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]. Topology Review

§1.1 Euclidean Space R”

Before embarking on the concept of general topological space, let us look at the Euclidean space R".
R™ is equipped with the notion of distance between 2 points p and q.

Definition 1.1.1 (Distance). Let the coordinates of p and ¢ be (p', p?, .....p") and (¢}, ¢>, ...... q"),
respectively. The distance between p and ¢ is given by

Definition 1.1.2 (Open ball). An open ball B(p,r) in R™ with center p € R and radius r > 0 is
defined as the set

B(p,r) ={x e R" : d(z,p) <r}

A set equipped with the notion of distance between its elements is called a metric space'. Thus the
Euclidean space R" is a metric space. And we can talk about open balls in R™ using this metric. We
can define open sets in R™ using open balls B(p,r) defined above.

Definition 1.1.3 (Open Set in R™). A set U in R" is said to be open if for every p in U, there is
an open ball B(p,r) such that B(p,r) C U.

Proposition 1.1.1

The union of an arbitrary collection of {U,} of open sets is open. The intersection of finite
collection of open sets is open.

Proof. Trivial. |

Example 1.1.1

The intervals (—%, %) , n=1,23,.... are all open in R but their intersection
11
N(-23)-o
neN

is not open.

The metric d in R™ allows us to define open sets in R™. In other words, given a subset of R”, we can
tell if it is open or not. This situation is a special case called metric topology in R".

§1.2 Topology

!There are some properties that a metric (distance) function should have. We won’t go into much details
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Definition 1.2.1 (Topology). A topology on a set S is a collection T of subsets of S containing
both the empty set @ and the S such that T is closed under arbitrary union and finite intersection.
In other words,

o If U, €T for all a in an index set A, then |J U, € T
a€cA

o IfU, €T forie{1,2,...,n},then N U; €T
=1

2

The elements of 7 are called open sets.

Definition 1.2.2 (Topological Space). The pair (S, 7") consisting of a set S together with a topology
T on S is called a topological space.

Abuse of Notation. We shall often say “S is a topological space” in short. But there is always a
topology T on S, which we recall when necessary.

Definition 1.2.3 (Neighborhood). A neighbourhood of a point p € S is called an open set U
containing p.

Definition 1.2.4 (Closed Set). The complement of an open set is called a closed set.

Proposition 1.2.1

The union of a finite collection of closed sets is closed. The intersection of an arbitrary collection
of closed sets is closed.

Proof. Let {F;};_; be a finite collection of closed sets. Then, {S\ F;},_; is a finite collection of open
n

sets. The intersection of a finite collection of open sets is open, therefore () (S'\ F;) is open. By De
i=1

Morgan’s law,

i=1 i=1

ﬁ (S\F) =5\ <O FZ> is open = LnJ F; is closed
=1

Therefore, the union of a finite collection of closed sets is closed.

Now, let { F, }aca be an arbitrary collection of closed sets with A being an index set. Then {S\ F,, }aca
is an arbitrary collection of open sets. We know that the union of an arbitrary collection of open sets
is open, therefore | J 4 (S\ Fu) is open. By De Morgan’s law,

U (S\ Fy) =S\ (ﬂ Fa> is open — ﬂ F, is closed

a€A acA a€A

Therefore, the intersection of an arbitrary collection of closed sets is closed. |

Definition 1.2.5 (Subspace Topology). Let (S,7) be a topological space and A a subset of S.
Define T4 to be the collection of subsets
Ta={UNA|UE€eT}

T4 is called the subspace topology of A in S.
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It is not hard to see that T4 satisfies the conditions of a Topology. Firstly, T4 contains both & and A.
For these, taking U = @ and U = 5, respecitvely, suffices. By the distributive property of union and

intersection
JWana)= (UU)ﬁAand ((WU:inA) = (ﬂU)mA

i=1

which shows that T4 is closed under arbitrary union and finite intersection. So T4 is a Topology
indeed.

Example 1.2.1

Consider the subset A = [0, 1] of R. In the subspace topology, the half-open interval [ 7) is an
open subset of A, because [0,3) = (—3,3) N [0,1]

Lemma 1.2.2

Let Y be a subspace of X (that is Y has the subspace topology inherited from X). If U is open
in Y and Y is open in X, then U is open in X.

Proof. Since U isopenin Y, U =Y NV for some V open in X. Both Y and V are open in X, hence
Y NV =U is also open in X. |

The same conclusion holds if you replace “open” by “closed”.

