) of A in Y is the smallest closed set containing A, by A C Y N Clx(A), one has
Cly(A) cYn Clx(A)

To prove Y NClx(A) C B = Cly(A), note that B is closed in Y. Hence, by Theorem 2.2, B=Y NC,
for some C' closed in X. Then A C Cly(A) C C implies that C is closed in X and contains A, i.e.,
A C C C X. Hence, by Lemma 2.4, Clx(A) C C and Y NClx(A) Cc Y NC = B = Cly(A4). [ |

Example 2.5. Let X =R, Y =Q and A =QnN[0,7) in the context of Theorem 2.6 with respect to
standard topology. From Example 2.3 and 2.4, we know that Clx(A) = [0, 7], the closure of A in X,
while the closure of A in Y by Theorem 2.6 is

Cly(4) =Qn0,7] =QnI0,7) = A.
So Cly(A) = Ais closed in Y = @Q, but A is not closed in X.

Definition 2.4 (Neighborhood). Let X be a topological space, U C X a subset and z € X. We say
that U is a neighbourhood of z if x € U and U is open in X.

Theorem 2.7

Let A be a subset of a topological space X. A point z € X lies in the closure A if and only if
every open set U in X that contains z intersects A. Equivalently, x € A if and only if A intersects
U for each neighbourhood U of .

Proof. Let us take the complement X \ A and interior IntA of A C X. We have z € Int(X \ A) if
and only if there exists an open set U of X with x € U C X \ A. Since X \ ClA =Int (X \ A), the
negation of z € Int(X \ A) is z € A. (We shall use A and Cl A interchangeably.)

While the negation of U C X \ A is U N A # &. Hence the negation of “there exists an open set U
of X with x € U C X \ A” is therefore “for each open set U of X with z € U, one has U N A # @&”.
Therefore, one has

r€A & z¢Int(X\A) < foreveryopen U >z, UNA+# 2.

Theorem 2.8 (Closure in terms of basis)

Let B be a basis for a topology on X. And let A C X. A point = € X lies in A if and only if A
intersects each basis element B € B with z € B.

Proof. Suppose, x € A. Then by Theorem 2.7, for every neighbourhood U of z, one has U N A # @.
Since every basis element B € B with x € B is a neighbourhood of x, BN A # @.

Conversely, suppose each basis element containing x intersects A. Now, choose an open set U of X
such that x € U. Since B is a basis of X, there exists B € B with x € B C U. By hypothesis, ANB # &.
Since B C U, one must have U N A # @&. One, therefore, shows that for every neighbourhood U of ,
U N A # @ holds. Then, by Theorem 2.7, € A as required. |

Example 2.6. Let B = {% |n e Z*} C R. Then 0 € B. We verify the criteria presented in
Theorem 2.8. Consider any basis element (a, b) for the standard topology on R with 0 € (a,b). One can
find € > 0 such that (—¢,¢) C (a,b). Now, choose n € Z* such that % < €. For the preferred choice
of n € Z*, one therefore ensures that = € (—¢,&) C (a,b), so that one has BN (a,b) # @. Hence, by
Theorem 2.8, 0 € B.
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2 Closed Sets and Limit Points 20

In fact, B = {0} U B. This is indeed a closed subset of R, since

U (H}H,;)) 5(,00),

neZt

R\B—(—oo,o)u(

being a union of open intervals, is open.

§2.3 Limit Points

Definition 2.5 (Limit Points). Let A be a subset of a topological space X. A point z € X is a
limit point of A if each neighbourhood U of x contains a point of A other than x itself. Phrased
differently, x is a limit point of A if x belongs to the closure of A\ {z}. In other words, for every
neighbourhood U of z,

UN(A\{a}) # .

Example 2.7. In the case of Example 2.6, 0 € R is a limit point of B. In this case, there are no other
limit points of B.

Theorem 2.9

Let A be a subset of a topological space X, with closure A and set of limit points A’. Then
A=AUA.

Proof. Let us prove that AU A’ C A. We know from Lemma 2.4 that A C A. If x € A', i.e.,if z is a
limit point, then for every neighbourhood U of z, one has U N (A \ {z}) # @. By Theorem 2.7, z € A.
Now, A C A and A’ C A together imply AU A’ C A.

Now, prove that A C AU A’. Let x € A. If x € A, then of course x € AU A’, and we are done.
Otherwise, z ¢ A, so that A\ {z} = A. Since z € A, by Theorem 2.7, every neighbourhood U of x
intersects A, i.e., UN A # @. Since A\ {z} = A, this implies

UN(A\fa}) £ 2.
Sox € A. Thus, ACc AUA'. [ ]

Corollary 2.10

A subset of a topological space is closed if and only if it contains all its limit points.

Proof. A C X is closed if and only if A = A = AU A’. This holds if and only if A’ C A, i.e., all the
limit points of A are contained in A itself. |

Definition 2.6 (Convergence). Let (z1,x2,...) = (z,)52; be a sequence of points in a topological
space X, where z,, € X for all n € N. We say that (x,)52; converges to a point y € X if for each
neighborhood U of y, there exists an IV € N such that z,, € U for all n > N. In this situation, we
call y a limit of the sequence (z,,)%2; and write this fact as z,, — y as y — 0.

Example 2.8. Consider the topology on the three-point set {a, b, c} as indicated below:

T = {2, {a},{b,c},{a,b,c}}.

If we choose the constant sequence x,, = b for each n € N, then z,, — a, x, — b, z,, — ¢. In other
words, limit of a sequence is not unique.

For example, there are two neighborhoods of a, namely {a, b} and {a,b,c}. Both of them contain
b = x,. So a is a limit of the constant sequence z,, = b. Similarly, b and ¢ are also limits of the
sequence.

20



2 Closed Sets and Limit Points 21

§2.4 Hausdorff Spaces

To obtain unique limits for convergent sequences, we must assume that the topology is sufficiently fine
to separate the individual points. Such additional hypotheses are called separation axioms. The most
common separation axiom is known as the Hausdorff property.

Definition 2.7 (Hausdorff space). A topological space X is called a Hausdorff space if given any
two distinct points x,y € X, there exist open sets U,V withz € U,y e V,and UNV = @.

Example 2.9. The 3-point set X = {a,b,c} with the topology T provided in Example 2.8 is not
Hausdorff. Take b,c € X. None of the neighborhoods of b is disjoint from any other neighborhoods of
c. So X with this topology is not Hausdorff.

Example 2.10. Take X = {a,b} and consider the discrete topology on X:

Tais = {®7 {CL} ) {b} > {CL, b}} :

X with the topology 7gis is a Hausdorff space. The points a and b can be separated, with their
respective neighborhoods {a} and {b}.

Lemma 2.11
Every metric space (X, d) is Hausdorff.

Proof. Let xz,y € X with z # y so that d (z,y) > 0. We choose ¢ = %d(az,y), and U = By (x,¢) and
V= Bd (y7 6)‘

Bd(x7€)// \\ // \\ Bd(y7 8)
/ \

U and V are neighborhoods of x and y, respectively. It’s easy to see that they are disjoint. Suppose
z€UNV. Then z € U implies d (x,2) <e. z € V gives us d (y,z) < . By the triangle inequality,

2e =d(z,y) <d(z,2)+d(z,y) <e+e=2e. (2.3)

This is clearly a contradiction! Therefore, U NV = @&, and hence X is a Hausdorff space. |

Theorem 2.12 (Uniqueness of limit in Hausdorff space)

If X is a Hausdorff space, then a sequence (z,,)52; of points in X converges to at most one point
in X.

Proof. Suppose that (x,)52; converges to z and 2’ in X, where x # 2. Since X is Hausdorff, there
exist neighborhoods U of x and V of 2’ such that U NV = &. Since (z,,) converges to x, there exists
an N such that for all n > N, z,, € U. Similarly, since (x,) converges to z’, there exists an N’ such
that for all n > N’, 2, € V. Let M = max{N, N’}. Then for all n > M, it follows that z, e UNV,
which is a contradiction since U NV = &. Hence, we must have x = «’. |

Definition 2.8. If X is a Hausdorff space, and a sequence (z,),-; of points in z converges to
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2 Closed Sets and Limit Points 22

o

n—1, and write

y € X, we say that y is the limit of (x,)

y = lim x,.
n—oo

Proposition 2.13

Every singleton set (a one-point set) in a Hausdorff space X is closed.

Proof. Let x € X. We want to prove that {z} is closed, i.e. X \ {z} is open.
Let y € X \ {z}. Since S is Hausdorff, we can find disjoint open sets U, and V,, such that z € U,
and y € Vj. No such V, contains x. Therefore

X\{=z}= U Vv

yeS\{z}

So X \ {z} is union of open sets, hence open. So {z} is closed. [ |

Corollary 2.14

Every finite set is closed in a Hausdorff space.

Proof. Every finite set can be expressed as union of finitely many singletons. Union of finitely many
closed sets is closed. Hence, finite sets are closed. |

Definition 2.9 (T; axiom). The condition that finite point sets be closed is called the T; axiom.
Topological spaces obeying T axiom are called T; spaces.

Corollary 2.14 tells us that every Hausdorff space is a T space. However, the converse of Corollary 2.14
is not true. In other words, a T; space is not a Hausdorff space, in general. Here is a counterexample:
let N, the set of natural numbers, be equipped with the finite complement topology. Let us denote
the finite complement topology on N by Ty, i.e.,

Ty ={U | U C N with N\ U is finite or the whole of N}.

Choose 2 neighbourhoods U and V of m and n in N, respectively, in finite complement topology such
that m # n. Then, observe that U NV # &.

Indeed, since U € Ty, N\ U is a finite set as U is by definition nonempty. Also, since V' € Ty, N\ V
is a finite set as V' is also by definition nonempty. Now, (N\ U)U (N'\ V) is also a finite set as the
union of two finite sets.

(N\U)UN\V)=N\(UNV).

N\ (UUYV) is a finite set, so U NV is an infinite set. In particular, U NV is nonempty. This proves
that N equipped with finite complement topology is not Hausdorff.

Theorem 2.15

Let A be a subset of a T} space X. A point z € X is a limit point of A if and only if each
neighborhood U of z intersects A at infinitely many points.

Proof. Suppose that U N A consists of infinitely many points. Hence it certainly contains other points
than z itself, so that U N (A \ {z}) # &, proving that x is a limit point of A.
Conversely, suppose U N A is finite. Then

UNn(A\{z}) ={z1,..., 2}
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2 Closed Sets and Limit Points 23

is closed as X is a T3 space and hence every finite set is closed in X.
Therefore, V = U\ {z1,...,2,} = UN (X \ {z1,...,2,}) is open in X. Since z € U (as U is a
neighborhood of z in X) and = ¢ {x1,...,x,}, one must have

zeUN (X \{z1,...,zn}) =V.
Now, V' is, by definition, a subset of U that doesn’t contain any of the elements in {x1,...,2,}.
VNn(A\{z}) cUN A\ {z}) ={z1,...,zn}.
Since V' doesn’t contain any of the elements in {z1,...,x,}, one must have
Vn(A\{z}) = 2,

with V open in X, implying that x is not a limit point of A. Hence, we have proved that U N A is
finite implies that x is not a limit point of A. A contrapositive of the above statement is what we
require to hold. |

Proposition 2.16
The product of two Hausdorff spaces X and Y is Hausdorff.

Proof. Given two distinct points (z1,41) , (z2,y2) in X x Y, without loss of generality we may assume
that 21 # x5. Since X is Hausdorff, there exist disjoint open sets Uy, Us in X such that 1 € Uy and
x9 € Uy. Then Uy x Y and Uz x Y are disjoint neighborhoods of (x1,y1) and (z2,32), so X x Y is
Hausdorff. ]
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3 Continuity

§3.1 Definitions

Definition 3.1 (Continuous Maps). Let f : X — Y be a map of topological spaces. f is said to be
continuous if for each open subset V of Y, the set f~1(V) is an open subset of X.

Proposition 3.1

f: X — Y is continuous if and only if for every closed subset C of Y, the set f~!(C) will be
closed in X.

Proof. (=) Suppose f is continuous. C' is closed, so Y \ C is open in Y. Therefore, by the continuity
of f, f7L(Y\CO) =X\ f1(C) is open in X, so f~1(C) is closed.

(<) Suppose f~1(C) is closed in X for any closed C C Y. Take any open set U in Y. Choose
C =Y \ U. Then by the assumption f~1 (Y \U) = X \ f~}(U) is closed in X. This gives us f~1(U)
is open. So f is continuous. |

Lemma 3.2

Let X, Y, and Z be topological spaces. If f: X — Y and ¢g: Y — Z are continuous functions,
then the composite go f : X — Z is continuous.

Proof. Let W C Z be open. Then g~ '(W) C Y is open as g is a continuous function. Also,
f~Yg ' (W)) C X is open as f is a continuous function. But from elementary set theory, one has

(go /)THW) = fHg (W)

Hence, one has (go f)~'(W) C X is open, proving that go f : X — Z is a continuous function. W

Lemma 3.3

Let X and Y be topological spaces, and B is a basis for the topology on Y. Then a function
f: X — Y is continuous if and only if for each basis element B € B, the preimage f~!(B) is open
in X.

Proof. Each basis element B € B is open in Y. Hence, continuity of f : X — Y implies that f~1(B) is
open in X. Conversely, suppose that f~!(B) is open in X for each basis element B € B. Now, pick
an open set V C Y. Since B is a basis for the topology in Y, V' can be expressed as a union of basis
elements, i.e.,

V=1 Ba
acJ

for { B }acs being a collection of basis elements of Y indexed by J. One therefore has

) = (U Ba> U £ B,

acJ acJ

Since each B, € B, f~1(B,) is open in X by hypothesis. Therefore, f~!(V) is also open in X, proving
that f: X — Y is continuous. |
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Lemma 3.4

Let X and Y be topological spaces, and suppose that S is a subbasis for the topology on Y. Then
a function f: X — Y is continuous if and only if for each sub-basis element S € S, the preimage
f7(S) is open in X.

Proof. We form the basis B from the subbasis S by taking all possible finite intersections of elements
from S that generate the topology of Y. Now, each subbasis element S € S is a basis element belonging
to B by construction, and hence by Lemma 3.3, f~1(S) is open in X if f : X — Y is a continuous
function.

Conversely, by construction, each basis element B € B is a finite intersection B = S1N---N S, for
S1,...,8, €S. Then,

FHB)=F7HSin N S) = fTHS) NN (S,

Now, by hypothesis, each element of the finite collection {f~1(Si),...,f 1(Sn)} is open in X as
S1,...,S, belong to S§. Hence,

FHS) NN fTH(SR)

is open in X. We have thus shown that for any basis element B € B generating the topology of Y,
f~Y(B) is open in X. Hence, by Lemma 3.3, f : X — Y is a continuous function. |

Example 3.1 (Equivalence of topological and calculus definition of continuity). The calculus definition
of continuity states that

Given a function f: D — R (with D C R called the domain of f) is said to be continuous
at o € D if for every € > 0, there exists § > 0 such that for each x € D, |z — z¢| < ¢
implies | f(z) — f(zo)| <e. If f: D — R is continuous at all points of its domain D, then
f is called everywhere continuous or simply continuous.

Then we have the following result

f : R — R is everywhere continuous if and only if f~!(U) is open whenever U is open.
(Here, both the domain and codomain R of f is taken to be in standard topology.)

(=) Suppose f: R — R is everywhere continuous as defined in single variable calculus. Also, suppose
U is open in R. We have to show that f~!'(U) is open in R. Let us pick an arbitrary element
xg € fT1(U) ={z € R | f(x) € U}. Now, this tells us that f(xg) € U. Since U is open set in R with
respect to standard topology which is generated by the basis of all open intervals in R. Hence, there
exists € > 0 such that B.(f(xg)) C U which is the same as (f(z¢) — ¢, f(x9) + ) C U. Now, find
0 > 0 using the continuity of f: R — R at xp € R. Since the calculus definition of continuity holds by
hypothesis, there indeed there exists § > 0 such that |x — x| < § implies |f(x) — f(x0)| < e.

Now, the claim is that B.(zg,6) C f~1(U). Suppose that x € B.(xg,d) = (29 — 6, z9 + ) then
|z — x| < ¢. But from calculus definition of continuity, this leads to

[f(z) = f(@o)| <e = f(z) € (f(z0) —&, f(z0) + &) = B=(f(x0)) C U,

so that one obtains f(z) € U, i.e. x € f~}(U). This proves the claim that B.(zg,d) C f~1(U) with
§ > 0 guaranteed to exist by the calculus definition of continuity. This proves that f~!(U) is an open
set in R.

(<) Suppose f~1(U) is open when U is open in R. Suppose we are also given zo € R and ¢ > 0. Now,
let U = Bguc(f(70),€) = (f(z0) — &, f(z0) + €), which is open in R. By hypothesis, f~(U) is open in
R.

Now, f(zo) € U, so w9 € f~Y(U). But f~}(U) is open in R. Hence, there exists § > 0 such that
Bguc(z0,9) € f71(U). Now, we are going to show that this § > 0 corresponds to the ¢ > 0 in the
calculus definition of continuity at zq.
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For this, suppose |x — 2| < §. This implies
z € (zog — 8,20 + 0) = Bpuc(z0,9) C fHU),
ie., z € f~1(U). Thus,
f(x) € U = Bruc(f(x0),€) = (f(20) — ¢, f(20) +¢),
which implies |f(z) — f(x0)| < e.

Example 3.2. Let R and Ry be the real numbers with the standard topology and the finite complement
topology, respectively. The identity function id : Ry — R, given by id(xz) = «, is not continuous
since id™!((a, b)) = (a,b) is not open in the finite complement topology, although (a, b) is open in the
standard metric topology. Indeed, (a,b) doesn’t belong to the finite complement topology on R as
R\ (a,b) is not finite.

However, the identity function id~! : R — R # is continuous, since R\ F', with F' being a finite subset
of R (a generic open set from the set of real numbers in the finite complement topology), is open in R
in the standard topology.

Definition 3.2 (Continuity at a point). We say that f : X — Y is continuous at x € X if for each
neighbourhood V' of f(x), there exists a neighbourhood U of x with f(U) C V.

Theorem 3.5

Let X and Y be topological spaces, and f : X — Y a function. Then f is continuous if and only if
for each 2 € X and each neighbourhood V' of f(z), there exists a neighbourhood U of = such that
f(U) Cc V. In other words, f: X — Y is contimous if and only if it is continuous at each z € X.

Proof. Suppose f : X — Y is continuous. Given z € X, f(z) € Y. Suppose also that V is a
neighbourhood of f(z) in Y. Then by the continuity of f: X — Y, f~%(V) is a neighbourhood of = in
X with f(f~%(V)) c V. If we write the neighbourhood f~'(V) of x in X by U, we have f(U) C V.

Conversely, suppose V' C Y is open. We need to show that f~1(V) is open in X. Choose x € f~1(V).
Since f(f~1(V)) C V, one has f(z) € V. Hence, V is a neighbourhood of f(x) in Y. Now, by
hypothesis, there exists a neighbourhood U, of z in X such that f(U,) C V. But f(U,) C V implies
U, C f~Y(V). Hence, one has x € U, C f~1(V).

For every x € f~}(V), there is an open set U, such that x € U, C f~1(V). Therefore, by
Proposition 1.6, f~1(V) is open, as required. [ |

Theorem 3.6
Let X and Y be topological spaces. And f: X — Y a function. The following are equivalent:

1. f is continuous.

2. For every subset A C X, one has f(A) C f(A).

3. For every closed set K C Y, the preimage f~!(K) is closed in X.

Proof. We have already established the equivalece of 1 and 3 in Proposition 3.1. We shall now prove
that 1 implies 2, and 2 implies 3.

(1 = 2): Suppose f: X — Y is continuous and A C X be a subset. Let f(x) € f(A4) with z € A.
We want to show that f(z) € f(A). Let V be a neighbourhood of f(x) in Y. By continuity of f,
f~Y(V) is open in X. Also, since V is a neighbourhood of f(z), one must have = € f~*(V). Hence,
f~Y(V) is a neighbourhood of z in X. Now, since z € A, AN f~1(V) # @ by Theorem 2.7. Choose
y€ AN f~1(V). Then

fy) € FAANFTHV)) C F(A) N F(FHV)) C f(A)NY,
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3 Continuity 27

implies that f(A) NV is nonempty. Therefore, we have shown that an arbitrary neighbourhood V'
of f(x) in Y intersects f(A). Then by Theorem 2.7, one concludes that f(x) € f(A), proving that
f(A) C f(A).

(2 = 3): Let K C Y be closed. Also, let us denote f~!(K) by A so that A C X. We will show that
A = A. This will then prove that A = f~(K) is closed in X. We know from elementary set theory
that f(f~1(K)) C K, i.e., f(A) C K. Since K is closed, by Lemma 2.4, one obtains f(A) C K. But by
hypothesis, f(A) C f(A) C K. Hence, f(A) C K. Since preimage preserves inclusion from elementary
set theory, f~1(f(A)) C f~1(K). But we also know from set theory that A C f~!(f(A)) so that one
has A C f~1(K) = A. And A C A by Lemma 2.4, so that one concludes A = A, as required. |

§3.2 Homeomorphism

Definition 3.3 (Homeomorphism). A bijective function f : X — Y between two topological
spaces X and Y with the property that both f and f~' : Y — X are continuous, is called a
homeomorphism. If there exists a homeomorphism f : X — Y, we say that X and Y are
homeomorphic, written as X =Y.

Definition 3.4 (Imbedding). Suppose that f : X — Y is an injective continuous map, where X
and Y are given topological spaces. Let also that Z = f(X), the image set of f, considered as a
subspace of Y. Then the function f : X — Z obtained by taking the codomain of f to be the
range of f. This is immediate that f is bijective. If f happens to be a homeomorphism between X
and Z, we say that the map f: X — Y is a topological imbedding, or simply an imbedding,
of X inY.

Example 3.3. Let f: R — R be given by f(z) =3z + 1.
1
y=3r+1 = :1::§(y—1).
The inverse function f~' : R — R is given by

) =3-1.

Both f and f~! continuous, and hence f is a homeomorphism.

Example 3.4. Let S! denote the unit circle in R?; that is S* = {(z,y) € R? | 22 +y? = 1}, considered
as a subspace! of the space R%. Let f:[0,1) — S* be the

f(t) = (cos2mt, sin 27t)

It is left as an exercise for the reader to show that f is a continuous bijective function. But the function
f~1 is not continuous.

ISubset of R? equipped with subspace topology.
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U= {0, %) is an open set in [0, 1) according to the subspace topology. We want to show that f(U)
is not open in S'. That would prove the discontinuity of f~!.

Let p be the point f(0). And p € f(U). We need to find an open set of S! in subspace topology
containing p = f(0) and contained in f(U) to show that f(U) is open in S, i.e we have to find an
open set in V of R? such that f(0) =p € VNS C f(U). But it is impossible as is evident from the
figure above. No matter what V we choose, some part of V' N S! would lie outside f(U).

Theorem 3.7 (Rules for constructing continuous functions)

Let X,Y, and Z be topological spaces.

(a) (Constant function) If f. X — Y maps all of X into the single point yo of Y, then f is
continuous.

(b) (Inclusion) If A is a subspace of X, the inclusion function ¢ : A — X is continuous.

(c) (Restricting the domain) If f: X — Y is continuous, and if A is a subspace of X, then the
restricted function f|, : A — Y is continuous.

(d) (Restricting or expanding the range) Let f- X — Y be continuous. If Z is a subspace of
Y containing the image set f(X), then the function g : X — Z obtained by restricting
the range of f is continuous. If Z is a space having Y as a subspace, then the function
h: X — Z obtained by expanding the range of f is continuous.

(e) (Local formulation of continuity) The map f : X — Y is continuous if X can be written as
the union of open sets U, such that f]U is continuous for each a.

Proof. (a) Let f(x) = yo for every x € X. Let V C Y be open. Then we have

F) = {‘;f ey (3.)
In either case, f~1(V) is open. So f is continuous.
(b) ¢: A— X is defined as t(a) = a for a € A C X. Then for U open in X,
TTU)={zcA|x)eUy={zcA|lzecU}=ANT, (3.2)
which is open in the subspace topology on A. So ¢ is continuous.
(¢) Let t: A— X be the inclusion map. The function f]A is the composition of f and ¢, i.e.
fou=f] A=Y, (3.3)

SO f| 4 Is continuous as a composition of two continuous maps.

(d) Let f: X — Y be continuous. Also, suppose that f(X)C Z C Y.

We now show that the function g : X — Z obtained by restricting the codomain is continuous. Let
B C Z be open. Then by the definition of subspace topology,

B=2ZnU (3.4)
for some open U C Y. Now, from f(X) C Z, one has
X)) C fY(2) (3.5)
But X C f~}(f(X)) from elementary set theory leading to

Xcr (2. (3.6)
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Similarly, from Z C Y, one has
Uz i) =X (3.7)

(3.6) and (3.7) together imply that
X =fY2). (3.8)
Now, notice that by construction of the function g, one has f(x) = g(z) for every x € X. And,
g (B)={zr € X |g(z) € B} ={z € X | f(v) € B} = (D). (3.9)
So that from (3.4), one obtains f~}(B) = f~4(ZnU) = f~4(2Z)n f~1(U).
B =1 Z)n i U)=XnfHU) = FH(U), (3.10)
since f~1(U) C X. One, therefore, obtains that

g~'(B) = f7H(U). (3.11)

Since f : X — Y is continuous and U C Y is open, f~!(U) must be open in X. And, hence,
g~ Y(B) is open in X. This way, we see that for every open B C Z, one finds g~'(B) open in X,
which proves that g : X — Z is continuous.

By hypothesis, one can write X = (J,c; Ua such that f!U : Uy — Y is continuous for each a € J.
Let V C Y be open. Then

—1
(fl,) V) ={zelalfl, @ eV}={zclal f@) eV}=Uanf (V). (312)

Since f|,, is continuous, (V)N U, must be open in U,. Now, f~%(V)NU, C U, open and
U, C X open together imply that f~1(V) N U, C X open, by Lemma 1.18. Now,

Ut v)nte) =1r(v)n (U Ua) =fHV)nX = f7HV). (3.13)

acd acJ

Hence, f~(V), being a union of open sets of X, is also open in X, proving that f : X — Y is
continuous.

Lemma 3.8 (Pasting Lemma)

Let X = AU B, where A and B are closed in X. Let f: A— Y and g: B — Y be continuous. If
f(z) = g(x) for every x € AN B, then f and g combine to give a continuous function h: X — Y
defined by

h(z) = {f(:n) ?f x €A,
g(x) if e B.

Proof. Let C be a closed subset of Y. Now,

So

1 (C)={z e X |hz)ecC}
={x € AUB | h(z) e C}
={xeA|h(x) e CtU{z € B|h(x) e C}
={xeA|f(x)eCtU{zeB|g(x)eC}
=fHC)UgTHO).

we have

h=H(C) = f7HC)ug™H(O). (3.14)

Since f is continuous, f~!(C) is closed in A, hence closed in X. Similarly, g~!(C) is closed in X. So

-

L(C) is the union of two closed sets in X, hence it is closed in X. Therefore, h is continuous. W
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Example 3.5. Let us define the function h : R — R by setting

f <
ha)={%  forrs0 (3.15)
xz/2 for x > 0.

Here, each of the pieces, namely x and x/2, are both continuous functions on =z < 0, and z > 0,
respectively. These two pieces agree with each other on the overlapping part of their domains, which
is the one-point set {0}. The domains of the two pieces (—o0,0] and [0, 00) are closed subsets of R.
Hence, the function i : R — R defined piecewise by (3.15) is continuous by Pasting Lemma.

Now, the equation

(3.16)

] z—2 forz <0
j(x) =

z+2 forz>0

do not define a function as the two pieces here do not agree on the overlapping part of their respective
domains, namely on the one-point set {0}. Hence, the pasting lemma doesn’t apply here.

h(z)

The equations given by

k(x) =

-2 f
{x orz <0 (3.17)

z+2 forz>0

indeed give a function from R to itself. For the two pieces involved here there is no nontrivial intersection
of their respective domains. But the domains of the two pieces are not both closed subsets of R. Hence
the pasting lemma doesn’t apply. Indeed, the function £ : R — R is not continuous, although the two
pieces involved are both continuous on their respective domains. In this case, although (1, 3) is open in
R, k71((1,3)) = [0,1) is not open, proving that k : R — R is not continuous.

Example 3.6. Let (X, 7x) and (Y, 7Ty ) be topological spaces defined as follows:
X:{RanB}a TX :{®>X7{R}7{B}7{R’G}7{R7B}}

Y ={1,2,3}, Ty ={9,{1},{1,2},Y}.
Let f: (X, Tx) = (Y,7y) and g : (Y, Ty) — (X, Tx) be defined by

g() =R, ¢(2)=G, ¢(3)=B
Observe that f: (X, Tx) — (Y, Ty) is continuous:

i =2, {1 ={R}, f{12H)={RG}, f(¥)=X
Now, find that g : (Y, 7y) — (X, Tx) is also not continuous as g~ ({B}) = {3} ¢ Ty.
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4 Product Topology Revisited

§4.1 Maps Into Products

Let X and Y be topological spaces; we give X x Y the product topology. Recall that 71 : X XY — X
defined by 71 (z,y) = z is called the projection onto the first component. Also, 3 : X x Y — Y defined
by mo(x,y) =y is called the projection onto the second component.

Lemma 4.1
m: X XY —-Xand m: X xY — Y are continuous.

Proof. For a given open set U C X, 1(U) = U x Y is in the basis B that generates the product
topology on X x Y. In particular, ﬂfl(U) isopen in X x Y, proving that m; : X xY — X is continuous.

Now, let V C Y be open. Then 712_1(V) = X x V also belongs to the basis B generating the
product topology on X x Y. Hence, 7, }(V) is also open in X x Y, proving that m: X x Y — Y is
continuous. |

Theorem 4.2 (Maps into products)

Let W be a topological space. A function f: W — X x Y is continuous if and only if both of its
components fy =m o f: W — X and fo =m0 f: W — Y are continuous.

Proof. (=) It is immediate by the use of the fact that composition of continuous functions is continuous
and Lemma 4.1.

(<) Let U C X be open. One then has

TN = (o /)7HU) = [ (U) = fHU x Y). (4.1)
On the other hand, let V' C Y be open. One then has
V) =m0 )7HV) = fHm (V) = fTHX % V). (4.2)

Since, by hypothesis, both f; and f are continuous, given U C X open, both f{'(U) and f, (V) are
open in W. And hence their intersection f;*(U) N f5 *(V) is also open in W. But

N V)= UXxY)NfHX xV)
= U XxY)N(X xV))
=fH U x V).

Note that the collection B ={U x V | U open in X and V open in Y} generates the product topology
on X X Y. In other words, any open set in X X Y can be written as a union of open sets in X x Y of
the form U x V. Inverse image of a basic open set U x V' € B, under f, is open. So, by Lemma 3.3
f: W — X xY is continuous. |

Example 4.1. Let W = (a,b) C Rand X =Y = R. A function f : (a,b) — R x R is written as
f(t) = (fi(t), f2(t)). Then f is continuous if and only if both the component functions f; and fo are
continuous by Theorem 4.2.

In the circle example (Example 3.4), f : [0,1) — R? was given by f(t) = (cos 2nt,sin 27t) where
f([0,1)) = S C R2. Here, both f;(t) and f2(t) are continuous functions on [0, 1). Hence by Theorem 4.2,
f:[0,1] — R? is continuous.
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Lemma 4.3

The product topology on X x Y is the coarsest topology for which both the projection maps
m: X XY > Xand m: X XY — Y are continuous.

Proof. Both the projection maps 71 : X XY — X and m3 : X XY — Y are continuous for the product
topology on X X Y were proven in Lemma 4.1.

Now, suppose that the projection maps m; and 7y are both continuous with respect to a topology T
on X XY. Now, let U C X be open and V C Y be open. From the continuity of the projection maps,
m : X x Y — X with respect to the topology 7 implies that 7 Y(U) € T. Also, from the continuity
of my: X x Y — Y with respect to the topology T, one has X x V € T. But we have

UxY)N(XxV)=UxV, (4.3)

implying that U x V C T for all U open in X and V open in Y. Any open set in the product topology
can be written as a union of basic elements of the form U x V. All the basic open sets of the product
topology are in the topology 7 on X x Y. So T is finer than the product topology. So we have that
any topology on X X Y, with respect to which 7w and w9 are continuous, is finer than the product
topology. So product topology is the coarsest such that 71 and 7y are continuous. |

§4.2 Product Topology

Let J be an index set. Also, let X be a set. By a J-tuple of elements of X, we mean a function
x:J — X. If o € J, we denote its image under x simply by x,, instead of x(«). It’s called the a-th
coordinate of x. We also often denote the function x by the symbol (x4)acs. The set of all J-tuples of
elements of X is denoted by X.

Definition 4.1. Let { X, }qc be a family of sets indexed by the set J. Take the union X = [J,c; Xa.
The Cartesian product of this indexed family, denoted by

I Xa

acJ

is defined as the set of all J-tuples (z4)acs of elements of X such that z, € X, for all « € J. In
other words, [],e; Xa is the set of all functions x : J = [J,ey Xo = X such that x(«) € X, for
all a € J.

If all sets X, are equal to some set Y, then the Cartesian product [],c; X is simply the set
Y of all J-tuples of elements of Y.

Now we add structure to the constituent sets X,.

Definition 4.2. Suppose { X, }acs is a family of topological spaces indexed by J. We introduce a
topology on the Cartesian product [],c; X in the following way:

Observe that the collection of all sets of the form [],c; Uq, with U, C X, open for all o € J, is
a basis for [[,c; Xo. The topology generated by this basis is called the box topology.

Definition 4.3 (Projection map). For each € J, there is a projection function

T3 HXQ—)Xﬂ, (xa)aejl—)l’ﬁ.
acJ

ie., T3((Ta)acs) = x3.

Now, suppose {X4}aecs is a family of topological spaces indexed by J. We wish to equip [],c; Xa
with the coarsest topology Tprod such that each projection g is continuous. In other words, for each
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open set Ug C Xpg, the inverse image ng(Uﬂ) C Jlaes Xo must be open. The collection
S = {”El(UB) | B € J,Ug C Xg open} (4.4)

is a subbasis for [[,c; Xo and generates the product topology Tprod o1 [[4cjs Xo- Consider the basis
B that S generates. The collection B consists of all finite intersections of elements of S.
Now, for a given index 3 € J, let us denote by Sg the collection

Sp = {W/gl(Uﬁ) | Us C X open}. (4.5)

And then the collection of subbasis reads

S=J S (4.6)
BeJ

Let us get back to the formation of B from S by taking all finite intersections of elements from S. If we
intersect elements finitely many times from the same collection Sg, we end up with an element again
belonging to Sz. For example, choose U, C X, open and V, C X, open so that 7,1 (Us), 73 (Va)
both belong to S,. Then, using elementary set theory,

7 N UL) N (V) = 7,1 ({Ua N V) € Ba, (4.7)

as U, NV, C X, is also open.

In other words, by taking finite intersections of elements belonging to a given Sg for some 8 € J, we
don’t get anything new in the sense that we already have all the elements of Sg. Nontrivial things
happen when we intersect elements (of course finitely many times) belonging to distinct Sg’s. The
typical element of B can thus be described as follows: let f1,..., 3, be a finite set of distinct indices,
then

B =5 (Us,) Ny (Us,) NNyl (Ug,) (4.8)

is a basic open set in the product topology Tprod-
Now, take a point x = (z4)acs € B is given by (4.8). Its f;-th coordinate xg, belongs to Ugs,. For
example, g, € Ug,, x3, € Ug, and so on. As a result, one writes B as a product:

B= 1] Ua (4.9)
acJ
with Ug, C Xg, are open for i € {1,...,n}, and U, = X, for all a € J\ {f1,..., Bn}.

Based on the discussion above, one has the following theorem:

Theorem 4.4 (Comparison of the box and product topologies)
The box topology on [],c; X« has as basis all sets of the form

10,
acJ

with U, C X, open for all o € J. The product topology on [][,c; X, has as basis all sets of the

form
11 e

aed

with U, open in X, for all « € J and U, = X, for all but finitely many values of a in J.

Remark 4.1. For finite products [[;-; X;, the box topology and the product topology are the same.
From Theorem 4.4, by application of Lemma 1.7, one finds that the box topology on a product space
[I.cs Xa is, in general, finer than the product topology on it.

Indeed, if one denotes by 7,04 the product topology on [],c; Xo and by Tpox the box topology on
[lacs Xa, then Throa C Toox- Let us denote the basis of [[,c; Xo generating the box topology on it by
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Bhox and the basis of [[,¢ ; X« generating the product topology on it by Bproq. The collections By and
Bproa are given by Theorem 4.4. It is evident that for each x € [],c; X and each [[,c; Ua € Bprod,
with x € [[,cs Ua, there exists [[,c; Ul € Bpox with

xe [[ U, c ] Ua.

aed acJ

since Bprod C Bpox. Therefore, by Lemma 1.7, Tprod C Thox-

Theorem 4.5
Suppose the topology on each space X, is given by a basis B,. The collection of all sets of the

form
I B..
acJ

where B, € B, for each «, will serve as a basis for the box topology on [],c; X«. The collection
of all sets of the same form, where B, € B, for finitely many indices a and B, = X, for all the
remaining indices, will serve as a basis for the product topology [[,c; Xa-

Proof. Given any x € [[,c; Xa and [[,c; Ua € Thox, there exists basic open sets B, such that

ZTo € By C Uy, (4.10)
for each o« € J. So we have
X = (Ta)aes € [[ Ba € ] Ua- (4.11)
acJ acJ

Then by Recognition principle, the collection of all sets of the form

II B

aed

where B, € B, for each «, is a basis for the box topology on [],c; Xa.
The proof for product topology is analogous. |

Theorem 4.6

Let A, be a subspace of X, for each o € J. Then [],c; An is a subspace of [[,c; Xq if both
products are given the box topology, or if both products are given the product topology.