Lemma 1.2.3
Let Y be a subspace of X. If F'is closed in Y and Y is closed in X, then F' is closed in X.

Proof. Since F is open in Y, F =Y N K for some K closed in X. Both Y and K are closed in X,
hence Y N K = F is also closed in X. |

Definition 1.2.6 (Elosure). Let S be a topological space and A a subset of S. The closure of A
in S, denoted by A or clg (A), is defined to be the intersection of all the closed sets containing A.

As an intersection of closed sets, A is a closed set. It is the smallest closed set containing A in the
sense that any closed set containing A contains A.

Proposition 1.2.4
A is closed if and only if A = A.

Proof. If A = A, then A is closed because A is closed. Now, suppose A is closed. Then A is a closed
set containing A, so A C A. Clearly, A C A. Therefore, A = A. |

Proposition 1.2.5
If A C B in a topological space S, then A C B.

Proof. Since B contains B, it also contains A. As a closed subset of S containing A, B also contains
A. [ ]

Lemma 1.2.6

Let A be a subset of a topological space S. Then = € A if and only if every open set U containing
x intersects A.
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Proof. We shall prove the contrapositive statements in both directions. So we need to show that
x¢ A < 3 U >z such that U is open,and UN A = 2.

Let x ¢ A. We take U = X \ A. This set is open, contains z, and does not intersect A.

Now conversely, suppose U is a open set containing x, and it does not intersect A. Then X \ U is
closed and it contains A. A is the intersection of all closed sets containing A, therefore A C X \ U.
That’s why = € A. |

Proposition 1.2.7
AUB=AUB.

Proof. A C AU B, so by Proposition 1.2.5, A C AU B. Similarly, B C AU B. Therefore, AU B C

A, and B C B. So, AUB C AU B. Therefore, AUB C AUB. But AU B is closed, so
AUB = AUB. Hence, AUB C AU B. Therefore, we have proved that AUB = AU B. |

§1.3 Bases and Countability

Definition 1.3.1 (Basis and Basic Open Sets). A subcollection B of a topology 7 is a basis for T
if given an open set U and a point p in U, there is an open set B € B such that p € B C U. An
element of B is called a basic open set.

Example 1.3.1

The collection of all open balls B(p,r) in R™ with p € R™ and r > 0 is a basis for the standard
topology (metric topology) on R™.

Proposition 1.3.1

A collection B of open sets of S is a basis if and only if every open set in S is a union of sets in B.

Proof. (=) We are given a collection of B of open sets of S that is a basis. U is any open set in S.
Also, let p € U. Therefore, there is a basic open set B, € B such that p € B, C U. Hence, one can

show that U = |J B,.
peU
(<) Suppose, every open set in S is a union of open sets in B. Now, given an open set U and a

point p € U, since U = |J B, there is a B, € B, such that p € B, C U. Hence B is a basis. |
Bq€eB

Proposition 1.3.2
A collection B of subsets of a set S is a basis for some topology 7 on S if and only if

(i) S is the union of all the sets in B, and

(ii) given any two sets By and By € B and a point p € By N Bo, there is a set B € B such that
p € B C B1N Bs.

Proof. (=) (i) follows from Proposition 1.3.1.
(ii) If B is a basis, then B; and By are open sets and hence so is By N Ba. By the definition of a
basis, there is a B € B such that p € B C By N Bs.
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(«<=) Define T to be the collection consisting of all sets that are unions of sets in 3. Then the empty
set @ and the set S are in 7 and T is clearly closed under arbitrary union. To show that 7T is closed
under finite intersection, let U = UH B, and V =, B, be in T, where B,,, B, € B. Then

UﬂVz(QBQﬁ(!BJ:Lﬂ&mBﬁ.

JTR”

Thus, any pin UNV is in B,NB, for some p, v. By (ii) there is a set By, in B such that p € B, C B,NBy.
Therefore,
uvnv= |J BeT.
peUNV

Therefore, B generates a topology on S. |

We say that a point in R" is rational if all of its coordinates are rational numbers. Let Q be the set
of rational numbers and Q% the set of positive rational numbers.

Lemma 1.3.3

Every open set in R” contains a rational point.

n

Proof. An open set U in R" contains an open ball B(p,r) which, in turn, contains an open cube H I;
i=1
. . . y _ L y . . _
where I; is the open interval (p’ NG P+ \f) Here is a visual example for n = 2.