Proof. Suppose B,, is a basis for the topology on X,. We consider the case of box topology first. By
Lemma 1.16 and Theorem 4.5, a basis for the subspace topology on the set [][,c; Aq is

Bsubspace = {(H Ba) N (H Aa) | Ba S Ba}
acJ acJ
= {H (BoaNAy) | Ba € Ba}. (4.12)

aeJ

The collection {B, N Ay |Ba € By} is a basis for the subspace A,, by Lemma 1.16. By Theorem 4.5,
a basis for the box topology on [[,c; Aq is

Bbox,HaAa = {H (Ba N Aa) | B, € Ba}, (413)

aed

which coincides with the subspace topology basis. So [],c; A« is a subspace of [],c; Xq if both
products are given the box topology.
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Now we consider the case where both [[,c; Ao and [],c; X are given product topologies. The
collection {B, N Ay |Ba € Ba} is a basis for the subspace A,, by Lemma 1.16. By Theorem 4.5, a
basis for the product topology on [],c; Aq is

Bmod’ T Ae = {H (Ba N Ad) ‘ B, € B, for finitely many «, B, = X, for other a’s} . (4.14)
a€eJ

A basis for the subspace topology on the set [],c; Aq is

Bsubspace = {(H Ba> N (H Aa> | By € B, for finitely many «, B, = X, for other a’s}

acJ acJ
= { H (Ba N Ay) | By € By, for finitely many «, B, = X, for other a’s} . (4.15)
acJ
Since the bases coincide, we can conclude that [],c; An is a subspace of [[,c; X4 if both products are
given the product topology. |
Theorem 4.7

If each space X, is a Hausdorff space, then [],c; X, is a Hausdorff space in both the box and
product topologies.

Proof. We shall prove it for product topology only. Since box topology is finer, i.e., it contains more
open sets than product topology, if the result is true in product topology, it’s true in box topology as
well. Take two distince points

X = (xa)aer y= (ya)aeJ € H Xa-
acJ

Since x # y, there exists some index /3 such that xg # yg. Since X is Hausdorff, there exist disjoint
open sets Ug, V3 C X3 such that they contain x4, yg, respectively. Now we take open sets

U= 1] Ua,V =]] Ve (4.16)
acd acJ

where U, =V, = X, for a # 3, and for o = 3, we choose Ug, Vg C X3 as above. Then U contains x
and V contains y. Furthermore,

Umv_(HUa>m<HVa)_H(UamVa). (4.17)
acJ acJ acJ

This product is empty, as Ug NV = &. So [[,c; Xa is a Hausdorff space. ]

Theorem 4.8
Let {X,} be an indexed family of spaces; let A, C X, for each . If [] X, is given either the
product or the box topology, then

4. = [[ ..

Proof. Let x = (z4),c; be a point of [J,e; Aa; we show that x € [T Aq. Let U = [[,cy Ua be a basis
element for either the box or product topology that contains x. Since (za),ec; € [laes Aa, Za € Aa
for every a € J. So we can choose a point y, € Uy, N A, for each o. Then

Y= (Ya)aes € [ WanAa) = <H Ua> N (H Aa> =Un <H Aa>. (4.18)

acJ acJ acJ acJ

35



4 Product Topology Revisited 36

So we have shown that given x € [],c; Aq, every basis element U of [],c; X (be it product or box
topology) intersects [[,c; Aa. So it follows that x belongs to the closure of [] A,.

Conversely, suppose X = (Zq),c lies in the closure of [],¢ ; Aq, in either topology. We show that
X € [[aey Aa, ice. for any given index 3, we have g € Ag. Let V3 be an arbitrary open set of
X3 containing xg. Note that 71'5_1 (V) is open in [],c; X« in either topology. Now, Wﬁ_l (V) is a
neighborhood of x = (z4),¢ s, Which lies in the closure of [[,c; Ao. Therefore,

(wgl (Vﬁ)) N (H Aa> + @ (4.19)

aed

So we take y = (ya),cs from the intersection. Then yg belongs to V3N Ag. So given any neighborhood
Vi of xp, it intersects Ag. So it follows that x5 € Ap. [ |

Theorem 4.9
Let f: A — [],es X be given by the equation
fla) = (fa(a))pey -

where f, : A — X, for each . Let [],c; X have the product topology. Then the function f is
continuous if and only if each function f, is continuous.

Proof. Let mg be the projection of the product onto its 8-th factor. The function 73 is continuous,
for if Ug is open in Xg, the set 775_1 (Ug) is a subbasis element for the product topology on X,. Now
suppose that f: A — [[,c; Xq is continuous. The function fg equals the composite 75 o f; being the
composite of two continuous functions, it is continuous.

Conversely, suppose that each coordinate function f, is continuous. To prove that f is continuous, it
suffices to prove that the inverse image under f of each subbasis element is open in A, by Lemma 3.4.
A typical subbasis element for the product topology on [ X, is a set of the form 71'51 (Ug), where 3 is
some index and Upg is open in X3. Now

£ (75 U9) = £ (W),
because fg = mgo f. Since fg is continuous, this set is open in A, as desired. |
§4.3 Metric Topology Revisited
Let (X, d) be a metric space. Recall the associated metric topology 7; on X.
Definition 4.4. A topological space (X, 7) is metrizable if there exists a metric d on X such

that 7 is the topology associated with d, i.e., T = Ty.

Definition 4.5. Let (X, d) be a metric space. A subset A of X is said to be bounded if there is
some positive number M such that

d(ai,as) < M, VYai,a € A.

If A is bounded and nonempty, then the diameter of A is defined to be the number

diamA = sup{d(ai,az) | ai,as € A}. (8)

Remark 4.2. Boundedness of a set is not a topological property, for it depends on the metric d of the
underlying metric space (X, d). Given any metric space (X, d), one can construct a metric space (X, d)
on the same set X with respect to a metric d relative to which every subset of X is bounded. This

metric is defined in the following theorem.
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Theorem 4.10
Let (X, d) be a metric space. Define d: X x X — R by

d(x,y) = min{d(z,y),1}. (9)

Then d is a metric that induces the same topology as d, i.e., T; = T4. The metric d is called the
standard bounded metric corresponding to the metric d.

Proof. Let us first verify that the standard bounded metric is indeed a metric.

L. If d(z,y) > 1, then d(z,y) =1>0. If d(z,y) < 1, then d(z,y) = d(z,y) > 0 (since d is a metric).
Therefore, d(z,y) > 0, for each z,y € X

2. d(y,z) = min{d(y, x),1} = min{d(z, y), 1} = d(x,y).
3. d(z,y) =0 <= min{d(z,y),1} =0 <= d(z,y) =0 <= z=1y.
4. One needs to verify that for all z,y, 2z € X,
d(z,2) < d(x,y) +d(y, 2).
For z,y, z € X, there are 2 possibilities:
(a) d(z,y) > 1 or d(y,z) > 1. Hence, d(z,y) = 1 or d(y, z) = 1, so that one has

d(z,y) +d(y,z) = 1. (4.20)
On the other hand, from the definition of d,
d(z,z) <1. (4.21)
So combining (4.20) and (4.21), we get
d(z,z) < d(x,y) + d(y, 2). (4.22)
(b) d(z,y) <1 ord(y,z) < 1. In this case d (z,y) = d (z,y) and d (y, 2) = d (y,z). Since d is a
metric, B B
d(z,2) <d(z,y) +d(y,z) =d(z,y) +d(y,2). (4.23)
Also, from the definition of d, B
d(xz,z) <d(z,2). (4.24)
So combining (4.23) and (4.24), we get
d(z,z) < d(x,y) + d(y, 2). (4.25)

Next thing to see that given a metric space (X, d), the collection of e-balls with ¢ < 1,
B ={By(z,e) |z € X,e <1},

is a basis for the metric topology 74 on X induced by the metric d. But Bg(x,¢) = Bj(z,¢) for e < 1.
Indeed, for e < 1,

By(z,e) ={y € X | d(z,y) < ¢}

={y € X | min{d(z,y),1} <e}

={y e X |d(z,y) < e}; [since e < 1]

= By(z,¢).
Hence, the basis

B'={Bj(z,e) |z € X,e <1},
generating the topology 7:1* on X is the same as the basis

B ={By(z,e) |z € X,e < 1},

generating the topology 74 on X. Therefore, the two topologies 7; and 74 induced by the metrics d
and d, respectively, coincide, i.e., T3 = Tg. |
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§4.3.i Euclidean n-space

Let X = R" be the set of all real n-tuples x = (z1,...,z,). The Euclidean metric is defined by the
Euclidean norm on R™ defined by

dEuC(va) = ”X - yHEuC = \/(.’L‘l - y1)2 +oeeet (IEn - yn)27 (426)

where x = (z1,...,2,) and y = (y1,...,Yyn) are elements in R”. The sup norm (also known as the
max norm) on R” is defined as

||XHmax :max{\x1|,...,\xn]}. (427)
The square metric on R" is defined by
p(x,y) = max{|z1 —wp1l, . |20 — ynl} = [1X = ¥llmax - (4.28)

Theorem 4.11

The Euclidean metric dgyc, the square metric p, and the product topology on R™ (as the product
of n copies of R each with standard topology) all define the same topology on R".

§4.4 Infnite Cartesian Products

acy- The elements of R7 are thought
of as functions x : J — R. For example, for the finite index set .J = {1,...,n}, we can identify R{l-n}
with R™. When J = {1,2,...} = N, the set of natural numbers, we write R¥ to denote the set of real
sequences X = (), ;. Note that the formulas

1%/ gue = /21 + 23+

]

For any index set J, consider the set R’ of real J-tuples x = (z4)

and

max ma‘x{‘wl’? "T2|7' . }

do not make sense for x € R¥. Replacing the usual metric on R with the standard bounded metric on

it will allow one to generalize the square metric to infinite dimensions in the case of infinite Cartesian
products.

Definition 4.6 (Uniform metric on R”). Let x = (z4),c; and ¥y = (Ya),c, be two points of R”.
Let us define a metric p on R’ by

p(x,y) = sup {d(za, ya) | a € J}, (4.29)

where d is the standard bounded metric on R. This is called the uniform metric on R7, and the
topology it induces is called the uniform topology.

It is left as an exercise for the reader to verify that p defined by (4.29) is indeed a metric.

Theorem 4.12

The uniform topology on R” is finer than the product topology and coarser than the box topology:
these three topologies are all different if J is infinite.

Proof. Take x = (2a)acs € R7. Also, take any basis element [[,c; U, (as given in Theorem 4.4)
in product topology on R’ containing x. Since uniform topology on R” is generated by the e-balls
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B5(x, €), all we need to show is that x € B;(x,¢) C [[,cj Ua for some € > 0, to prove that the uniform
topology is finer than the product topology on R” by the use of Lemma 1.7.

We are given the basis element [],c; Ua of product topology on R’ containing x = (74)acs. Let
ai, ..., oy be the indices for which U,, # R. And we know that for each i € {1,...,n}, U,, is open in
R in standard topology with z,, € U,,. Hence, there exists ¢; > 0 such that Bryc(za,,ci) C U, for all
ie€{l,...,n}. Here,

Biuc(Ta;, i) = {z € R| |zq, — 2| < &i}. (4.30)

Without loss of generality, choose ¢; < 1 for all i € {1,...,n}. Then observe that
BJ(.ﬁai,Ei) C BEuC(J}ai,é‘i). (4.31)
Indeed, let y € Bj(xq,,¢€i). Then

d(y,za,) <& = min{|ze, —y|. 1} <& = |2a, — Y| <& = Y € Bruc(Ta; i), (4.32)

proving the containment (4.31). But Bruc(Zq,,¢ci) C Uy,. Hence, by (4.31), one has

Bj(za,,€i) CUy, Vie{l,...,n}, whereeg; <1, Vi. (4.33)
Take € = min{ey,...,e,}. Then we have that
Bs(x,e) C [] Ua. (4.34)
acJ

Indeed, let z € B5(z,¢), z = (24)acs. Then, one has

p(x,2z) <e = sup{d(za,2a) | € J} <& = d(zq,24) <&, Yaeld (4.35)

In particular,

d(xa;,2q;) <e <1, Vied{l,...,n}
min{|zq, — 2a,], 1} <&, Vi

|Ta;, — 20;| <€, Vie{l,...,n}
Za; € Bruc(Ta;,€i) C Uy,

Za; € Unyy, Vie{l,...,n}

z = (2a)acs € H Ua

aed

Bjs(z,e) C ] U
aed

IR EER

Hence, uniform topology on R” is finer than the product topology on it.
On the other hand, let us take a basis element Bs(x,e) (WLOG, € < 1) generating the uniform
topology on R’ containing x = (24 )acs € R7. Observe that the following basis element for the box

topology on R”:
v=T] (ma—;,xa—l—;), (4.36)
acJ

containing x = (za)aes, is contained in B5(x,¢). In other words,

e

xEUzH(a:a—e,xa—i—Q

: ) C By(x,z). (4.37)
acJ
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Indeed, let z = (24)aecs € U. Then

|xa—zal<g<€, Vae J
d(Ta,2q) <&, Yaeld
d(Ta,2a) <&, YaelJ
sup{d(za,2a) | @ € J} < % <e
_ €

p(sz) S 5 <eg

z € Bs(x,¢).

AN

Hence, given x € R’, with x € B;(x,¢), a generic basis element from B = {B5(x,¢) | £ € R,e < 1}, we

have found a basis element
€
U | | (l‘a - 7, 6% + 2)

acJ

for the box topology on R” satisfying x € U C B5(x,¢). Then, by Lemma 1.7., the box topology on
R is finer than the uniform topology on it. |

So we have shown that, for R”,

Product topology C Uniform topology C Box topology. (4.38)
The following example illustrates that the three topologies are different for R*.
Example 4.2. Consider the functions f, g, h: R — R% defined as follows:

f(t) = (t,2t,3t,...)
g(t) = (t,t,t,...)

1 1
h(t) = (t, o 3t,...> .

We give R the standard topology, as usual. In the product topology for R“, each of these functions are
continuous, since the components are continuous (Theorem 4.9). In the box topology, neither of these
functions are continuous. Consider the open set

U= ﬁ( n2,> (4.39)

n=1

in the box topology. Then

1 1
teR|nte( 5 2>VnEZ+}
ns n

-4

{teR|te( 1 T;)vmeZ*}:{o}.
{ 1

0 ={rem

1
teR\te( nQ,n2)VneZ+}_{0}.
1 1
< () ezt
11 N
:{teRHe(—n >VneZ}:{0}.

Although U is open, its preimage under neither of f, g, h is open in R. So neither of these functions
are continuous in the box topology. Now consider the uniform topology on R*. We first show that f is
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not continuous in this topology. Consider the open ball B5(0,1).

x = (xp),~; € B5(0,1) <= p(0,x) <1
<~ sup d(z,,0) < 1
neZ+t

< sup |z,| <1
nezt

= |z,| <1foralln
= x = (zy),4 € (-1,1)“.

Therefore,

FH(Bs(0,1)) € FH((-1,1)%)
:{te]R | nt € (—1,1) erZ*}
11
:{teR | te (—,) VneZ+} = {0}.
n'n
So f~1(B5(0,1)) is not open in R. As a result, f is not continuous in the uniform topology on R¥.
Now we shall prove that both g and h are continuous in the uniform topology on R¥. Consider the

basis
B={Bs(x,¢e) | xR e <1}.

Let’s take By (x,¢) € B. We need to show that both g=! (B3 (x,¢)) and h™! (B3 (x,€)) are open in R.
Consider tg € g~ (B3 (x,¢)). So g (to) € B5(x,¢), i.e. p(x,g(to)) < e. Suppose p(x, g (ty)) = &0 < €.
We claim that

E—E& E—¢&
(to- 2520+ 55 ) c g7 (Br(x.2)). (4.40)

Given ¢ € (tg — 52, o + =52),

_ €—¢€o0
p(g(t),g(to)) = sup |gn (t) — gn (to)| = sup [t —to| = [t — to| < (4.41)
nez+ nez+
As a result,
_ _ _ £—¢€p €+¢o
p(x,9(t) <p(x,9(to)) +2(g(to),g(t) <eo+ = <e. (4.42)

2 2

Sot € g7 (B5(x,¢)), and hence (4.40) holds. Given any ¢y € g~' (B5(x,¢)), we can find such an open
interval around ¢ that is contained in g~! (Bz (x,€)). Therefore, g~! (B3 (x,¢)) is open, and hence g
is continuous.

A similar construction works for h as well. Consider tg € h™! (Bz(x,¢)). So h(ty) € B5(x,¢), i.e.
p(x,h(tg)) < e. Suppose p(x,h(tg)) =ep < . We claim that

<t0 6_250,t0+ 8_260) ch! (Bﬁ(X,z?)). (443)

Given t € (tg — 5572, tg + =52),

t—t E—E€
) 1 (0)) = sup U (0) = o ()] = sup = — o= ] < S5 (4.44)
ne ne
As a result,
(xR (1) <P (x,h(to)) + 7 (h (o), b (1)) < g0+ =0 = EHE0 (4.45)

2 2

So t € h™!(B5(x,¢)), and hence (4.43) holds. Given any ty € h™! (B5(x,¢€)), we can find such an
open interval around ; that is contained in h~! (B5(x,¢)). Therefore, h™! (B5(x,¢)) is open, and
hence h is continuous.
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Now, we compare the three topologies on R¥ in light of the continuity of these functions. Suppose
F (X, Tx) — (Y, T1) and Fy: (X, Tx) — (Y, T2) are two maps between topological, whose underlying
set-functions are the same (i.e. F (x) = F5 (z) for every x € X). Suppose 71 and Tz are two topologies
on Y, such that 75 is finer than 77. If F5 is continuous, then so is Fi, since call the open sets of 7T, are
also in 7. Similarly, if F} is not continuous, then F5 also can’t be continuous. On the other hand, if
we discover that Fj is continuous but Fj is not, this must mean that 72 contains an open set whose
preimage under Fy is not open in the topology Tx of X. But by the continuity of F, the preimages of
all the open sets of 77 are open in the topology Tx of X. Since 75 is finer than 77, this means that 7
contains an open set that is not in 77. In other words, 7 is strictly finer than 7.

We have seen earlier in Theorem 4.12 that

Product topology C Uniform topology C Box topology. (4.46)

We have proved earlier that f : R — R¥ is continuous in the product topology on R¥, but not
continuous in the uniform topology on R¥. Therefore, the uniform topology on R“ is strictly finer than
the product topology.
g:R—R¥and h: R — R¥ are continuous in the uniform topology on R¥, but not continuous in
the box topology on R“. Therefore, the box topology on R* is strictly finer than the uniform topology.
Therefore, for R,
Product topology C Uniform topology C Box topology. (4.47)

Theorem 4.13

Let d : R x R — R given by d(a,b) = min{|a — b|,1} be the standard bounded metric on R. If
X = (2;)ieny and y = (¥i);en are two points of R*, define

D(x,y) = sup {W | i€ N} . (4.48)

Then D is a metric that induces the product topology on R“.

Proof. That D satisfies the first two properties of a metric are trivial. Let us verify that it obeys the
triangle inequality. Note that

WSSUP{WHEN}:D(X,}’) (4.49)

Then, for x = (2;)ien, Y = (¥i)ien,and z = (z;);eny € R, one has

d(z;, zi) < d(zi, ;) n d(yi, zi)

) - ) /)

< D(x,y) + D(y, z). (4.50)

From (4.50), it follows that

sup {W |ie N} < D(x,y) + D(y, z)
= D(x,z) < D(x,y)+ D(y,z). (4.51)

So D is indeed a metric.

Let us now prove that D defined by (4.48) gives the product topology on R¥. Let us denote the
metric topology on R* induced by the metric D with Tp and the product topology on R* by Tjroa-
We need to show that Tp = Tproq. Let us first prove that Tp C Tproa-

For this purpose, choose x = (z;);eny € R¥ and a basis element Bp(x,¢) from the basis set of e-balls
generating the metric topology 7p on R¥, where x € Bp(x,¢). Now, choose N € N large enough such
that % < e. With N so chosen, write down the basis element V' for the product topology Tyroa as

V=(r1—egxi1+e)x--X(azny—c,any+e) Xx RxRx---. (4.52)
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It is immediate that x = (x;);eny € V. We now assert that V' C Bp(x,¢).
Observe the following for y = (y;);cy € R, if i > N, then

1 1
< 4.
i =N (4.53)
Also, B
Now, (4.53) and (4.54) together imply ~
d(zi,yi) _ 1
< —, 4.
1 - N (4.55)
Now,
1 1y Y 1| ) l ’ ] ) 1
lXxy):mm{ﬂ?f”ieN}Snmx{ﬂxzmxdmzw%”wd@?foN}. (4.56)
Now, choose y = (y;)ieny € V. From (4.52), one sees that
d(z1,y1) < d(z1,m1) <e,
d(w2,y2) < d(z2,y2) <fce
2 2 2
(4.57)
d(zn,yn) _ dzn,yn) _ €
< — .
9 < N < N <e€
Besides, we have chosen % < &. So we have
d(z1, 1) d(x2,y2) d(zy,yn) 1
... — . 4.
max{ T 5 e N N (<€ (4.58)
Combining (4.56) and (4.58), we get
D(x,y) <e = y € Bp (x,¢). (4.59)

So given any x € R¥, and a basis element Bp (x,¢) of Tp containing x, there exists a basis element V'
of 7;)rod)
y €V C Bp (x,¢). (4.60)

Therefore, by Lemma 1.7,
TD C 7;)rod- (461)

Now, let us prove that T,r0q C Tp. For this purpose, consider a basis element

U=1[Uu, (4.62)
ieN
generating Tproq on R¥. Here, U; is open in R for i = a1, g, ..., ap and U; = R, for i € N\{ay, ..., an}.

Given x = (x;);eny € R¥, choose a basis element U as given in (4.62) satisfying x € U, so that x; € Uj,
for each ¢ € N. In particular, x; € U; for all i € {a1,...,a,}, with U; being open in R, for each
i € {a1,...,an}. Now choose an interval

(z — €iy 25 + &) C Ui, (4.63)

for each i € {aq,...,a,}. WLOG, choose ¢; < 1. Then define

5:min{6.i|i:a1,...,an}. (4.64)
i
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We claim that
x € Bp(x,¢e) C U. (4.65)

Let y = (yi)ien € Bp(x,¢€). Then D(x,y) < . Therefore, from the definition of D, one obtains,

; <D(x,y)<e, Vie{an,...,an}. (4.66)

Now, from the definition of € in (4.64), one obtains
i

e < % Vie {al,...,an}. (4.67)

Combine (4.66) with (4.67) to obtain

< D(x,y)<e< 7 (4.68)

So we have, for every i € {a1,...,ay,},

d(xi,yi) < €i. (4.69)

Since we assumed WLOG that ¢; < 1, we have

d(zi, yi) <ei < 1. (4.70)
In other words,
d(zi, yi) < &i- (4.71)
So we have, for i € {aq,...,an},
Yi € (2 —ei, i + &) C U (4.72)

For other i’s, U; = R, so obviously y; € U;. Therefore, given y = (y;)ien € Bp(%,¢), yi € U;. So we
have
x € Bp(x,¢e) C U. (4.73)

So given any x € R*, and a basis element U of 704 containing x, there exists a basis element Bp(x, ¢)
of Tp,

x € Bp(x,e) C U. (4.74)

Therefore, by Lemma 1.7,
7;)rod C TD- (475)
So Tp = 7;)rod- u

Remark 4.3. Theorem 4.11 and Theorem 4.13, imply that both R™ and R* equipped with product
topology are metrizable. Certain countability axiom and separation axiom as pointed out by Urysohn
will render metrizability to to topological space X. It turns out that R’ endowed with the product
topology is only metrizable if J is countable.
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5 Quotient Topology

§5.1 Quotient Maps

Definition 5.1 (Quotient map). Let X and Y be topological spaces. Also let p: X — Y be a
surjective map. The map p is said to be a quotient map provided v C Y open if and only if
p~1(u) C X is open.

An immediate consequence of this definition is if p : X — Y is a surjective continuous map that is either
open map or a closed map, then p is a quotient map. Suppose p : X — Y is a surjective continuous
map that is open. Let U C Y be open. Then p~1(U) C X is open by continuity of p. Now, suppose
p~Y(U) is open for some U C Y. Then p(p~'(U)) is open in Y by openness of p. But from surjectivity
of p, one has p(p~1(U)) = U. And hence U is open. In other words p is a quotient map. By elementary
set theoric argument, one shows that the ‘closed map’ part of the above consequence holds.

Definition 5.2 (Saturated subset). We say that a subset V' C X is saturated with respect to the
function f: X =Y if f(z) € f(V) = z € V.

Or in other words z € f~1(f(V)) = {z € X | f(x) € f(V)} implies x € V, which is equivalent to
claiming that f=1(f(V)) C V. Since V C f=1(f(V)) always holds, V C X is saturated with respect to
the function f: X — Y if

V=fHfV) (5.1)

Equivalently, one can state that a subset V' C X is saturated with respect to the function f: X — Y
if any point lying outside V' cannot have it’s image under f to be contained in f(V), ie, x ¢ V —

f(x) ¢ f(V).

Lemma 5.1

Let X and Y be topological spaces. Let p: X — Y be a surjective map. Then p is a quotient
map if and only if p maps saturated open sets of X (or equivalently, saturated closed sets of X)
to open sets of Y (or equivalently, closed sets of Y') and p is continuous.

Proof. (=) Suppose that V C X is open and saturated with respect to the quotient map p: X — Y.
Hence,

V=pHp(V)). (5.2)

Hence, p~'(p(V)) C X is open. Since, p is a quotient map by hypothesis, one has p(V) C Y is open.
Also, p: X — Y being quotient map can easily seen to be continuous.

(<) Suppose p : X — Y is a surjective continuous map that takes saturated open sets of X to
open sets of Y. We need to show that p is a quotient map.

Let U C Y be open. Then p~!(U) C X is open by continuity of p. On the other hand, let us assume
that p~!(U) is open for some U € Y. First, observe that p~!(U) is saturated with respect to p. Since
p(p~1(U)) = U as p is surjective,

p ' (U) =p~ (o~ (U))). (5.3)

Now (5.3) tells us that p~1(U) is saturated with respect to p. We therefore see that p~*(U) C X is
saturated open. Therefore, using the hypothesis, one concludes that p(p~!(U)) = U is open in Y. This
proves that p is a quotient map. |
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5 Quotient Topology 46

Example 5.1 (Saturated subsets and Quotient map). Let X = [0,1]U[2,3] and Y = [0, 2] be subspaces
of R. Consider the map p: X — Y defined by,

x if x € [0,1],
p(r) = .
r—1 ifze]23].
Y /3
1 2

X

p can be seen to be surjective, continuous and closed. Therefore, it is a quotient map. However, it is
not an open map. Indeed, observe that [0, 1] is open in X since,

0,1] = (é;’) nX.

where, (—3,3) is open in R. But p([0,1]) = [0, 1], is not open in Y.

Now let A = [0,1) U [2,3] be the subspace of X. Denote by ¢ : A — Y the restriction of p to
A, e, q :p’A.

Y 3

/

1 2

X

The map ¢, being a restriction of the continuous map p is also continuous. Also, ¢ is easily seen to be
surjective. But ¢ is not a quotient map. Indeed, [2,3] C A is open and

g '(a([2,3]))) = a7 ([1,2]) = [2,3],

implies that [2,3] C A is saturated with respect to ¢. But ¢([2,3]) =[1,2] C Y is not open. Also, note
that [2,3] C X is not saturated with respect to p. Indeed,

p~H(0([2,3])) =p7([1,2]) = [2,3] U {1} # [2,3]. (5.4)
Example 5.2. Let 71 : R? — R be the projection map onto the first coordinate. Then 7 (z,y) = z is
easily seen to be a surjective and it is continuous by Lemma 4.1. Also, see that 7y is an open on a
generic basis element of the form U x V, with U,V open in R (in standard topology), for the product
topology R2. Indeed, 71(U x V) = U is open in R. Hence, 7 is a open map.
Let C = {(x,y) € R? | 2y = 1}. C can be seen to be a closed subset of R? with the help of the
continuous function f : R? — R defined by f(z,y) = xy. Here {1} C R is closed. Hence, C = f~1({1})
is closed in R2.

BEuc (07 1)
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5 Quotient Topology 47

But f(C) =R\ {0} is not closed in R. Hence, m; is surjective continuous map that is open and hence
a quotient map. But 7 is not a closed map.

Now choose A C R? with A = C U {(0,0)}. A =R2?\ {(0,0)}. Then define ¢ : A — R to be the
restriction of 7 to A, i.e, ¢ = m]a.

q is surjective and continuous. But ¢ is not a quotient map. See that, {(0,0)} C A is open in the
subspace topology it inherits from R?. Indeed, {(0,0)} = Beuc((0,0),1) N A.
Also,

¢~ (¢({(0,0)})) = ¢ ({0}) = {(0,0)} (5:5)

implies that {(0,0)} C A is saturated with respect to ¢. But ¢({(0,0)}) = {0} C R is not open. Then
by Lemma 5.1, g is not a quotient map.

In Example 5.4 we shall see an example of a quotient map which is neither open nor closed.

§5.2 Quotient Topology

Definition 5.3 (Quotient topology). Let (X, Tx) be a topological space and A isaset. Ilf p: X — A
is a surjective map, then there exists exactly one topology on A with respect to which p is a
quotient map. This topology on A is called the quotient topology on A induced by p. We
denote this topology on A by 7q. One therefore writes

UeTq < p '(U) € Tx. (5.6)

Let us first verify it’s existence. In other words, we verify that 7q defined above is indeed a topology
on A. Indeed, A, € Tq since p~1(4) = X € Tx and p~1(9) = @ € Tx.

Now, suppose that {Us}aey is a family of elements in 7q. Hence, one has p~1(U,) € Tx for all
« € J. Since, Tx is a topology on X, one has

Upr ™ (U) € Tx. (5.7)

a€eJ

But from elementary set theory, one has

U pil(UOc) = pil (U Uoz) . (58)

acJ aeJ

One therefore obtains, p™! (Uyes Ua) € Tx leading to Uyey Ua € Tq-
Now, let {U;}?; be a finite collection of elements in 7q. Then, p~*(U;) € Tx for alli =1,2,...,n.
Since Tx is a topology on X, one has

n

' () € Tx. (5.9)

i=1
But from elementary set theory, one has
n n
Np ' U)=p" (ﬂ Ui) : (5.10)
i=1 i=1
One therefore obtains, p~! (N, U;) € Tx leading to N, U; € Tq. (5.8) and (5.10) together imply
that 7q is a topology on A.

Let us now see that 7q is the only topology on A such that p : (X,7x) — (A,7q) is a quotient
map. Suppose that T4 is another topology on A such that p: (X, Tx) — (A, Ta) is a quotient map.
We will show that T4 = 7q.
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Since p : (X, Tx) — (A, Ta) is a quotient map, we have that U € Ty <= p ' (U) € Tx. Again,
since p : (X, Tx) — (A,7q) is a quotient map, we have that U € Tq <= p ' (U) € Tx. Therefore,
for a subset U C A,

UecTh <= p '(U)eTx < UcTy. (5.11)

Therefore, T4 = Tq, proving the uniqueness of 7q.

Example 5.3. Let p: R — A where A = {a,b,c} be defined by,

a if z >0,
p(x) =14b if x <0,
c if x =0.

The quotient topology 7q on A is given by
TQ = {@’ {a}7 {b}> {a> b}v A}'

Indeed, p~1(2) = @, p~' ({a}) = (0,00), p~1({B}) = (—00,0), p~'({a,b}) = (—00,0)U (0, 00) p~}(4) =
R are all open in R. In fact, there are no other subset u € A such that p~!(u) is open in the standard
topology on R.

Definition 5.4 (Quotient space). Let X be a topological space, and X* be a partition of X into
disjoint subsets whose union is X. Let m : X — X™* be the surjective map that sends each z € X
to the element (a subset of X) containing it. The set X* is called the quotient set. In the quotient
topology induced by the surjective map 7 : X — X™*, the set X* becomes a topological space
called a quotient space of X.

We can see that elements of X* are subsets of X. We can impose an equivalence relation on X with
respect to which each subset of X, being an element of X*, becomes an equivalence class. In other
words, all elements of X belonging to the same subset of X that is an element of X*, are declared
equivalent under this proposed equivalence relation.

Definition 5.5 (Final Topology). Let {X,}acs be a J-indexed family of topological spaces and A
be a set. Now, let {fa}acs be a J-indexed family of functions f, : X, — A. The final topology
on A is the finest topology Tr on it such that f, : X, — A becomes a continuous function, for all
a € J. We say that the final topology on A is induced by the family of functions { fa}aecs-

Lemma 5.2

Let (X, Tx) be a topological space. Consider the surjective map 7 : X — X* as constructed in the
definition of quotient space. Now, there is a final topology on X* induced by a single surjective
map 7. By definition of final topology, it is the finest topology on X* that makes the surjective
function 7 : X — X™* continuous. Let us denote this final topology on X* by 7p. On the other
hand, there is the quotient topology on X* that we denote by 7q. Then, Tr = 7q.

Proof. Ty is the finest topology such that 7 : X — X* is continuous. We know that 7 : (X, Tx) —
(X*,7Tq) continuous. Therefore, Tq C Tr.
Since 7 : (X, Tx) — (X*,Tr) is continuous, given any U € Tr, 7! (U) € Tx. By the definition of
Tq,
VeTg —= (V) e Tx. (5.12)

Since 71 (U) € Tx, we have U € 7. As a result, Tp C Tq. [ |
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Theorem 5.3

Let p: X — Y be a quotient map. Also, let A be a subspace of X that is saturated with respect
to p. Now, let ¢ : A — p(A) be the map obtained by restricting p to A. Then the following hold:

1. If A is either open or closed in X, then ¢ is a quotient map.

2. If p is either an open or a closed map, then g is a quotient map.

Proof. Step 1. We first verify the following 2 equations:
¢ (V) =p I (V), if V C p(A). (5.13)

p(UNA)=pU)Np(A), if U C X. (5.14)

To check the first equation, note that V' C p(A) and A is saturated with respect to p. Since, the
preimage operation respects inclusion, one has

p~'(v) Cp~H(p(4)) = A. (5.15)
Now,
p'(V)={z e X |p)ecV}cCA. (5.16)
g (V)={z e A|qx)cV} (5.17)
(5.15) and (5.16) tells us that
p'(V)={zc A|px)cV} (5.18)

Since p(x) = g(x) for all x € A, from (5.17) and (5.18), one has p~1(V) = ¢~ 1(V).
For the second equation (5.14), one notes that the following holds using elementary set theory

p(UNA) CpU)Np(A). (5.19)

for the function p : X — Y and U, A being subsets of X. Now, let us show that p(U)Np(A) C p(UNA).
Suppose y € p(U) N p(A). Then there exists u € U and a € A such that,

y = pla) = p(u). (5.20)
From (5.20), one finds that p(u) € p(A). Hence, u € A. But u € U. Therefore,
weUNA. (5.21)
One, therefore obtains using (5.20) and (5.21), that
y =p(u) with u e U N A. (5.22)
Hence, y € p(u N A). Therefore, one concludes that,
p(u) Np(A) C p(un A). (5.23)
Now, (5.23) together with (5.19) implies that p(u) N p(A4) = p(un A).

Step 2: Now suppose that A C X is open or p : X — Y is an open map. Also, suppose that
q (V) C A is open for some V C p(A). We need to show that V' C p(A) is open.

Suppose first the case where A C X is open. Also, ¢~'(V) C A is open by hypothesis. Hence,
¢ (V) C X is open by Lemma 1.18. Now, since V C p(A), one has by (5.13), ¢~ 1(V) = p~1(v).
Therefore, one has p~!(V) C X is open. Since p: X — Y is a quotient map, one has, V' C Y is open.

Since V' C p(A) C Y one has, V is open in p(A) in the subspace topology it inherits from Y. Indeed,
V=V np(4).
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We proved that ¢~ (V) C A open implies V C p(A) is open. The other direction follows from the fact
that g : A — p(A) being a restriction of the continuous map p : X — Y is also continuous. Therefore,
q is a quotient map.

Now suppose p: X — Y is open. Since V C p(A) holds, by (5.13), one has ¢~ (V) = p~ (V). By
hypothesis, ¢~1(V) C A is open. Hence, p~ (V) C A is open. By the definition of subspace topology,
there exists U C X open such that

pt(V)=UnA. (5.24)
Since, p: X — Y is a quotient map, it is surjective. Hence,
p(p~' (V) =V. (5.25)
Combining (5.24) and (5.25), one has
V=p(UNA)=pU)np(A). (5.26)

Since U C X is open, p(U) C Y is open. From the definition of subspace topology, it then follows from
(5.26) that V' C p(A) is open.

Step 3: The proof for the case when A C X is closed or p : X — Y is closed can be done ex-
actly in the same way as step 2. |

Example 5.4. Let A be a subset of R? defined by
A= {(x,y) ER?|z>00ry=0 (or both)}

Let 71 : R?> = R be the projection on the first coordinate. Let ¢ : A — R be the restriction of 7y, i.e.
q=i| 4 Then g is a quotient map. But it is neither open, nor closed.

m1 is an open map, so by Theorem 5.3, ¢ = 7r1|A is a quotient map. It is not an open map, since the
image of the open set (R x (0,00)) N A is not open. Indeed,

(R x (0,00)) N A = {(z,9) € R* | 2 > 0}. (5.27)

So its image under p is [0, 00), which is not open in R. ¢ is not a closed map either, for the image of
the closed set {(x,y) | zy =1, z > 0} is (0, 00) is not closed in R.

Lemma 5.4

Composition of quotient maps is also a quotient map.

Proof. Let p: X — Y and ¢ : Y — Z be quotient maps. We need to show that gop: X — Z is a
quotient map.