_r_
n

1 2 T

Figure 1.1: B(p,r) contains < L ﬁ,pl + ﬁ) X ( 2 ﬁ,pQ + ﬁ)
Now back to general n. For each i, let ¢* be a rational number in ;. Then (¢!, ¢?, ..., ¢") is a rational
n
point in HIi C B(p,r). Therefore, every open set contains a rational point. |
i=1

Proposition 1.3.4

The collection Bg of all open balls in R"™ with rational centers and rational radii is a basis for R™.
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Proof. Given an open set U in R" and p € U, there is an open ball B(p,r’) with positive real radius
r’ such that p € B(p,r’) C U. Take a rational number r € (0,7’). Then we have

p€ B(p,r) C B(p,7') CU
By Lemma 1.3.3 | there is a rational point in the smaller ball B (p, %)

Claim — pe B(q,5) € B(p,r)
Proof. Since d(p,q) < %, we have p € B (q, g) Next, if x € B (q, %), then by triangle inequality
ror
Therefore, z € B(p,r).
- B(q,r/2) T~
s, - - N
7 - ~ N
’ L7 \\ \
/ Y N \
// /// SRR ' \\
S \ \
// // { .(j \\ | \
1 / \ \ I \
| r ] \ \ / \
I { ol | // [
| \ \\ 1 !
\ 2 ~ o _ =T j
\ N o / !
\ \ / /
\ S P /
\ S~___- /
\ B(p,r/2) !
N /,’ B(p,r)
\\ -
So,pEB(q,%) andB(q,%) C B(p,r). O

As a result, p € B (q, %) C B(p,r) € B(p,r") C U. Hence we proved,
peB (q, g) cU

In other words, the collection By of open balls with rational centers and rational radii is a basis for
R™. |

Both the sets Q and QT are countable. Since the centers of the open balls in By are indexed by Q",
a countable set, and the radii are indexed by QT, also a countable set, the collection By is countable.

Definition 1.3.2 (Second Countable). A topological space is said to be second countable if it has
a countable basis.

Proposition 1.3.4 shows that R™ with its standard topology is second countable.

Proposition 1.3.5
Let B = {B,} be a basis for S, and A a subspace of S. Then {B, N A} is a basis for A.

Proof. Let U’ be any open set in A and p € U’. By the definition of subspace topology, U' = U N A
for some open set U in S. Since p € UN A C U, there is a basic open set B, such that p € B, C U.
Then

pEB,NACUNA=U,

which proves that the collection {B, N A | B, € B} is a basis for A. [ |

10
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[
Corollary 1.3.6

Subspace of a second countable space is also second countable.
.

Definition 1.3.3 (Neighborhood Basis). Let S be a topological space and p be a point in S. A basis
of neighbourhoods or a neighbourhood basis at p is a collection B = { B, } of neighbourhoods
of p such that for any neighbourhood U of p there is a B, € B such that p € B, C U.

Definition 1.3.4 (First Countable). A topological space S is first countable if it has a countable
basis of neighbourhoods at every point p € S.

Example 1.3.2
oo

For p € R™, let B (p, %) be the open ball of center p and radius % in R™. Then {B (p, %) }n=1 is
a neighbourhood basis at p. Thus R" is first countable.

An important note: An uncountable discrete topological space is first countable but not second
countable. A second countable topological space is always first countable.

§1.4 Hausdorff Space

Definition 1.4.1 (Hausdorff Space). A topological space S is Hausdorff if given any 2 distinct
points x,y in S there exist disjoint open sets U,V such that z € U and y € V.

Figure 1.2: Here S is a Hausdorff space, U and V' are disjoint open sets containing x and y respectively.

Proposition 1.4.1

Every singleton set (a one-point set) in a Hausdorff space S is closed.

Proof. Let x € S. We want to prove that {x} is closed, i.e. S\ {z} is open.
Let y € S\ {z}. Since S is Hausdorff, we can find disjoint open sets U, and V,, such that z € U,
and y € Vj. No such V, contains z. Therefore

sS\{z}= |J W

yeS\{z}

So S\ {z} is union of open sets, hence open. So {z} is closed. [ |

11
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Example 1.4.1

The Euclidean space R" (equipped with standard/ metric topology) is Hausdorff, for given distinct
points z,y in R", if € = %d(m, y), then the open balls B(x,€) and B(y, €) will be disjoint.

In a similar manner, one can show that every metric space is Hausdorff.

Lemma 1.4.2
Let A be a subspace of X. If X is a Hausdorff space, then so is A.