Let U C Z be open. Since ¢ : Y — Z is a quotient map, U C Z is open if and only if ¢~ *(U) C Y is
open. Since p: X — Y is a quotient map, ¢~ *(u) C Y is open if and only if p~!(¢~(U)) C X is open.
But

p~Ha N (U)) = (gop)”(U). (5.28)
Hence, the quotientness of ¢: Y — Z and p: X — Y amount to the fact that U C Z is open if and
only if (gop)~!(U) C X is open. This then implies that o p: X — Z is a quotient map. |

Theorem 5.5

Let p: X — Y be a quotient map. Let Z be a topological space, and g : X — Z be a map that is
constant on each set p~!({y}), for all y € Y. Then g induces a map f : Y — Z such that fop = g.
The induced map f is continuous if and only if g is continuous and f is a quotient map if and
only if g is a quotient map.
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Proof. By hypothesis, for every y € Y, g(p~'({y})) is a singleton. Define f: Y — Z by

) =9 ({y}). (5.29)

Take any z € X, then (5.29) tells us that f(p(x)) = g(x), i.e, f op = g. In other words, the following
diagram commutes:

X

YﬁZ

Now, p: X — Y, being a quotient map, is continuous. If f is continuous, g = f o p is continuous. Now,
suppose g is continuous. Therefore, if V C Z is open, then g~ (V) C X is open. Since, f op = g, one
has

g V)= (fop) (V) =p ' (f7H(V)) C X is open. (5.30)

Since p is a quotient map, from (5.30), one concludes that f~!(v) C Y is open. Hence, f is continuous.

Now, suppose that f is a quotient map. Since p is a quotient map, by Lemma 5.4, fop = g is
a quotient map. Now, let g be a quotient map. Then g is surjective. Then surjectivity of g implies
that, for every z € Z, there exists x € X such that, g(x) = z. Then, from (5.29), one has

fp(z)) = g(x) = = (5.31)

(5.31) tells us that for every z € Z, there exists y € Y, namely y = p(z) such that f(y) = z. Hence, f
is surjective. Now, since g is continuous (as g is a quotient map by hypothesis), f is continuous by the
previous statement of this theorem. Therefore, V' C Z open implies f~(V) C Y is open. For the other
direction, assume f~!(V) C Y is open for some v C Z. As p is a quotient map, p~!(f~1(V)) C X is
open. But

p (W) = (Fop) H(v) =g (v). (5.32)

One therefore obtains that ¢g~!(V) C X is open. But g is a quotient map. Hence V C Z is open. This
proves that, f is a quotient map, as required. |
\

-
Corollary 5.6
Let g : X — Z be a sujective continuous map. Let X* be the following collection of subsets of X:

xX*={g"'({=}) | 2 € Z}.
Give X* the quotient topology.

(a) The map g induces a bijective continuous map f : X* — Z, which is a homeomorphism if
and only if g is a quotient map.

X

Xt — 7

(b) If Z is hausdorff, so is X*.
\- J
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Proof. (a) Observe that, X* is the partition of X into disjoint subsets where elements of each subsets

is mapped to a single element of Z by g. In other words, X* is set of equivalence class of X under
the equivalence relation x ~ y if and only if g(x) = g(y). Therefore, g induces a map f: X* — Z
by bijective map f(g~1({z})) = 2.
Let p be the quotient map from X to X* that sends each z € X to it’s equivalence class Now, ¢
is a map that is constant on each set p~!({y}). Hence, by Theorem 5.5, f is the induced map
from X* to Z by g such that f op = g, which is continuous if and only if ¢ is continuous. But g is
continuous by hypothesis. Hence, f is continuous.

Suppose f is a homeomorphism. Then f is also a quotient map. Since p is a quotient map and g is
composition of quotient maps, g is a quotient map by Lemma 5.4. Conversly suppose that g is a
quotient map. Then f is a quotient map by theorem (5.5). But since f is bijective, f is therefore a
homeomorphism.

(b) Suppose that Z is hausdorff. Let x,y € X* be distinct. We need to show that there exists disjoint
open neighbourhoods of x and y in X*. Since f is bijective, f(x) # f(y). Hence, there exists open
sets U,V C Z such that f(x) € U, f(y) € V with UNV = @. Hence, f being a continuous, f~1(U),
f~1(V) are distinct and open in X*. Therefore, f~1(U), f~1(V) are disjoint open neighbourhoods
of x and y in X*. Thus, X* is hausdorff.

[ |

Example 5.5. Let X be the closed unit ball in R?:
X ={(x,y) eR*|2” +¢* <1}
And let X* be the partition of X into 2 classes:
1. All the one point sets {(x,y)} with 22 +3? < 1.
2. The set S' = {(z,y) € R? | 22 +y? = 1}.

Give X* the quotient topology. Then X* is homeomorphic to the subspace of R? called the unit
2-sphere defined by:
S?={(z,y,2) eR® | 2® +y? + 22 =1},

Let g : X — S? be the map defined as follows: given (x,y) € X = B(0,1), we express (z,y) =
(rcos@,rsinf) for 0 <r <1and 0 <6 < 27. Then we define

g(z,y) =g (rcosf,rsinf) = (sin (7r) cos 6, sin (7r) sin 0, — cos (7r)). (5.33)
Then g is surjective. g is also continuous, since we can write g as follows:

, (xvy) _ (sin(i/\ii?)fc’ sin(f/g)y’ — COS (W\/W)) if (337y) 7& (070)7

(5.34)
(0,0,-1) if (z,y) = (0,0);
and each components are continuous on X \ {(0,0)}. For (x,y) = (0,0), observe that
sin (m/x2 + y2> x
< |sin ( my/22 + 2) , 5.35
/72 + 2 = ( V Y (5.35)

which approaches 0 as (z,y) — (0,0). Similarly,

sin (m/:ﬂ2 + y2) Yy

<

sin (7['\/&52 + y2> ’ . (5.36)
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Therefore,

lim z,y) = (0,0, —1), 5.37
(x’y)ﬁ(omg( y) = ( ) (5.37)

so g is continuous at (0,0) as well. So g is continuous on the whole X.
Now we see that X* is precisely the collection {g=! ({z}) | 2 € S?}. From g (r1 cosf,rsinf;) =
g (rg cos by, ro sin fy), comparing the third component, we get

COSTT] = COSTTry —> T1 = T3, (5.38)
since cos is injective on [0, 7]. Comparing the first and second components, we get that
either sinmry = sinzre = 0 or cos 7 = cos s, sinf; = sin Os. (5.39)

The first option means that 1 =ro =0 or 71 = r9 = 1. But there is only one point with » = 0. The
second option means that ; = 6. Therefore, g is injective on B(0,1), and all the points on S! gets
mapped to (0,0,1). Therefore, the collection

{g_l ({z}) | z € 52} = ( U {(x,y)}) U {(x,y) eX |22 +4%= 1} = X" (5.40)
x24y2<1

Now, one can show that g is a quotient map (in fact, it follows readily from Theorem 7.5 once we develop
the notion of compact spaces). Then by Corollary 5.6, g induces a homeomorphism f : X* — S2.

U

Figure 5.1: Open sets in X that are p-saturated

Example 5.6. Let X be the rectangle [0, 1] x [0, 1]. Define a partition of X into the following classes:

[

. all singletons {(z,y)} with z,y € (0,1);
2. all sets of the form {(z,0),(x,1)} with z € (0,1);
3. all sets of the form {(0,y), (1,y)} with y € (0,1);

4. {(0,0), (1,0), (0, 1), (1,1)}.
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Now, use Corollary 5.6. X = [0,1] x [0, 1]. Take the continuous map g : X — R3 defined by,
g(s,t) = ([b+ acos2rt] cos 2ms, [b + a cos 27t] sin 27s, a sin 27t) (5.41)

Deonte by Z, the image of X under g, i.e, Z = g(X). Then g : X — Z is a continuous surjective map
defined by (5.41). Now, check that X* = {g~1({z}) | 2 € Z}, is precisely what is given by the list
above. Now, Corollary 5.6 states that there exists a bijective continuous map f : X* — Z such that
fop=g with p: X — X* being the quotient map. One can show that g is a quotient map (in fact, it
follows readily from Theorem 7.5 once we develop the notion of compact spaces). Hence, Corollary 5.6
guranatees that f is a homeomorphism. This homeomorphic image of X* in R? is called the 2-torus
denoted by T72.
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Figure 5.2: Open sets in X that are p-saturated

o4



6 Connectedness

§6.1 Connected spaces

Definition 6.1. Let X be a topological space. A separation of X is a pair of disjoint non-empty
open subsets U and V' of X such that UUV = X. A topological space X is said to be connected
if there does not exist a separation of X.

Lemma 6.1

A topological space X is connected if and only if the only subsets of X that are both open and
closed (clopen) in X are the empty set and X itself.

Proof. For if A is a nonempty proper subset of X that is both open and closed in X, then the sets
U= Aand V =X — A are nonempty, open, disjoint, and their union is X. So they constitute a
separation of X.

Conversely, if U and V form a separation of X, then U is a nonempty proper subset of X, and it is
both open and closed in X, since V.= X \ U is open. |

Lemma 6.2

If Y is a subspace of X, a separation of Y is a pair of disjoint nonempty sets A and B whose
union is Y, neither of which contains a limit point of the other. The space Y is connected if there
exists no separation of Y.

Proof. We have to show that the usual definition of a pair U,V of Y (as a topological space) is
equivalent to the one stated above. Then it will follow that the space Y is connected if there exists no
separation U,V of Y in the above sense.

Suppose U,V forms a separation of Y. Then U is both open and closed in Y. If we denote the
closure of U in X by U, then the closure of U in Y, denoted by Cly (U), is as follows:

Cly(U)=UnY. (6.1)
Since U C Y is closed, Cly (U) = U, so that one has
U=U0nY. (6.2)
Since the pair U,V forms a separation of Y, UNV = @&. So
g=UNV=0UNYNV=UnNYV. (6.3)
Suppose U’ is the set of limit points of U in X. Then U = U U U’. As a result,

UNnV=g = (UUU)NV =0
— UnNWV)uU'nV)=90
— ou{U'nV)=0
— U'nV=g0.

In other words, V' doesn’t contain any limit point of U in X. Similarly, U also doesn’t contain ant of
the limit points of V in X.
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6 Connectedness 56

Conversely, suppose that U and V are disjoint nonempty sets such that U UV =Y and neither of U
and V contains a limit point of the other. By hypothesis, one has:

Unv=unv' =g. (6.4)
Also by hypothesis, UNV = @. Since U = UUU’, and we have U/ NV =UNV = &, we get
Unv=0ul)nVv=UnV)uU'nV)=2. (6.5)

Similarly,
VNnU=o. (6.6)

Since UNU =U and UNV = @,
Uny =Un@uv)=(Unu)u(Unv)=uU. (6.7)

Similarly,
Vny =V. (6.8)

So both U and V are closed sets in Y. Also, they are complement of each other in Y. So they are
both open in Y. Hence, U,V are disjoint nonempty open subsets of Y such that U UV =Y, i.e. the
pair U,V forms a separation of Y. |

Example 6.1. Let X = {a, b} be a 2-point set. Now take the topological space (X, Tingis) by equipping
the 2-point set with indiscrete topology so that the only open sets in X are just @ and X itself. In
particular, none of the sets {a} or {b} is open in X with indiscrete topology so that there exists no
separation of X. Hence, X equipped with indiscrete topology is connected.

Example 6.2. Let X be the subspace [—1,0) U (0, 1] of R equipped with standard topology. The
sets [—1,0) and (0, 1] are disjoint and nonempty, and their union is Y. Also, note that [—1,0) has a
limit point in common with the set (0, 1], namely 0. But 0 belongs to none of these sets. In particular,
we see that none of the sets [—1,0) and (0, 1] contains a limit point of the other in R. Hence, by
Lemma 6.1, the sets [—1,0) and (0, 1] form a separation of Y, and hence ¥ C R is not connected.

Example 6.3. Let X be the subspace [—1,1] of R equipped with standard topology. The sets [—1, 0]
and (0, 1] are disjoint and nonempty. Also, [-1,0] U (0,1] = [—1,1]. Yet the pair [-1,0] and (0, 1]
doesn’t form a separation of X. This is because [—1,0] contains 0 which is a limit point of (0, 1]. In
fact, it will be shown later that there exists no separation of the space [—1,1].

Example 6.4. Let Q be the subspace of R equipped with subspace topology it inherits from R (with
respect to standard topology). Then Q is not connected. In fact, a set consisting of 2 rational points
p,q with p < ¢ is not connected. Here, Y = {p, ¢} is a subspace of R. Then the pair {p}, {¢} forms a
separation of Y. Indeed, {p} and {q} are both open in Y in the subspace topology it inherits from R:
choose a € R\ Q that lies between p and ¢, i.e., p < a < ¢q. Then write

{p} =Yn (—OO,CL), {q} =Yn ((I,OO)-
Indeed, {p} N{q} = @ and Y = {p} U {q}. This proves that Y is not connected. Only singletons

containing one rational point are connected.

Lemma 6.3

If the sets C and D form a separation of X, and if Y is a connected subspace of X, then Y lies
entirely within either C' or D.
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6 Connectedness 57

Proof. Since C' and D are both open in X, from the definition of subspace topology one has C' NY
and DNY tobeopeninY. SinceCNY C Cand DNY C D and C N D = &, one must have

CcnY)n{DNY) =o. (6.9)

Also,
Cny)uDOny)=(CuD)NY=XNnY =Y. (6.10)

Hence, the pair CNY, DNY will form a separation of Y if they are both nonempty. But by hypothesis,
Y is connected. Hence, one of CNY and DNY is empty. In other words, Y must entirely be contained
in C orin D. |

Theorem 6.4

The union of a collection of connected subspaces of X having a point in common is connected.

Proof. Let {Aa},c; be a collection of connected subspaces of a topological space X. Also, let
P € NacysAa- We want to show that (J,cj Ao is connected. We proceed by contradiction. Let
Y = Uqpes Aa- Let C, D be a separation of Y, i.e.,

CUD=Y =[] Ay, with CND=g2. (6.11)
aeJ

Now, since p € ey Aa, it follows that p will be in one of the sets. Suppose p € C. Since A, is
connected for each o € J, it must lie entirely in either C or D. Since p € A, and p € C, A, cannot be
contained in D. Therefore, one has A, C C for all @ € J. As a result,

CuD=Y=[JA,CC. (6.12)
acJ

C UD C C implies that D C C, contradicting the fact that the pair C, D being a separation for Y
(and hence they have to be disjoint). [ |

Theorem 6.5

Let A be a connected subspace of X. If A C B C A, then B is also connected. In other words, if
B is formed by adjoining to the connected subspace A some or all of its limit points, then B is
connected.

Proof. Let A be connected and let A C B C A. Suppose the pair C, D is a separation for B, so that
B =CUD. By Lemma 6.3, A being a connected subspace of B entirely lies in C' or in D; suppose
that A C C.
Then we have A C C. We know from Lemma 6.1 that C N D = @. Then we have B ¢ A C C. Since
BcC,
BNnDcCnD=g. (6.13)
So B and D are disjoint. But from B = C U D, one has D C B, so that

BNnD=D. (6.14)

(6.13) and (6.14) together imply that D = @. This is a contradiction, as C, D is a separation for B,

and hence both C' and D are nonempty, disjoint, open sets. |
Theorem 6.6

The image of a connected space under a continuous map is connected.
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6 Connectedness 58

Proof. Let f: X — Y be a continuous map; let X be connected. We wish to prove the image space
Z = f(X) is connected. Observe that it is sufficient to prove that the image of a connected space
under a continuous surjective map is connected. Because if one proves so, then one can easily construct
a continuous surjective map g from the given continuous map f : X — Y by restricting the codomain
of f to its range, i.e. a continuous surjective map g : X — Z = f(X), to prove that Z = f(X) = g(X)
is connected. We will, therefore, consider the case of a continuous surjective map g : X — Z.
Suppose that the pair A, B is a separation of Z,i.e. Z =AU B and AN B = &. Now, we have

X=g(2) =g (AUB) = g " (A)Ug \(B). (6.15)

A and B are open in Z, so g"'(A) and g~!(B) are open in X by the continuity of g. Furthermore,

g A)Ng T (B) =g (ANB) =g~ (2) = . (6.16)

(6.15) and (6.16) together imply that the pair g1 (A), ¢! (B) is a separation of X, contradicting the

connectedness of X. Therefore, Z must be connected. |
Corollary 6.7

A topological space X is connected if and only if every continuous map f : X — {0,1} is constant,
where {0, 1} is equipped with the discrete topology.

Proof. If f is connected, then so is f(X). But the only connected subspaces of {0,1} are singletons.
So f must be constant.

Suppose there is a non-constant continuous function f : X — {0,1}. Then f~! ({0}) and f~!({1})
are nonempty, disjoint, open subsets of X, and their union is X. So X is not connected. ]

Theorem 6.8

A finite cartesian product of connected spaces is connected.

Proof. As usual, we shall prove it for the product of two connected spaces. The theorem then follows
by induction. Suppose X and Y are connected. We shall prove that X x Y is connected in the product
topology.

Each set of the form {z} x Y and X x {y} is connected, since they are homeomorphic to ¥ and X,
respectively. Let f: X x Y — {0,1} be continuous. Choose (z1,y1), (z2,y2) € X x Y.

fr="Flyey ad fo=Ffly (6.17)

are continuous as they are restrictions of a continuous map. Since the domains of f; and f2 are
connected, they are constant maps. So we have

f(x1,0) = fi(z1,01)
=/ (951,?/2)
= f (21, 92)
= fa (z1,92)
= fa (z2,92)
= f(x2,92). (6.18)

Therefore, f is constant. Since every continuous map f : X x Y — {0,1} is constant, X x Y is
connected by Corollary 6.7. [ |

o8



6 Connectedness 59

Example 6.5. Consider the countably infinite cartesian product R* in the box topology. Let us
denote by A the subset of R¥ consisting of all bounded sequences of real numbers. Also, denote by
B the subset of R“ consisting of all unbounded sequences of real numbers. It’s easy to verify that
AUB=RYand ANB=2.

We shall now prove that both A and B are open in the box topology. Note that, a sequence
X = (7;);cy is bounded if there exists some M € N such that

2| < M, (6.19)

for every n € N. On the other hand, a sequence x = (2;),.y is unbounded if given any M € N, there
exists some ng € N (possibly depeding on M), such that

(2| > M. (6.20)

We now show that A is open in R* in the box topology. Take a = (a;);cy € A. We need to find a basic
open set U such that

acUcCA.
We choose
U=1]]J(a—1,ai+1). (6.21)
iEN

Clearly, a € U. Now take x = (2;);cy € A. Since a = (a;),cy is bounded, there exists some M € N
such that |a,| < M for every n € N. Since z,, € (an, — 1,a, + 1), |2 — an| < 1. Therefore,

|zn| < |zpn — an| + |an| <1+ M. (6.22)

Therefore, (;);cy is a bounded sequence, i.e. x € A. So U C A. Therefore, A is open.
Now we show that B is open in R in the box topology. Take b = (b;),cy € B. We need to find a
basic open set V' such that

beV CB.
We choose
V=][®:i—-1,b+1). (6.23)
ieN

Clearly, b € V. Now, take y = (¥;);cn € V. Since (b;);c is unbounded, given any M € N, there exists
19 € N such that
|b1'0| > M + 1.

Then, y;, € (bi, — 1,bi, + 1), so |yi, — bi,| < 1. As a result,
[Yio| > 1big]| — |big — Yig| > M +1—1= M. (6.24)
Hence, given any M € N, there exists ig € N such that
Yio| > M.

Therefore, (y;),cy is an unbounded sequence, i.e. y € B. So V C B. Therefore, B is open.

Since both A and B are open, and they are disjoint, the pair A, B is a separation for R“. Therefore,
R“ is not connected in the box topology. This illustrates that an infinite product of connected spaces
in the box topology need not be connected (the fact that R is connected is to be proved in the next
section).