Proof. Take z,y € A C X with z # y. As X is Hausdorff, we can find disjoint open sets U and V in
X,suchthat Uszand Voy. z€ Aandx € U,so xz € ANU. Similarly, y € ANV.

Now, both ANU and ANV are open in A, with respect to the subspace topology. Furthermore,
(ANU)N(ANV)=AN(UNV) = @. Therefore, for z,y € A we've found disjoint open sets AN U
and ANV, containing x and y respectively. So A is Hausdorff. |

§1.5 Continuity and Homeomorphism

Definition 1.5.1 (Continuous Maps). Let f : X — Y be a map of topological spaces. f is said to
be continuous if for each open subset V of Y, the set f~1(V) is an open subset of X.

Proposition 1.5.1
f: X — Y is continuous if and only if for every closed subset B of Y, the set f~!(B) will be
closed in X.

Proof. (=) Suppose f is continuous. B is closed, so Y \ B is open in Y. Therefore, by the continuity
of f, f7/H(Y\B)= X\ fYB) is open in X, so f~1(B) is closed.

(<) Suppose f~(B) is closed in X for any closed B C Y. Take any open set U in Y. Choose
B =Y \ U. Then by the assumption f~1 (Y \U) = X \ f~1(U) is closed in X. This gives us f~1(U)
is open. So f is continuous. |

Definition 1.5.2 (Homeomorphism). Let X and Y be topological spaces; let f : X — Y be a
bijection. If both f and the inverse function f~' : ¥ — X are continuous, then f is called a
homeomorphism.

Example 1.5.1

The function f : R — R given by f(x) = 3z 4+ 1 is a homeomorphism. We define g : R — R by

g(y) = (y — 1). Then we have

- 3
flgly) =y and g(f(z))=2 Vz,yeR

This proves g = f~L. It is easy to see that both f and g are continuous functions. Therefore f is

12
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a homeomorphism.

However, a bijective function can be continuous without being a homeomorphism.

Example 1.5.2

Let S denote the unit circle in R?; that is S* = {(z,y) € R? | 2% + y? = 1}, considered as a
subspace® of the space R2. Let f:[0,1) — S! be the

f(t) = (cos 2mt, sin 27t)

It is left as an exercise for the reader to show that f is a continuous bijective function. But the
function f~! is not continuous.

U= [0, i) is an open set in [0, 1) according to the subspace topology. We want to show that f(U)
is not open in S'. That would prove the discontinuity of f~.

Let p be the point f(0). And p € f(U). We need to find an open set of S! in subspace topology
containing p = f(0) and contained in f(U) to show that f(U) is open in S!, i.e we have to find
an open set in V of R? such that f(0) =p € VNS C f(U). But it is impossible as is evident
from the figure above. No matter what V' we choose, some part of V NS would lie outside f(U).

“Subset of R? equipped with subspace topology.

Lemma 1.5.2 (Pasting Lemma)

Let X = AU B, where A and B are closed in X. Let f: A - Y and g : B — Y be continuous. If
f(x) = g(x) for every x € AN B, then f and g combine to give a continuous function h: X — Y

defined by
h(z) = fx) it ze A
(=) if z€B

Proof. Let C be a closed subset of Y. Now,
hHO) = fTHO)ugH(O)

Since f is continuous, f~!(C) is closed in A, hence closed in X. Similarly, g~ 1(C) is closed in X. So
h~1(C) is the union of two closed sets in X, hence it is closed in X. Therefore, h is continuous. W

Lemma 1.5.3

Let X,Y be topological spaces and f : X — Y. Then f is continuous if and only if for every
x € X and each neighborhood V' of f(z), there is a neighborhood U of x such that f(U) C V.

Proof. (=) Suppose f is continuous. Let z € X and V > f(x) is open in Y. We take U = f~1(V).
Since f is open and U is preimage of open set, so U is open. Also,

f@)eV = zef ' (V)=Uand f(U)=f(fY(V)CV

13
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(<) Let V C Y be open. We need to show that f~1 (V) is open. Take z € f~ (V). Then f(z) € V,
so V is a neighborhood of f(x). By assumption, there exists open U > x such that

fU)CV = UCfHV)

So for every x € f~1(V), there exists a neighborhood of = that is contained in f~1(V). So f=1(V) is
open, and hence f is continuous. |

§1.6 Product Topology

The Cartesian product of two sets A and B is the set A x B of all ordered pairs (a,b) with a € A and
b € B. Given two topological spaces X and Y, consider the collection B of subsets of X x Y of the

form U x V', with U open in X and V open in Y. We will call elements of B basic open sets in X x Y.
If Uy x V4 and Uy x Vy are in B, then

(Uy x V1) N (Ug x Vo) = (U NU) x (Vi x Vo),

which is also in B. From this, it follows easily that B satisfies the conditions of Proposition 1.3.2 for
a basis and generates a topology on X x Y, called the product topology. Unless noted otherwise,
this will always be the topology we assign to the product of two topological spaces.