Example 6.6. In this example consider R* in the product topology. Assuming that R is connected,
we show that R“ is connected. Let R™ C R“ be a subspace of R* (in product topology) consisting of
all sequences x = (x1,x9,...) such that x; = 0 for i > n. In other words,

R” = {(x1,22,...,2,0,0,0,...) | #; € R}. (6.25)
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6 Connectedness 60

The topological space R™ is clearly seen to be homeomorphic to R" being connected by Theorem 6.8.
Let us denote by R, the union of all the R™’s; i.e.,

(o.9]
R* = | JR"™ (6.26)
n=1

One immediately sees that (0,0,...) € R" for each n. Therefore, by Theorem 6.4, R* is connected.
We will now show that the closure of R* (in product topology) is all of R¥. Then it will follow from
Theorem 6.5 that R is connected.

Let a = (a;)ien = (a1,a2,...) be a point of R¥. Also, let

U=1[U (6.27)
€N

be a basis element for the product topology in R“ that contains a. We now show that a € R>, the
closure of R*® in R“ in product topology. By Theorem 2.8, all we need to show is that U N R # &.
From the definition of product topology on an infinite fold cartesian product of topological spaces, we
know that there exists N € N such that U; = R for every i > N. Hence, the point

z=(a1,...,an,0,0,...) €U =[] U, (6.28)
ieN

asa; €U fori e {1,...,N},and 0 € U; =R for i > N. Thus z € U NR*>, proving that U NR*> is
nonempty. Therefore, the closure of R* is R“, and hence R“ is connected.

Theorem 6.9

If {Xa},ey is a collection of connected spaces, then their product
11 Xa
acJ

is connected in the product topology.

Proof. If J is finite, then we are done by Theorem 6.8. Now suppose .J is infinite. Fix a = (aq),es €
[locys Xao. Given any finite set F' C J, we define the following subset of [],c; Xa:

XFZ{XZ(JUa)aeJG HXa|xa:aafora¢F}. (6.29)
acJ

So we can write X as follows:

Xp= H U,, where U, =

aeJ

Xa if o € F,
{ e (6.30)

{aa} if o ¢ F.

Then Xz is homeomorphic to the space

IT X. (6.31)

aeF

Since this is a finite product of connected spaces, by Theorem 6.8, X is connected. Now, for any
finite set F' C J, a € Xp. Therefore, the union

X= |J Xr (6.32)
FCJ, F finite

is connected by Theorem 6.4. Now we claim that X = [[,c; Xo. Then it will follow from Theorem 6.5
that [[,c; X is connected.
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Choose any b = (ba),cs € [lacs Xa, and any basic open set

U =] Ua (6.33)
aeJ

containing b. We now show that b € X, the closure of X in [[,c; Xo in product topology. By
Theorem 2.8, all we need to show is that U N X # @.

By the definition of product topology, U, = X, for all but finitely many «’s. Let F' be the finite
subset of .J, consisting of all a € .J for which U, # X,. Then we take the point ¢ = (cq),c; defined by

be  ifacF
Co = { Hae (6.34)

aq if a ¢ F.

By the definition of X given in (6.30), ¢ € Xp. Furthermore, for a € F, ¢, = by € Uy, and for a ¢ F,
Ca = o € Xy = U,. Therefore, ¢ € U as well. Hence,

ceUNX, (6.35)

i.e. UN X is nonempty. Therefore, the closure of X is [[,c; Xq, and hence [],c; X4 is connected. W

§6.2 Connected subspaces of R

We now use the existence of least upper bound for nonempty bounded subsets of R to prove that R is
connected.

Definition 6.2 (Convex sets). A subset C' C R is convex if for every pair of points a,b € C, the
closed interval [a, b] is also contained in C.

Example 6.7. Q C R is not convex. Also, (—o0,0) U (0,00) is not convex in R as one can choose
—1<1in R with [-1,1] € (=00, 0) U (0, ).

The convex subsets of R are &, (a,b), [a,b), (a,b], [a,b], (—o0,b), (—00,b], (a,o0), [a,00), and R
itself.

Theorem 6.10

Each convex subset C' C R is connected.

Proof. Suppose the contrary and U,V is a separation of C'. Choose a € U and b € V. We may assume
a<b. Let A=Ja,b)NU and B = [a,b] N'V. Then one finds that A, B is a separation of [a,b] with
a € A and b € B. Indeed,

ANB=[a,bn(UNV) =g, (6.36)

since U NV = @; and
AUB =1[a,b]uU(UNV)=]a,bNnC = [a,b], (6.37)

since C' is convex, so [a,b] C C. Now, A = [a,b] NU is open in [a,b] in the subspace topology, since U
is open in C'. Also, since A is bounded, it has a least upper bound. Let ¢ = sup A be the least upper
bound of the elements of A. Now, since A C [a,b], b is an upper bound. As c is the least upper bound,

c <b. (6.38)

Also, from A C [a,b], every element of A is greater than or equal to a. Since ¢ is an upper bound of
the elements of A,
a<e. (6.39)

Therefore,
a<c<b. (6.40)

If ¢ = a,then A = {a}, contradicting the fact that A is open in [a, b]. If ¢ = b, then we use the following
property of real line:
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Supremum of a subset of R can be made arbitrarily close to a point in the subset.

It means that given a positive real number € > 0, there exists x € A s.t. ¢ —z < . Now, A is a closed
subset of [a, b] and [a, b] is closed in R so that A is closed in R. Therefore, sup A € A or in other words,
b € A which contradicts the fact that AN B = &, since b € B.

One, therefore, is left with the only possibility a < ¢ < b. Note that ¢ being the least upper bound
for A, is also an upper bound for the elements of A. Hence, AN (c,b] = @. As a result,

(¢,b] C B. (6.41)

Hence, there are points y € (¢, b] C B arbitrarily close to ¢, i.e., given £ > 0, there exists y € (¢,b] C B
s.t. ¥y —c < e. In other words, c is in the closure of B. But B is closed in [a, b] closed in R so that B is
closed in R so that ¢ € B leading to ¢ € B. As above, c=sup A € A. So we have AN B # &, which
leads to a contradiction! Therefore, C' is connected. |

Remark 6.1. In Example 6.7, we saw that R is a convex subset of itself. Hence, by Theorem 6.10, R
is connected.

Remark 6.2. The converse of Theorem 6.10 also holds. In other words, the only connected subsets
of R are convex sets. Suppose X C R is not convex. Choose a,b € X such that [a,b] ¢ X. So there
exists ¢ € (a,b) and ¢ ¢ X. Then choose U = X N (—o00,¢) and V = X N (¢,00). Clearly, U and V are
open in X, and they are disjoint. Also,

UUV =(XN(-00,¢))U(XN(c,0)) =X, (6.42)
since X C R\ {c}. U and V are also nonempty, since a € U and b € V. So U,V is a separation for X,

proving that non-convex subsets of R are not connected.

Theorem 6.11 (Intermediate value theorem)

Let f: X — R be a continuous map with X being a connected topological space. If a,b € X, and
r lies between f(a) and f(b), then there exists a point ¢ € X with f(c) =r.

Proof. Since X is connected, so is f (X), by Theorem 6.6. By Theorem 6.10 and Remark 6.2, connected
is equivalent to convex for R. Therefore, f (X) is convex. Given a,b € X, WLOG, assume f (a) < f (b).
Since f (X) is convex, we have that

[f (a), f (B)] C £ (X). (6.43)
Therefore, given any r that lies between f(a) and f(b), r € f(X), i.e. 7= f(c) forsome ce X. N
§6.3 Path connected spaces

Definition 6.3 (Path). Given points z,y € X, a path in X from z to y is a continuous map
f:]a,b] = X with f(a) =z and f(b) =y, where [a,b] C R in the subspace topology.

Definition 6.4 (Path connected space). A space X is said to be path connected if every pair of
points of X can be joined by a path in X.

Lemma 6.12

A path connected space is connected.
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Proof. Let X be path connected, and suppose that the pair U,V is a separation of X. Choose points
z € U and y € V, and a path f : [a,b] - X from z to y, i.e., f(a) = x and f(b) = y. Then one
immediately finds that f~1(U) and f~1(V) form a separation for [a,b]. Indeed, from [a,b] = f~1(X)
follows,
[a,b] = fH(X) = fFHUUV) = fTHU)UFHV). (6.44)
Also,
AN V)= unv)=fo) =2 (6.45)
From the continuity of f : [a,b] — X, it follows that both f~1(U) and f~1(V) are open in [a,b] as U
and V are both open in X, forming a separation for X. Hence, we indeed verify that f=1(U), f~1(V)
forms a separation for [a, b], contradicting the fact that [a, b] is a connected subspace of R. [ |

Lemma 6.13

The continuous image of a path connected space is path connected.

Proof. Let g : X — Y be a continuous map where X is path connected. We need to show that
g(X) C Y is path connected. Any two points in g(X) can be written g(x) and g(y) with z,y € X.
Since X is path connected, there exists a path f: [a,b] — X in X joining z to y, i.e.,

fla)=2 and f(b)=y. (6.46)

Then it is easy to see that go f : [a,b] — Y is a continuous map as a composition of 2 continuous maps
and

9(f(a)) = g(x) and g(f(b)) = g(y)- (6.47)

In other words, go f : [a,b] — Y is a path in g(X) joining g(x) to g(y). We, therefore, have shown that
any two points g(z) and g(y) in g(X) can be joined by a path go f : [a,b] — Y, proving that g(X) is
path connected. [ ]

Definition 6.5. A subset C' of a real vector space V is convex if for each pair of points x,y € C,
the straight line path f : [0,1] — V defined by

f) =10 —-t)x+ty

takes all its values in C, i.e. f(t) € C for every t € [0, 1].

Example 6.8. Any convex subset of R" is path connected. For example, the n-ball
B"={xeR"| x| <1} (6.48)
is convex for n > 1, hence path connected.

Example 6.9. The punctured Euclidean space R™ \ {0} is path connected for n > 2. For n = 1, the
space R\ {0} is not connected, and hence not path connected (by the contrapositive of Lemma 6.12).
For n = 0, the space R \ {0} is empty, and hence is path connected, vacuously.

Example 6.10. The (n — 1)-dimensional unit sphere
Sl = I{x e R" | ||Ix|| = 1} (6.49)

is the continuous image of g : R™ \ {0} — S™"~! given by
X

9(x) = (6.50)

]

and hence is path connected by Lemma 6.13, for n > 2. For n = 1, the 0-sphere S° = {1, —1} is not
connected, and hence not path connected. For n = 0, the (—1)-sphere S~! is empty, and hence is path
connected vacuously.
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Example 6.11. The converse of Lemma 6.12) does not hold, in general. Let

Sz{(nﬁnC))\O<x§l}CR? (6.51)

It is the image of the connected space (0, 1] under the continuous map g (t) = (t, sin (%)), and hence
is connected by Theorem 6.6.

b _[IRVARRN

It oscillates extremely rapidly as ¢ approaches 0. Any point of the vertical interval V' = {0} x [—1,1]
is a limit point of S. Let us denote the closure of S in R? by S, so that

S=SuV. (6.52)

The space S is called the topologist’s sine curve. Since S is connected, it’s closure S is connected
by Theorem 6.5. Now we show that S is not path connected. Assume the contrary.

Choose two points p,q € S, with p € V and ¢ € S. Since S is path connected, there is a path
f:|a,b] — S such that f(a) =p e V and f (b) = g € S. Now, consider the set

A={tec[a,d) | f(t)eV}I=f1V). (6.53)

This is closed in A, since V is closed in S (V is closed in R?, so V = SNV is closed in S). Hence,
sup A € A. Suppose
¢ =sup A. (6.54)
Now consider the subset [c, b] C [a, b], and the restriction f|[c,b]' Since ¢ € A, f(c) € V. The restriction
of a continuous function is continuous, so f|[c’b] is a path from f(c) € V to f(b)=q€ S.
Note that, f(t) € S for every t € (c,b]. Let us now reparametrize the path f|[c’b] with help of the
following homeomorphism

a:[0,1] — [e,b],

6.55
ts (1 —t)c+ th. (6.55)

a maps 0 to ¢ and 1 to b. Then we form the composition
f:fmﬂoa:mgy+§. (6.56)

Then f(0) € V, and f (t) € S for t € (0,1]. Now write

f(t)=(x(),y (). (6.57)

F(0) eV ={0} x [-1,1], so 2 (0) = 0. Also since f () € S for ¢t € (0,1], we have z (t) > 0.
We now show that there is a sequence of points t, € (0,1] with 0 < ¢, < 2, and y (t,) = (-1)".
0<ty, < % implies that
lim t, = 0. (6.58)

n—0o0
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But y (t,) = (—1)" does not converge, contradicting the continuity of y. Let us now construct the
sequence t,.
For each n € N, we choose a point v with

+(3)

Let u = 1, so clearly u > 0 = z(0). Also,

v >

and sinv = (—1)". (6.59)

u=t<a (1> . (6.60)

v n

) Therefore, by the Intermediate value theorem and the continuity of x,

u lies between z (0) and x (%
%) such that

there exists some t,, € ( ,
x (tn) = u. (6.61)
For t,, € (0 ) we have

Y (t) = sin <x én)) — sin <i> — inv = (—1)" (6.62)

Therefore, we have constructed the sequence (%), Which converges to 0, but (y (t,)),cy does not
converge, contradicting the continuity of y. So S can’t be path connected.

§6.4 Components and path components

Definition 6.6 (Components). An equivalence relation ~ can be defined for points in a topological
space X in the following way: for a pair of points z,y € X, x ~ y holds if there is a connected
subspace C of X with z,y € C. The equivalence classes under ~ are called the components of
the topological space X.

One can easily check that ~ defined above is indeed an equivalence relation. Symmetry and reflexivity
of the relation are obvious. Transitivity follows by noting that if A is a connected subspace containing
x and y, and if B is a connected subspace containing y and z, then AU B is a subspace containing x
and z that is connected because A and B have the point y in common.

Theorem 6.14

The components of X are connected disjoint subspaces of X whose union is X, such that each
nonempty connected subspace of X intersects only one of them.

Proof. Since the components are the equivalence classes under the equivalence relation ~ defined above,
they must be disjoint nonempty subsets of X whose union is X. If A C X is connected and intersects
2 components C7 and Cs of X at x and y, respectively, then both z and y belong to A with A being
connected. Then by the definition of the equivalence relation stated above, x ~ y. Since x € C; and
y € (o, one must have C; = (.

Now, we show that each component C is connected. Suppose zy € C. Since C is an equivalence class
under the defined equivalence relation, for any x € ', one must have  ~ xg. Now, by the definition of
the equivalence relation, there exists a connected subset A, C X with z,z9 € A,. Since x € A, N C,
A, intersects the component C of X. Then by the result proved in the first paragraph, A, C C. One,
therefore, obtains

C = 4. (6.63)

zeC
All the A,’s in have the point zg in common and each A, C C is connected. Hence, by Theorem 6.4,
C' is connected. |
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Definition 6.7. We define another equivalence relation ~, on the space X by defining x ~, y if
there is a path in X from z to y. The equivalence classes are called path components of X.

Lemma 6.15

~p defined above is an equivalence relation.

Proof. First observe that if there exists a path f : [a,b] — X from z to y whose domain is the interval
[a, b], then there is a path g : [¢,d] — X from = to y whose domain is [c,d]. Indeed, the closed interval
[¢, d] is homeomorphic to the closed interval [a,b] with F : [c,d] — [a, b] defined by

—b
Ft) = <“ )(t—d) +b (6.64)
c—d
being the underlying homeomorphism. Then g : [¢,d] — X is given by g = f o F. Then
g(c) = f o F(c) = f(a) = v, and -
g(d) = fo F(d) = f(b) =,

that is, ¢ is the required path from x to y.
There is always a path from the point x to itself on X given by the constant continuous function
f :[a,b] = X defined by
ft) =z, Vtela,b. (6.66)

Hence, one has x ~, x.

Now suppose & ~p, y in X. Then there is a path f : [0,1] = X from z to y in X. Then the reverse
path g : [0,1] — X defined by g(t) = f(1 —t) is a path from y to z, proving that y ~, x.

Finally, transitivity is proved as follows: Suppose x ~, y and y ~, z. Then there is a path
f:]0,1] = X from z to y in X and a path g: [1,2] - X from y to z in X, so that f(1) =g(1) = y.
Since f and g agree on {y} = [0,1] N [1,2], one can paste the continuous functions f and g with f to
construct a continuous function A : [0, 2] — X, i.e.,

@ if t € [0, 1],
hit) = {g(t) if t € [1,2]. (6.67)

h is continuous by Pasting Lemma. Hence the continuous function b : [0,2] — X yields h(0) = f(0) =
and h(2) = g(2) = y. In other words, h is the required path from = to z yielding the fact that
T ~p 2. |

Theorem 6.16

The path components of X are path connected disjoint subspaces of X whose union is X, such
that each nonempty path connected subspace of X intersects only one of them.

Proof. Since the path components are the equivalence classes under the equivalence relation ~, defined
above, they must be disjoint nonempty subsets of X whose union is X. If A C X is path connected
and intersects 2 path components P; and P> of X at x and y, respectively, then both x and y belong
to A with A being path connected. Then by the definition of the equivalence relation stated above,
x ~p y. Since x € Py and y € P», one must have P, = Ps.

Now, we show that each path component P is path connected. Fix xg € P. Then for any x € P,
there is a path in X from x to x¢. Note that this entire path lies in P. So there is a path in P from x
to xg. Now choose any x,y € P. There is a path in P from z to xq; and there is a path in P from y to
xo. Joining them (after reversing the second path), we get a path in P from x to y. Therefore, P is
path connected. |
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Observe that each component C' of X satisfies C = C, and hence is closed in X. Indeed if C' # C, then
there is a point x € C that doesn’t belong to C. In other words, x ¢ y for all y € C, i.e., there is no
connected subset K of X that contains both z and y. But = and y both belong to C' and C, being the
closure of the connected subset C' of X, is also connected. A contradiction! Hence C = C. And hence
each component C' of X is closed in X.

If X has finitely many components and C' is one of them, then C is also open in X. This is so
because the complement of C' can be seen to be a finite union of closed sets and hence a closed set.
One can say even less about the path components of X, for they do not need to be either open or
closed in X, as can be verified from Example 6.13 below.

Example 6.12. Consider the topological space Q of rational numbers as the subspace of R, equipped
with standard topology. Each component of Q consists of a single point. None of the components of Q
are open in Q. Note that Q has got infinitely many components.

Example 6.13. The topologist’s sine curve S that we studied in Example 6.11 is a topological space
that has a single component (since it is connected), but it has 2 path components. One path component
is the curve S and the other is the vertical interval V' = {0} x [—1,1]. It was seen before that V is
closed in S so that S is open in S. Also, S is not closed in S so that V is not open in S.

§6.5 Local connectedness

Definition 6.8. A space X is locally connected at a point x € X if for each neighborhood U of z
(an open set U C X containing x), there is a connected neighborhood V' of x contained in U, i.e.

zreVcUcCX.

One says that a topological space X is locally connected if it is locally connected at each of its
points.

Definition 6.9. A space X is locally path connected at a point = € X if for each neighborhood U
of x, there is a path connected neighborhood V' of x contained in U, i.e.

zeVcUcCcX

One says that a topological space X is locally path connected if it is locally path connected at
each of its points.

Example 6.14. R, with respect to standard topology, is locally connected and locally path connected
as each neighborhood U of z € R contains a connected and path connected basis neighborhood
(x — e,z +¢) for some € > 0.

Example 6.15. Any open subset 2 C R"™ (in which the Euclidean metric, the square metric, and the
product topology as product of n copies of R with respect to standard topology—all yield the same
topology) is locally connected and locally path connected, since each neighborhood U of any point
x € Q) contains a connected and path connected basis neighborhood Bgyc(z,€), for some € > 0.

Example 6.16. Topologist’s sine curve S is connected. But it is neither locally connected nor locally
path connected. Choose a point p € V = {0} x [-1,1] € S. Now take an open ball B of radius ¢ > 0
centered at p € V, which is denoted by U = Bgyuc(p, €).
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p= (07 yp)

N [[AVEERN

Now, consider the neighborhood of p € V in S in subspace topology U N S. This neighborhood of S
doesn’t contain a connected neighborhood containing p. Also, UNS doesn’t contain any path connected
neighborhood containing p. Hence, S is neither locally connected nor is it locally path connected.

Example 6.17. The subspace [—1,0) U (0, 1] of R is not connected, but it is locally connected.

Theorem 6.17

A topological space X is locally connected if and only if for every open set U C X, each component
of U is open in X.

Proof. Suppose first that X is locally connected. Let U C X be open. Also let C' be a component of
U and x € C. Then z € U. Since X is locally connected, there exists a connected neighborhood V' of
x such that V' C U, i.e., one has x € V' C U. If there is a point y € V that is not in C, then that point
will not be in the same equivalence class to which x belongs, violating the connectedness of V. Hence,
V' has to be entirely contained in C'. This proves that C' is open in X.

Conversely, suppose that components of open sets of X are open in X. Given a point x € X and a
neighborhood U of x, let C be the component of U containing x. Then C' is open by hypothesis. Also,
C, being a component, is connected. Therefore, given a point x € X and a neighborhood U of x, there
is a connected neighborhood C' (namely the component of U containing z) of x such that C' C U. This
proves that X is locally connected. |

Theorem 6.18

A topological space X is locally path connected if and only if for every open set U C X, each path
component of U is open in X.

Proof. Suppose first that X is locally path connected. Let U C X be open. Also let P be a path
component of U and x € P. Then z € U. Since X is locally path connected, there exists a path
connected neighborhood V of x such that V' C U, i.e., one has x € V C U. If there is a point y € V
that is not in P, then that point will not be in the same equivalence class to which x belongs, violating
the path connectedness of V. Hence, V' has to be entirely contained in P. This proves that P is open
in X.

Conversely, suppose that path components of open sets of X are open in X. Given a point z € X
and a neighborhood U of z, let P be the path component of U containing x. Then P is open by
hypothesis. Also, P, being a component, is path connected. Therefore, given a point x € X and a
neighborhood U of z, there is a connected neighborhood P (namely the component of P containing x)
of x such that P C U. This proves that X is locally path connected. |

Theorem 6.19

If X is a topological space, each path component of X lies in a component of X. If X is locally
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path connected, then the components and the path components of X are the same.

Proof. An equivalence class can’t be empty, so that each path component P is nonempty. Let x € P.
Now take the component C' of X containing z. Now the path component P is also connected. If there
is a point in P that is not in C, then that point and x can’t be in the same equivalence class which
violates the connectedness of P. Therefore, P C C.

We now want to show that if X is locally path connected, then P = C. Now suppose that P C C,
i.e., P is properly contained in C. Let @ be the union of all the path components, each of which is
different from P and intersects C'. Each of these path components lies entirely in C' using the argument
used in the beginning of the proof. One, therefore, has

C=PuUQ. (6.68)

Since X is locally path connected and X is open in itself, the path component P of X is open in X.
Also, since each path component of the union @ is open in X by the same reasoning, the union () is
also open in X. Also, it is immediate that they are nonempty as equivalence classes are nonempty.
Hence (6.68) reflects the fact that the pair P, Q) constitutes a separation of C, contradicting the fact
that C' is connected. Hence, P can’t be properly contained in C. Therefore, P = C. |
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§7.1 Open cover and subcover

Definition 7.1 (Open cover). A collection C = {Uqa} s of subsets of X is said to cover X if the
union of its elements is equal to X, i.e.,

X = Ua (7.1)
aeJ

If each element in the collection C is an open subset of X, then we say that C is an open cover.
A subcollection D C C that also covers X is called a subcover of C. If F is a subcover with

finitely many elements in it, then we call it a finite subcover of C. In other words, it means that

there is a finite subset {a,...,a,} C J with F ={Uy,,...,Uq, } and X =U,, U---UU,,,.

Definition 7.2 (Compact space). A space X is said to be compact if, for each open cover
C = {Uqa}aey of X, there exists a finite subcover F = {U,,,..., Uy, } of C.

Example 7.1. A finite topological space X is compact as any open cover of X necessarily has finitely
many open sets in it.

Example 7.2. The real line R with respect to the standard topology is not compact since the open
cover C ={(n—1,n+1) | n € Z} doesn’t admit a finite subcover.

Example 7.3. The real line R in the trivial (indiscrete) topology is compact. There are 2 possible
open covers: {R} and {R, @}, both of which are finite.

Remark 7.1. When we say that the collection C of open sets is finite, we only mean that there are
finitely many open sets; we do not refer to the finiteness of the open sets involved. For example, in
Example 7.3 above, there are two open sets in the open cover {R, @}, of which the open set R is
infinite.

Example 7.4. The subspace X = {0} U {% |neN } C R with the standard topology is compact.
Given an open covering C of X, there is an open set U € C with 0 € U. Now U is open in X in subspace
topology that it inherits from R. In other words, U is the intersection of an open set of R containing 0
and X. Such an intersection will contain all but finitely many elements from the set {% |neN } In

other words, there exists NV € N such that % € U, VYn > N. Now, refer back to the open cover C of X.
There are open sets Uy, Us, ..., Uy € C with % e U, forn=1,2,..., N. One, therefore, immediately
finds that the collection {Uy,...,Un,U} covers X. In other words, {U,Uy,...,Un} is a finite subcover
of the given open cover C of X. Since the open cover C was arbitrary, one finds that X is compact.

Definition 7.3 (Open covering of a subspace). If A is a subspace of a topological space X, a
collection B of subsets of X covers A if the union of the elements of B contains A. If the elements
of the cover of the subspace A are all open sets of X, then the cover is called an open cover of
the subspace A of X.

Lemma 7.1

Let A be a subspace of X. Then A is compact if and only if each open cover of A (in the light of
the above definition) has a finite subcover.
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I
Proof. (=) Assume A is compact and let {U,} be an open cover of A in X. This means that A C |JU,.
«

Hence,
A= (UUQ> NA=JUanA)

Now, {U, N A}, is an open cover of A in A. Since A is compact, every open cover of A in A has a
finite subcover. Let the finite sub-cover be {U,, N A} ;. Thus,

Ac | U,

i=1

which means that {U,,}., is a finite sub-cover of the open cover {U,}, of A in X.

(<) Suppose every open cover of A in X has a finite subcover, and let {V,} , be an open cover of A
in A. Then each V,, is an open set of A in subspace topology. According to the definition of subspace
topology, there is an open set U, in S such that V,, = U, N A. Now,

A:U%:UWJMﬁ(U%%MCU%

Therefore, {U,},, is an open cover of A in S. By hypothesis, there are finitely many sets {Uy, };—, such
n

that A C U U,,. Hence,
i=1

1=

n

A= (OUQZ) NA= O(UaimA): U Va

i=1 =1 =1

So {Va, }i, is a finite subcover of {V,} that covers A in A. Therefore, A is compact. [ |

§7.2 Compact and Hausdorff spaces

Theorem 7.2

Every closed subset of a compact space is compact.

Proof. Let X be a compact space and A C X be closed. Let {U,},, be an open cover of A in X. The

collection {U,, X \ A} is an open cover of X itself. By compactness of X, there is a finite sub-cover
{Uq,;, S\ F}!, of X, that is,

ACX = (OUQZ) U((S\F).
i=1

Therefore,

Ac | U, (7.2)
=1

Therefore, {Uy, };-; is a finite subcover of the open cover {U,} of A in X. Hence, A is also compact. W

Proposition 7.3

Every compact subset of K of a Hausdorff space X is closed.

Proof. We shall prove that X \ K is open. Let’s take x € X \ K. We claim that there is a neighborhood
U, of x that is disjoint from K.
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Since X is hausdorff, for each y € K, we can choose disjoint open sets U, and V), such that U, > x
and V, 3 y. The collection {V}, | y € K} is an open cover of K in S. Since K is compact, there exists
a finite subcover {V,, }I_ |, i.e.

n
K c |J V. (7.3)
i=1
Since Uy, N'V,, = @ for every i, we have

<QU> " (gv> =0

U, N K = @ where U, = (| Uy,. (7.4)
=1

This gives us that

U, is the finite intersection of open sets, hence open. Also, every U,, contains x, hence their intersection
U, also contains x. So U, is the desired open set that is disjoint from K, in other words z € U, C X\ K.

Given any © € X \ K, there exists an open set U, satisfying x € U, C X \ K. Therefore, by
Proposition 1.6, X \ K is open. So K is closed. |

Remark 7.2. Recall from Corollary 2.14 that finite subsets of Hausdorff spaces are closed. In this
sense, Proposition 7.3 above, compact subspaces generalize finite sets.

Example 7.5. The intervals (a,b|, [a,b), and (a,b) are not closed in R with respect to standard
topology. Hence, by Proposition 7.3, they are not compact either in R in the same topology. We shall
prove in the next section that each closed interval [a, b] is compact in R with respect to the standard
topology.

Theorem 7.4

The continuous image of a compact space is compact.

Proof. Let f: X — Y be a continuous and X compact. Suppose {U,} is an open cover of f(X) by
open subsets of Y. Since, f is continuous, the inverse images of f~!(U,) are all open in X. Moreover,

X € (X)) € (U Ua> U . (5)

n

So {f}(U)a} is an open cover of X. Since X is compact, there is a finite sub-collection { f~* (Ua,)};;

such that

X = Uf_l(Uai):f_l (U Uai) : (76)
i=1 i=1
As a result,
f(X)=f<f1<U U%-)) c | Ua;- (7.7)
i=1 i=1
So, given any open cover {U,} of f(X), there is a finite subcover. So f(X) is compact. [ |
Theorem 7.5

Let f: X — Y be a continuous function from a compact space X to a Hausdorff space Y. Then
the following hold:

1. If f is a closed map, i.e., it maps closed subsets of X to closed subsets of Y.
2. If f is surjective, then f is a quotient map.

3. If f is bijective, then f is a homeomorphism.
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4. If f is injective, then f is an imbedding.

Proof. 1.Let A C X be a closed subset. Since X is compact, A being closed in X is also compact.
Then by Theorem 7.4, one has f(A) being a compact subspace of Y. Since Y is Hausdorff, by
Proposition 7.3, one concludes that f(A) is closed in Y, proving that f is a closed map.

2.f: X — Y is a surjective continuous function that is closed. Hence f is a quotient map.

3.If f: X — Y is bijective, then consider the inverse function f~!:Y — X. Then for A C X closed,
(f~H)"Y(A) = f(A) is closed in Y by 1, proving that f~!:Y — X is continuous. Hence, f: X — Y
is a homeomorphism.

4.1f f : X — Y is an injective continuous function from the compact space X to the Hausdorff space
Y, then one forms a bijective continuous function g : X — f(X) by restricting the codomain of f to
the range of f. Now, f(X) being a subspace of the Hausdorff space Y is also Hausdorff. Then by 3,

g: X — f(X) is a homeomorphism. Therefore, f : X — Y is an imbedding.
|

§7.3 Product of compact spaces

Theorem 7.6

The product of finitely many compact spaces is compact.

The proof of this theorem requires the following lemma, so we shall prove it first.

Lemma 7.7 (Tube lemma)

Consider the product space X x Y, where Y is compact. Let p € X. Suppose N is an open set of
X x Y containing the “slice” {p} x Y of X x Y. Then there is a neighborhood U of p in X such
that U x Y C N. The set U x Y is often called a tube about the slice {p} x Y.

Proof. For each q € Y, we have {p,q} € {p} xY C N. Since N C X x Y is open in the product
topology, there is a basis element U, x V;; C N for the product topology on X x Y, with p € U, open
in X and ¢ € V; open in Y. Now, the collection {V;}4cy is an open cover of Y. By compactness of Y,
there exists a finite subcover {V;,,...,V;,} of the open cover {V,},cy of Y.

For instance, for ¢; € Y, we have the point (p, ¢;) in the slice {p} XY C X xY with N C X x Y
open in the product topology. Thus, the basic element for the product topology on X x Y that is
contained in the open set N C X X Y containing (p, ¢;) is Uy, X V,.

{p}xY‘

7 \
Y /

UXY

‘L
X bop

Now, let U = Uy N---NU,g,. Since p € Uy, and U being a finite intersection of open sets, is also
open. We claim that U x Y C N.

Suppose (z,y) € U xY. Then y € Y. Since Y = i, V,, there exists i € {1,...,n} such that
y € Vy,. Also, x € U C Uy, so that (z,y) € Uy, x V,, C N, proving that U x Y C N holds. [ |
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Remark 7.3. Note that Tube lemma doesn’t hold if Y is not compact. Suppose X =Y = R. Consider
the following open subset of R?:

1
N:{(w,y)€R2| yw|<1+y2}. (7.8)

N contains the y-axis, the slice {0} x R. But N doesn’t contain any tube about the y-axis.
Now we get back to the proof of Theorem 7.6.

Proof of Theorem 7.6. Let X and Y be compact spaces. Let A = {A,},c; be an open covering of
X xY. Given p € X, theslice {p} x Y is compact (since it is homeomorphic to Y'). Since A = {Aa},c;
is an open cover of the compact subspace {p} x Y of X XY, there are finitely many elements Ay, ..., A,
from the collection A = {A4},c; such that

{p} xY CAU...UA, = N. (7.9)
By Tube lemma, the open set N contains a tube U x Y where U C X is open. In other words, one has
UxY CAU...UA,. (7.10)

Hence, U x Y is covered by finitely many elements Ay, ..., Ay,.
We now vary p € X. For each p € X, we can choose a neighborhood U, of p such that the tube U, xY
is covered by finitely many elements of A = {A4} ;. But the collection {Up,} e x of neighborhoods of p

forms an open covering of X; thus, by compactness of X, there exists a finite subcovering, {Uj, ..., U},
covering X. Hence,
k
xX=Uu, (7.11)
i=1
which implies
k
XxY =JUxY). (7.12)

i=1
Now, each of the finite union on the right side of (7.12), namely U; x Y, can be covered by finitely
many elements of A = {A} ;. Hence, the finite union UE_,(U; x Y) = X x Y can also be covered
by finitely many elements from the collection A = {A4} ;. This provides the required finite subcover.
This proves that X x Y is compact. |

The infinite version of Theorem 7.6 holds, and it is called Tychonoft’s thoerem. We won’t prove it in
this course.

74



7 Compactness 75

§7.4 Finite intersection property

There is another criterion of compact sets in terms of closed sets, which we shall explore now. Let I/
be a collection of open subsets of a topological space X. Let C = {X \ U | U € U} be the collection of
closed complements. To say that U is a cover of X is equivalent to saying that C has empty intersection:

ﬂczﬂ(X\U):X\<U U). (7.13)

ceC veu veu

So we have
(C=0 < |JU=X. (7.14)
CceC Uel

Definition 7.4. A collection C of subsets of X is said to have the finite intersection property if
for every finite subcollection

{C1,...,Ch}
of C, the intersection C7 N ---N C), is nonempty.

Theorem 7.8

Let X be a topological space. Then X is compact if and only if for every collection C of closed
sets in X having the finite intersection property, the intersection (o C of all the elements of C
is nonempty.

Proof. (=) Suppose X is compact, and a collection C of closed sets has finite intersection property, we
need to show that the whole collection has nonempty intersection. Assume for the sake of contradiction

that N C = @.
ceC
Each C € C is closed in X, so C' = X \ U for some open U.

g=[(C= () (X\U)zX\( U U). (7.15)
ceC X\UeC X\UeC

So we have
U v=x. (7.16)
x\Uec

So we got an open cover of X. Since X is compact, there is a finite subcover.
X=JU. (7.17)

In other words,

X\(OUZ>=@

i=1
X\U; for i =1,...,n is a finite subcollection of C. But we’ve just shown that this finite subcollection
has empty intersection, contradicting finite intersection property. Therefore, (| C # @.

cec

(«<=) Now assume that for every collection of closed set in X with finite intersection property, the
whole collection has nonempty intersection. Assume for the sake of contradiction that X is not compact.
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Take an open cover U = {Uq},; of X that has no finite subcover. Consider the collection of closed
sets C={X \U : U €U}. Since X is not compact, no finite subcollection of U covers X.

Take finitely many closed sets X \ Uy,..., X \ U, from the collection of closed sets C. Since no finite
subcollection of U covers X, ;- U; # X. As a result,

n

N X\Ui) =X\ (Lnj Ui> # @ (7.18)
=1

=1

So C is a collection of closed sets with finite intersection property. Therefore, the whole collection has

nonempty intersection by hypothesis. As U covers X, J U = X.
veud

g+ ()C=) (X\U)zX\(U U)zX\Xz@
ceC ved ved

Contradiction! So X must be compact. |

Theorem 7.9

Each closed interval [a,b] is compact.

Proof. Let O ={0, | z € A} be any Open Cover of [a,b]. This means [a,b] C |J O,. Now we shall
€A
consider the set

C ={x € [a,b] | [a,x] has a finite subcover from O}.

Note that C'is bounded by b. Now we want to show that C' is non-empty.
Claim1l: C#go

Proof. O covers [a, b], so there exists an open set in O that contains a. Let a € O,. Since O, is
open, there exists r > 0 such that (a —r,a + r) C O,. Thus,

{a,a+;] Cla—rya+r)CO,.

So [a,a + %] is covered by Oy, in other words [a,a + 5] has a finite subcover. Thus [a,a+ 5] C C,
our claim is proved. O

C' is non-empty and has an upper bound. Therefore sup C' exists. Let sup C = s.
Claim 2: s=1b

Proof. Assume for the sake of contradiction that s < b. So s € (a,b) and thus there exists an
open set in O that contains s. Let s € Os. Since O; is open, there exists r > 0 such that
(s—r,s+71)COs.

Since s is the supremum, s — & cannot be a upper bound of C'. Therefore there exists s € C' such
that s — § < s’ < s. Now,

, T T T
s,s+=|Cls—=,s+=|C(s—r,s+71)C Os.
[+2]{2+2]( +7) COs
s’ € C means [a,s'] has a finite subcover Oy. Now if we take Oy U O, it will cover [a, s'] U
[s',s+ 5] = [a, s+ §]. Thus we can find a finite subcover for [a,s + %], therefore s + § € C. But
s is the supremum, so we arrive at a contradiction. O

Now we want to show that sup C' = b exists in the set C.
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Claim 3: beC.