Proposition 1.6.1

Let {U;} and {V;} be bases for the topological spaces X and Y, respectively. Then {U; x V;} is
a basis for X x Y.

Proof. Given an open set W in X x Y and point (x,y) € W, we can find a basic open set U x V in
X x Y such that (z,y) € U xV C W. Since U is open in X and {U;} is a basis for X, z € U; C U
for some U;. Similarly, y € V; C V for some V. Therefore,

(x,y) eUy x V; CU xV CW.
By the definition of a basis, {U; x V;} is a basis for X x Y. [ |

-
Corollary 1.6.2

The product of two second-countable spaces is second countable.
.

Proposition 1.6.3
The product of two Hausdorff spaces X and Y is Hausdorff.

Proof. Given two distinct points (x1,¥1), (x2,y2) in X x Y, without loss of generality we may assume
that x1 # x2. Since X is Hausdorff, there exist disjoint open sets Uy, Us in X such that xy € Uy and
x9 € Us. Then Uy x Y and Uy x Y are disjoint neighborhoods of (x1,y1) and (x2,¥2), so X x Y is
Hausdorff. [ |

The product topology can be generalized to the product of an arbitrary collection {Xq} . of topo-
logical spaces. Whatever the definition of the product topology, the projection maps

oy HXO‘ — Xo, , Ta, (H ma) = To,
o

should all be continuous. Thus, for each open set Us, in X, the inverse image 7! (Us,) should be
open in [], X,. By the properties of open sets, a finite intersection (;_, 7r;i1 (Uy,) should also be
open. Such a finite intersection is a set of the form [] . 4 Us, where U, is open in X, and U, = X,
for all but finitely many oo € A. We define the product topology on the Cartesian product [] . Xa
to be the topology with basis consisting of sets of this form.

14
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Theorem 1.6.4
Let f: A = [[,es Xa be given by the equation
fla) = (fa(a))pey -

where f, : A — X, for each a. Let [[ X, have the product topology. Then the function f is
continuous if and only if each function f, is continuous.

Proof. (=) Suppose f is continuous. Then f, = m, o f is the composition of two continuous maps,
hence continuous.

(<) Now suppose f, is continuous for every a. Let U C [[,c; Xa be a basic open set. Then U is
of the form [[ U, where U, is open in X, for every «, and U, # X, for only fintely many «a’s. Then
we have

POy =Nt 0= () fatU) m( N f&(%))
« Us=Xao

Ua#Xa

= N £ (U ﬂ( A A)

UayéXa Ua:Xa

= ﬂ f071 (Ua)

Ua#tXa

Since each f, is continuous, f, ! (U,) is open in A. Therefore, as a finite intersection of open sets,
f~1(U) is open, proving the continuity of f. [ |

Proposition 1.6.5

If X and Y are topological spaces, then the projection map 7 : X XY — X, 7 (z,y) = z is an
open map (it maps open sets to open sets).

Proof. Let {Uy} and {Vz} be bases for the topological spaces X and Y, respectively. Then, by
Proposition 1.6.1, B = {U, x Vg} is a basis for X x Y. Therefore, if W is an open subset of X x Y,
then W can be expressed as the union of some basic open sets.

W= ]JWixV;) .
4,3
Then we have,
(W) == ||JW:xV) | = x V) =JU.
1,J ] i
Since U; are basic open sets of X, | J; U; is an open subset of X. In other words, for W open in X x Y,
7 (W) is open in X. Therefore, 7 is an open map. [ |

§1.7 Quotient Topology

Quotient topology is defined using an equivalence relation. An equivalence relation is a binary relation
on a set that has some properties.

Definition 1.7.1 (Equivalence Relation and Equivalence Class). An equivalence relation ~ on a set
S is a binary relation which is reflexive, symmetric and transitive. That is

(i) a ~ a for every a € S

15
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(ii) a~b = b~a
(iii) a~b,b~c = a~c
The equivalence class [z], if x € S, is the set of all elements in S equivalent to .

An equivalence relation on .S partitions S into disjoint equivalence classes. We denote the set of all
equivalence classes with S/~ and call this the quotient of S by the equivalence relation ~. There is a
natural projection map 7 : S — S/~ which projects x € S to its own equivalence class [x] € S/~.

Abuse of Notation. Ideally [z] denotes a point in S/~. But we will use the same notation [z] to
identify a set in S whose elements are all equivalent to each other under the given equivalence relation.

Definition 1.7.2 (Quotient Topology). Let S be a topological space. We define a topology called
quotient topology on S/~ by declaring a set U in S/~ to be open if and only if 771(U) is
open in S.

It’s not hard to see that quotient topology is a well defined topology. Note that 7—! (@) = @ and
771 (S/~) = S and hence @ and S/~ are both open sets in quotient topology. Now let {Uy}, .4 be
an arbitrary collection of open sets in S/~. Then {wil (Ua)} is an an arbitrary collection of open
sets in S. So,

acA

U 7 (U,) =7t (U Ua> is open in § = U U, open in S/~

acA a€A acA

So arbitrary union of open sets is open in S/~. Now for a finite collection of open sets {U;}!"_; in
S/~ {7t (Ui)}?zl is a finite collection of open sets in S. So,

ﬂ o N U) =n! (ﬂ Ua> is open in § = ﬂ U, open in S/~
i=1

i=1 =1
So finite intersection of open sets is open in S/~. Therefore, we’ve verified that the open sets defined
on S/~ indeed form a topology.
Continuity on Quotient Topology

Let ~ be a equivalence relation on the topological space S and give S/ ~ the quotient topology.
Suppose that the function f : S — Y is continuous from S to another topological space Y. Further
assume that f is constant on each equivalence class. Then f induces a map

f:8/~=Y; f(lp)=f(p) Vpes

Note that this latter function f wouldn’t be well-defined had we not assumed f to be constant on
each equivalence class in S/~.

16
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Proposition 1.7.1
The induced map f : S/~— Y is continuous if and only if the map f: S — Y is continuous.

Proof. (=). Suppose f : S — Y is continuous. Let V' be open in Y. Then V) =7t (f_'_l(V))

is open in S. Therefore, by the definition of quotient topology, then f *1(V7) is open in S/~. Hence,

we’ve shown that for a given open set V in Y, f__l(V) is open in S/~. So, f : S/~— Y is continuous.
(«<). If f: S/~—Y is continuous, then f = fom is the composition of two continuous maps, hence

continuous. |

Identification of a subset to a point

If A is a subspace of a topological space .S, we can define a relation ~ on .S by declaring

x~x,Vxes and r~y,Vr,yeA

It is immediate that ~ is an equivalence relation. We say that the quotient space S/~ is obtained
from S by identifying A to a point.

§1.8 Compactness

Definition 1.8.1 (Open Cover). Let S be a topological space. A collection {Uq },,; of open subsets
of S is said to be an open cover of S if

Sc|JUa

ael

Since the open sets are in the topology of S and consequently U, C S for every a € I, one has
Uaer Ua € S. Therefore, the open cover condition in this case reduces to S = |J,¢; Ua-

With the subspace topology, a subset A of a topological space S is a topological space by its own
right. The subspace A can be covered by open sets in A or by open sets in S.

« An open cover of A in S is a collection {U,},, of open sets in S that covers A. In other words,
A CJ, Uy (Note that in this case A =, U, might not hold in general).

« An open cover of A in A is a collection {U,}, of open sets in A in subsapce topology that
covers A. In other words, A C |J, Us (Here, in fact, A =, U, as each U, C A).

Definition 1.8.2 (Compact Set). Let S be a topological space and A C S. A is compact if and
only if every open cover of A in A has finite subcover.

Proposition 1.8.1

A subspace A of a topological space S is compact if and only if every open cover of A in §
has a finite subcover.

Proof. (=) Assume A is compact and let {U,} be an open cover of A in S. This means that A C |JU,.
(0%

Hence, 4 (LQJ Ua) Na-= Laj (vaN4)

Now, {U, N A}, is an open cover of A in A. Since A is compact, every open cover of A in A has a
finite subcover. Let the finite sub-cover be {U,, N A} ;. Thus,

AC O U,
=1

17
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which means that {Uy,},, is a finite sub-cover of the open cover {U,}, of Ain S.