Proof. b € [a,b], so there exists an open set in O that contains b. Let b € Op. Since Oy is open,
there exists 7 > 0 such that (b —r,b+ 1) C Oy.

Since b is the supremum, b — & cannot be a upper bound of C. Therefore there exists b’ € C' such
that b — § < b < b. Now,

.8 C [b—;,b] C (b=rb+7)C O

b € C means [a,b] has a finite subcover Oy. Now if we take Oy U Oy, it will cover [a, b'| U [V, b] =
[a,b]. Thus we can find a finite subcover for [a, b], therefore b € C. O

Therefore [a, b] has a finite subcover. And this is true for every cover O of [a, b] since our choice of O
was arbitrary. Hence, for every cover we can find a subcover of [a,b]. So [a,b] is compact. [ |

Example 7.6. Note that the unit circle S* C R? being a subspace of R with respect to the subspace
topology is Hausdorff, since R? with the standard topology is Hausdorff. The surjective continuous
map f : [0,1] — St given by

f (t) = (cos27t, sin 27t) (7.19)

from the compact space [0, 1] to the HausdorfF space S! is a quotient map by statement 2 of Theorem 7.5.
Furthermore, S! = f ([0, 1]) is the continuous image of a compact space. So S! is compact.

Theorem 7.10 (Heine—Borel theorem)

A subpace A of R" is compact if and only if it in closed and bounded in the Euclidean metric
dgyc or the square metric p.

Proof. Since

holds for any x,y € R™, it suffices to consider only the square metric p. The inequality above implies
that A C R" is bounded under dgy. if and only if it is bounded under p.

(=) Suppose A C R" is compact. Since R™ is Hausdorff, by Proposition 7.3, A is closed. Now
consider the collection of open sets

{B,(0,m) [ mezt}, (7.21)
whose union is all of R™. So
Ac |J B,(0,m). (7.22)
meZ+

Since A is compact, there is a finite subcover of this open cover of A. In other words,
k
Ac|JB,(0,m). (7.23)
i=1
Choose M = max {m1,mg,...,my}. Then A C B, (0,M). As a result, for any x,y € A4,
p(x,y) <p(x,0)+p(0,y) <2M. (7.24)
This shows that A is bounded.

(«<=) Now suppose that A C R" is closed and bounded under p.So p (x,y) < N for any x,y € A.
Choose some x( € A, and let p (0,%x) = b. Then by triangle inequality,

p(0,x) < p(0,x0) + p(x0,%x) < b+ N, (7.25)
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for every x € A. As a result,
AC[-b—N,b+ N]". (7.26)

[—b— N,b+ N|" is compact since it’s the product of finitely many compact spaces (Theorem 7.6). A
is a closed subset of a compact space. Therefore, by Theorem 7.2, A is compact. |

Theorem 7.11 (Extreme value theorem)
Let f: X — R be continuous with X compact. Then there exist points ¢,d € X with

fle) < f(x) < f(d), (7.27)

for all z € X.

Proof. X is compact and f is continuous, so f (X ) C R is compact. Hence it is closed and bounded.
Since it is bounded, it has both infimum and supremum. Suppose

m=inf f(X), and M =supf(X). (7.28)

Since m is the infimum of f (X), given any interval (m — e, m + €), there exists an element yy € f (X)
such that
m < yp <m+e. (7.29)

So f(X)N (m—e,m+e¢) is nonempty. So m € f(X) by Theorem 2.7. Similarly, since M is the
supremum of f (X), given any interval (M — e, M + ¢), there exists an element y; € f (X) such that

M>y >M-—c. (7.30)

So f(X)N (M —e, M +¢) is nonempty. So M € f(X) by Theorem 2.7. Since f (X) is closed, it is
equal to its closure. So m, M € f(X), i.e. there are elements ¢, d such that m = f(c) and M = f(d),
so that (7.27) holds. [ |

§7.5 The Lebesgue number

Definition 7.5. Let (X, d) be a metric space. Also, let A C X be a nonempty subset. For each
x € X, define the distance from x to A by

d(xz,A) = inf{d(z,a) | a € A}. (7.31)

The diameter of A is given by

diam(A) = sup{d(a,bd) | a,b € A}. (7.32)

Lemma 7.12

The function z — d(z, A) is continuous.

Proof. Let xz,y € X. By the application of the triangle inequality,
d(z,A) <d(z,a) <d(z,y) +d(y,a), Vaec A (7.33)

Hence, one obtains,
d(z,A) —d(z,y) <d(y,a), Vae€ A. (7.34)

By taking the infimum on the right side, one obtains,

d(xz,A) —d(z,y) <inf{d(y,a) |a € A} =d(y, A). (7.35)
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In other words,

Interchanging x with y in (7.36), one obtains
Ay, 4) — d(z, A) < d(y, ) = d(z. ). (7.37)
Combining (7.36) and (7.37), we get
|d(xz, A) — d(y, A)| < d(x,y). (7.38)

Let o : (X,d) — (R,| - |) be the function defined by a (x) = d (z, A). Given € > 0, we choose § = e.
So we have for d (z,y) < 4,

(@) — aly)] = ld(z, A) —d(y, A)| < d(z,y) < b =e, (7.39)

i.e. |a(z) — a(y)| < e. Therefore, « is continuous. [ |

Lemma 7.13 (Lebesgue number lemma)

Let C be an open cover of a compact metric space (X, d). There exists a § > 0 such that for each
subset B C X of diameter < 4, there exists an element U € C with B C U. The number ¢ is called
the Lebesgue number of C.

Proof 1. If X € C, then any positive real number works as a Lebesgue number. Because for any B C X
with diameter less than whatever positive real number we choose, there exists U € Cy, namely, U = X
such that B C U = X.
Now, if X ¢ C, then by compactness of X, there is a finite subcollection {Uy,...,U,} of C that
covers X, i.e.,
X=U,U---UU,. (7.40)

Let C; = X \ U; be the i-th closed complement. And each C; is nonempty as X ¢ C so that
X ¢ {Uy,...,U,}. Define f: X — R as

zn:d(x, ). (7.41)

1=1

S|

fz) =

Claim 1: f(x) >0 for all z € X.

Proof. Given z € X, there exists some i € {1,...,n} such that € U;. Since U; C X is open,
there exists € > 0 such that By(z,e) C U;. In other words, all the elements of X that are in less
than e-distance from x are inside U;. As a result, d (z,C;) = d (x, X \ U;) > €. So we have

> 0. (7.42)

0

Since f: X — R and X is compact, f attains a minimum by Extreme value theorem. Since f (x) > 0
for all z, f achieves a positive minimum, say § > 0. We now claim that this § is the desired Lebesgue
number.

Claim 2: § is a Lebesgue number for the finite subcover {Uy,...,U,} of C, and hence for C.

Proof. Let B C X with diam(B) < 0. There is nothing to prove for B empty. Hence, let B # &.
Choose p € B. Then indeed
B C By(p,9). (7.43)
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Suppose ¢ € B. We are given p € B. And since diam(B) < ¢ by (16), one must have
d(p,q) < d = q € By(p,9). (7.44)
Hence, (7.43) follows. Now, consider the real numbers d(p, C;) for 1 < i < n. Suppose
max{d(p,C1),...,d(p,Cn)} = d(p,Cp,). (7.45)

Hence, one obtains
6 < f(p) < d(p, Crn). (7.46)

The second inequality holds, since f (p) is the average of all d (p, C;)’s, whereas d(p, C,,) is the
maximum of them. As a result,

d(p,Cp) = g(l)f d(p,c) > 9. (7.47)

Suppose there exists some point ¢g € Cy, with d (p,cy) < §. Then by the definition of infimum,

é%f d(p,c) < d(p,co) <6, (7.48)

which contradicts (7.47). Therefore, Cy,, N By (p,0) = &. So we have
Bi(p,0) C X\ Cp, = Upy. (7.49)
Now, (7.43) and (7.49) together imply
B C By(p,0) C Up,. (7.50)

g

So ¢ is the required Lebesgue number |

Proof 2. Take x € X. As C = {Ua},c; covers X, we can find U, € C such that x € U,. Since U, is
open and x € Uy, there exists r, > 0 such that

B (z,7r3) C U,. (7.51)
We do this for every x € X. So we get an open cover of X

x=UB (x 7;) . (7.52)

zeX

Since X is compact, there exists a finite subcover of this open cover. So

n

T,
X=|)Blx, ). 7.53
U (. 722) (7.53)
We define § > 0 in the following way:
To; | .
5:min{21|z:1,2,...,n}. (7.54)

We claim that this J is our desired Lebesgue number of the open cover C. Let A C X with diam(A) < 0.
Fix a € A. Then there exists j € {1,2,...,n} such that

aeB (a:j, T;J) : (7.55)
As a result,
o
d(zj,a) < 73 (7.56)
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By the construction of r,;, there exists Us € C such that B (xj,rmj) C Ug. We claim that A C Ug.
Take any b € A.

d(a,b) < diam(A) < § < 2. (7.57)
Hence,
To,
d(a,b) < 71 (7.58)
Now,
Te.  Tg.
d(xj,b)Sd(acj,a)+d(a,b)<7j+7jzrm].. (7.59)
So we have b € B (xj, rmj). For every b € A, we have b€ B (xj, 'rxj). Therefore,
AC B (zj,r2;) C Up. (7.60)
[ |

Definition 7.6 (Uniform continuity). A function f : (X,dx) — (Y,dy) between metric spaces
(X,dx) and (Y, dy) is said to be uniformly continuous if for every ¢ > 0, there exists 6 > 0
such that for every pair of points x1,x2 € X,

dx(z1,22) < 6 = dy (f(z1), f(x2)) < &. (7.61)

Theorem 7.14 (Uniform continuity theorem)

Let f: (X,dx) — (Y,dy) be a continuous map from the compact metric space (X,dx) to the
metric space (Y,dy). Then f is uniformly continuous.

Proof. Given € > 0, cover Y by the open balls

{Buy (5:5) Ivev} (7.62)

and let C = {f~' (By, (y,5)) | y € Y} be the open covering of X by the preimages of the open balls
given by (7.62). Indeed,

X=fiyy= s (U Buy (v ;)) ~U (8o (55)) (7.63)

yey yey

Since (X, dx) is a compact metric space, there is a Lebesgue number § associated with the open cover
C={f"(Ba (.5) lye Y}

Now, let x1, 22 € X such that dx(x1,22) < 6. Then the 2-point set {z1,x2} has diameter less than
6. By Lebesgue number lemma, there exists y € Y s.t.

{z1, 20}  f7! (de <y7 ;)) - (7.64)

Then
fltraa)) = (). f@2) © £ (17 (Bay (9:5))) © By 00 5) (7.65)
As a result, dy (f (z1),y).dy (f (x2),y) < 5, so that dy(f(x1), f(x2)) < € by triangle inequality.

Therefore, we’ve shown that given € > 0, there exists § > 0 such that for every pair of points 1,29 € X
with dX(fI?l,.’BQ) <0

dy (f(z1), f(z2)) <e.

Hence, f: (X,dx) — (Y, dy) is uniformly continuous. [ |
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§7.6 Limit point and sequential compactness

Definition 7.7. A space X is said to be limit point compact if every infinite subset of X has a
limit point.

Theorem 7.15

Compactness implies limit point compactness.

Proof. Let X be a compact space. Given A C X, we want to prove that if A is infinite, then A has a
limit point. Let us prove the contrapositive of the above statement, i.e., if A C X has no limit point,
then A is finite.

So, suppose that A C X has no limit point. Then A contains all its limit points (which is an empty
set in this case). We then conclude that A = A, implying that A is closed in X. Since none of the
elements of A is a limit point, for each a € A, one can choose a neighbourhood U, of a such that U,
intersects A at the point a alone. Now, the space X can be covered by X \ A (which is open in X
since A is closed in X) and the open sets U,:

X=(X\4A)u (UU) .. (25)

a€A

By the compactness of X, there is a finite subcollection of the cover {X \ A,{Ug}qea} of X. It
means that in the finite subcollection, there are only finitely many of the open sets {U,}qca since
(X' \ A) N (Ugen Uq) = @. Therefore, finitely many open sets from {U,}qca each containing only one
element of A is all of A. Hence, there are only finitely many elements in A. [ ]

Example 7.7. The converse of Theorem 7.15 is not true. Let Y = {y;1,y2} and let the topology on Y
be the trivial topology consisting of Y and &. Consider X = Z x Y with the product topology with Z
being endowed with the discrete topology. Now, given A C X, with A # &, a generic element of A
is given by (m,y;), with i = 1,2 and m € Z. Any open set in the product topology in X containing
(m,y;) also contains (m,ys—_;), for i € {1,2}. Hence, every subset of X, finite or infinite, has a limit
point.

This implies that X is limit point compact. However, X is not compact. Since the open cover
{Um}meZ with

Up={m} xY

does not have a subcollection (and hence no finite subcollection) covering X.

Definition 7.8. Let (x,,),- ; be a sequence of points in X. If
n<ng<---<mng<---
is a strictly increasing sequence of natural numbers, the sequence

Ty Tngy e s Tngy -

also denoted by (zy,):-;, is called a subsequence of (z,)5 ;. It is a convergent subsequence
it z,, — p as k — oo, for some p € X.

Definition 7.9. A space X is sequentially compact if every sequence (z,)5°; in X has a
convergent subsequence ()5 ;.
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Lemma 7.16

The Lebesgue number lemma holds for sequentially compact metric spaces. In other words, if X
is a sequentially compact metric space, given an open cover C = {Ua} ¢ s, there exists § > 0 such
that for each subset B C X with diam B < ¢, there exists some U € C such that B C U.

Proof. Assume for the sake of contradiction that C = {Ua} . ; is an open cover for which no Lebesgue
number ¢ > 0 exists. Then, given n € ZT, there exists some a set C,, of diameter less than % that is
not contained in any U € C. Then we choose z,, € C, for each n. Since X is sequentially compact, this
sequence has a convergent subsequence, say (xp,);;. Suppose this subsequence converges to a € X.
Since C = {Uqa} ey covers X, there is some 3 € J such that a € Ug. Since Ug is open, we can find
€ > 0 for which
By (a,e) C Ug. (7.66)

[

We choose i large enough so that n% < §, and d(zp;,a) < 5. Cy, has diameter less than n%_, by
construction. So for any x € C,,,

1
d(z,zp,) < sup d(z,y) =diamC,, < — < = (7.67)
z,y€Chn, ng 2
As a result,
d(z,a) <d(z,zy,) +d(xn,,a) < %—l—% =e. (7.68)
So we have = € By (a,¢). Hence,
Ch, C Bg(a,e) C Ug. (7.69)

But C),, was constructed so that it is not contained in any U € C. Contradiction! Therefore, a Lebesgue
number must exist. n

Proposition 7.17

Given a sequentially compact metric space X, for every € > 0, there exists a finite cover of X
using e-balls.

Proof. Assume for the sake of contradiction that there exists some ¢ > 0 such that no finite covering

of X exists with e-balls. We construct a sequence (xy,).-; as follows. Choose z1 to be any point of X.

Suppose we have constructed up to x,_1. Since no finite covering of X exists with e-balls,
By (x1,€) U By (l’g,&) U---UBy (.Tnfl,&)

is not all of X. So we choose .
Ty € X\ (U B, (xi,£)> . (7.70)
i=1

By construction, any two elements of this sequence satisfies
d(Tm,xn) > €. (7.71)

Since X is sequentially compact, there is a convergent subsequence x,, — a. Then there are infinitely
many elements of the subsequence in the open ball By (a.%). Take two such elements x,, ; and x, .
Then we have

€ €
d(xnj,xnk> gd(:cnj,a)—i-d(a,a:nk) < 54—5:5. (7.72)
But then (7.72) contradicts (7.71). Therefore, a finite covering of X with e-balls must exist. [ |
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Theorem 7.18

Let X be a metrizable space. Then the following are equivalent:
1. X is compact.
2. X is limit point compact.

3. X is sequentially compact.

Proof. (1=2) is already done in Theorem 7.15.

(2=3) Assume that X is limit point compact. Since X is metrizable, its topology is generated by a
metric d. Also metric spaces are Hausdorff. In particular, X is a 77 space.

Given a sequence (), oy of points of X, consider the set A = {z, |n=1,2,3,...}. If the set A
is finite, then there is a point z such that x = x,, for infinitely many values of n. In this case, the
sequence () has a subsequence that is constant, and therefore converges trivially.

On the other hand, if A is infinite, then A has a limit point x (since A is an infinite subset of a limit
point compact space X ). We define a subsequence of (z,,) converging to x as follows: First choose ny
so that

T, € Bd(l', 1).

Then suppose that the positive integer n;_1 is given. Since x is a limit point of A C X, and X is 711,
by Theorem 2.15, the ball By (a:, %) intersects A in infinitely many points. So we can choose an index

1
Tn,; € By (w, ) .
i

Then the subsequence x,,,, Zp,, ... converges to z. Indeed, if By (z,¢) is an open ball about z, there
exists some N such that Ne > 1. Then for j > N,

n; > n;_1 such that

11
S< 5 <e (7.73)

Tp; € By (x, 1) = d(m,xnj) < ;

J
S0 T, —+ x as i — oo.

(3=1) Suppose C = {Uqa},c; be an open cover of the sequentially compact metric space X. Let 6 > 0
be the Lebesgue number associated with this cover. This exists by Lemma 7.16. Now, suppose € = g.
By Proposition 7.17, there is a finite covering of X with e-balls, i.e.,

X = By (1,€) UBg(22,6) U+ U By (n,¢) . (7.74)

Each of these balls are of radius ¢, so their diameter is at most 2e = %‘5 < 6. By the Lebesgue number
lemma for sequentially compact spaces, By (x;,€) is contained in some U,, € C. So we have

n n

X = Ba(zie) = | U, (7.75)
i=1 i=1
Therefore, a finite subcover of the open cover C = {Uy},; exists. Hence, X is compact. |

§7.7 Local compactness

Definition 7.10. A space X is said to belocally compact at « € X if there is a compact subspace
C, of X containing a neighborhood U, of x:

reU,cCcC,CX. (7.76)

A space X is said to be locally compact if it is locally compact at each of its points.
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Example 7.8. If X is compact, then take U, = C, = X for a given point x € X in the equation
(7.76), yielding the fact that X is also locally compact.

Example 7.9. The real line R with respect to the standard topology is locally compact. Each
point z € R is contained in the compact subspace C, = [z — 1,z + 1] containing the neighborhood
Upy=(x—1,z+1) of z.

Example 7.10. The set of rational numbers Q in the subspace topology inherited from R with respect
to the standard topology is not locally compact.

A basis neighborhood of z in Q in subspace topology inherited from R with respect to standard
topology (a basic open set that is a neighborhood of z) is of the form: QN (x — &,z + ¢) for some
€ > 0. Now, we will show that any subset C, C Q containing such a basis neighborhood of x cannot be
compact. For example, choose an irrational number a € (z — ¢,z + €) and write a function f: C, — R
defined by

ft) = (t—a)* (7.77)
The function f, being a restriction of the R — R continuous function t — (¢ — a)?, is also continuous.

But the image of C, under f can be made arbitrarily close to 0 € R with 0 ¢ f(C,). Hence, the
function f doesn’t attain a minimum. Hence, by the Extreme value theorem, C, can’t be compact.
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