(<) Suppose every open cover of A in S has a finite subcover, and let {V,}, be an open cover of A
in A. Then each V,, is an open set of A in subspace topology. According to the definition of subspace
topology, there is an open set U, in S such that V,, = U, N A. Now,

AcUva=JWan4) = (UUQ> nAc|Ju,

Therefore, {U,},, is an open cover of A in S. By hypothesis, there are finitely many sets {Uq, };-,
n

such that A C |J U,,. Hence,
=1

1

n

=1

i=1 i=1

So {Va, }i, is a finite subcover of {V,} that covers A in A. Therefore, A is compact. [ ]

Proposition 1.8.2

Every compact subset of K of a Hausdorff space S is closed.

Proof. We shall prove that S\ K is open. Let’s take x € S\ K. We claim that there is a neighborhood
U, of x that is disjoint from K.

Since S is Hausdorff, for each y € K, we can choose disjoint open sets U, and V,, such that U, > x
and Vj, 3 y. The collection {V,, : y € K} is an open cover of K in S. Since K is compact, there exists
a finite subcover {V,,}"" . That is K C (J;_, V;,. Since Uy, NV, for every i, we have

(ﬁin> N (OVM) =0 = U, N K = & where U, = ﬁin
i=1 i=1

=1

U, is the finite intersection of open sets, hence open. Also, every Uy, contains x, hence their intersection
U, also contains z. So U, is the desired open set that is disjoint from K, in other words z € U, C S\ K.
As a result,
S\KcC |J U.CS\K = S\K= [
zeS\K 2€S\K

S\ K is the union of open sets, hence open. Therefore K is closed. [ |

Proposition 1.8.3

The image of a compact set under a continuous map is compact.

Proof. Let f: X — Y be a continuous and K a compact subset of X. Suppose {U,} is an open cover
of f(K) by open subsets of Y. Since, f is continuous, the inverse images of f~!(U,) are all open in
X. Moreover,

KCf (f(K)cf (U Ua> =7 W)

So {f_l(U)a} is an open cover of K in X. By Proposition 1.8.1, there is a finite sub-collection
{r! (UOQ.)}?:1 such that

KC|Jr ' Wa)=75" (U U) — f(K)Cf <f1 (
=1

=1

s

)< 0o
i=1

Thus f(K) is compact. [ |

=1

18
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Lemma 1.8.4

A closed subset F' of a compact topological space S is compact.

Proof. Let {U,}, be an open cover of F' in S. The collection {U,, S\ F'} is an open cover of S itself.
By compactness of S, there is a finite sub-cover {U,,, S\ F};_; of S, that is,

FCSC (OU%.)U(S\F) — FgLnJUai
=1

i=1

Therefore, {U,, };"_; is a finite subcover of the open cover {Uy,} of F'in S. Hence, F is also compact. W

Proposition 1.8.5

A continuous map f : X — Y form a compact space X to a Hausdorff space Y is a closed map
(a map that takes closed sets to closed sets).

Proof. Let F' C X be closed. Then F' is compact by Lemma 1.8.4. Since f : X — Y is a continuous
map, by Proposition 1.8.3, f(F') is compact in Y. Since Y is Hausdorff, by Proposition 1.8.2, f(F) is
closed in Y. Hence, f is a closed map. |

Corollary 1.8.6

A continuous bijection f : X — Y from a compact space X to a Hausdorff space is a homeomor-
phism.

Proof. We want to show thaat f~! : Y — X is continuous. And in order to that it suffices to show
that for every closed set F' in X, (f_l)_l (F) = f(F) is closed in Y. In other words, it suffices to
show that f is a closed map. The corollary then follows from Proposition 1.8.5. |

Definition 1.8.3 (Bounded Set). A subset A of R" is said to be bounded if it is contained in some
open ball B(p,r). otherwise, it is unbounded.

Theorem 1.8.7 (Heine-Borel Theorem)

A subset of R™ is compact if and only if it is closed and bounded.

Definition 1.8.4 (Diameter of Set). Let A C X be a bounded subset of a metric space (X, d). The
diameter of A is defined by

diam(A) :=sup{d(a1,a2) : a1,a2 € A}

Lemma 1.8.8 (Lebesgue Number Lemma)

Let (X,d) be a compact metric space. Given an open cover U = {Uqy},c; of X, there exists a
number § > 0 — called the Lebesgue number associated with the cover — such that for a given
A C X with diam(A) < 4, one must have A C U, for some « € J.

Proof. Take x € X. As U covers X, we can find U, € U such that z € U,. Since U, is open and
x € U,, there exists r, > 0 such that
B(z,ry) C U,

19
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We do this for every x € X. So we get an open cover of X
T
x-Yn(3)
U B (=3
zeX

Since X is compact, there exists a finite subcover of this open cover. So

n
T i
x=Us (2.5
i=1
We define § > 0 in the following way:

5:min{% : i:1,2,...,n}

We claim that this ¢ is our desired Lebesgue number of the open cover Y. Let A C X with diam(A) < 4.
Fix a € A. Then there exists j € {1,2,...,n} such that

T T,
aEB(xj,%) = d(xj,a)<%

By the construction of 7, there exists Ug € U such that B (:cj, rzj) C Ug. We claim that A C Ug.
Take any b € A.

d(a,b) < diam(A) < § < % — |d(ab) < %

d(zj,b) < d(zj,a) +d(a,b) < 7J+7] =ry;, = be B(zj,1y,)

For every b € A, we have b € B (azj,rxj). Therefore, A C B (:cj, rxj) C Ug. |

§1.9 Quotient Topology Continued

Let I be the closed interval [0,1] in the standard topology of R™ and I/~ be the quotient space
obtained from I by identifying the 2 points {0,1} to a point. Denote by S! the umit circle in the
complex plane. Define f by f(z) = e*™®,

Now the function f : I — S' defined above assumes the same value at 0 and 1 and based on the
discussion prior to Proposition 1.7.1, f induces the map f : I/~— S*.

Proposition 1.9.1
The function f: I/~ — S! is a homeomorphism.

Proof. The function f : I — S! defined by f(zr) = €2 is continuous (check!). Therefore, by
Proposition 1.7.1, f : I — S is also continuous.

Note that I = [0,1] in R is closed and bounded and hence by Heine-Borel Theorem, I is compact.
Since the projection 7w : I — I/~ is continuous, by Proposition 1.8.3, the image of I under =, i.e.,
I/~ is compact.

It should also be obvious that f : I/~ — S! is a bijection. Since S! is a of the Hausdorff space
R?, by Lemma 1.4.2, S' is also Hausdorff. Hence, f is a continuous bijection from the compact
space I/~ to the Hausdorff topological space S'. Therefore, by Corollary 1.8.6, f : I/~— S is a
homeomorphism. |

Necessary Condition for a Hausdorff quotient

Even if S is a Hausdorff space, the quotient space S/~ may fail to be Hausdorff.

20
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Proposition 1.9.2

If the quotient space S/~ is Hausdorff, then the equivalence class [p] of any point p in S is closed
in S.

Proof. By Proposition 1.4.1, every singleton set is closed in a Hausdorff topological space. Now,
consider the canonical projection map 7 : S — S/~. For a point p € S, {w(p)} is a singleton set in
S/~

Since, by hypothesis S/ ~ is Hausdorff, {mw(p)} must be closed in S/~ with respect to quotient
topology. By continuity of «, 7= ({m(p)}) is closed in S. But 7—! ({n(p)}) = [p]. Hence, [p] is a
closed set in S. |

Remark 1.9.1. In order to prove that a quotient space S/~ is not Hausdorff it is sufficient to prove
that the equivalence class [p] of some point p € S is not closed in S. We have the following example
to elucidate this remark.

Example 1.9.1

Define an equivalence relation ~ on R by identifying the open interval (0,00) to a point. The
resulting quotient space R/~ is not Hausdorff since the equivalence class (0,00) is not a closed
subset of R.

§1.10 Open Equivalence Relations

Definition 1.10.1. An equivalence relation ~ on a topological space S is said to be open if the
underlying projection map 7 : S — S/~ is open (maps open sets to open sets).

e. a-
T
__m(U)
% - ~
/d. AS
I/ 'C\I
\\ b /I f.
S/~

Figure 1.3: Indeed 7! (7(U)) = U [2]
zcU

In other words, the equivalence relation ~ on S is open if and only if for every open set U € S, the
set m(U) € S/~ is open. Or equivalently, by definition of quotient topology,

Y x(U)) = U [x] is open in S
zelU

|J [z] denotes all points equivalent to some point of U (shaded region in Figure 1.3).
zelU
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Example 1.10.1

The projection map onto a quotient space is, in general, not open. For example, let ~ be the
equivalence relation on the real line R that identifies the two points 1 and —1, and 7 : R = R/~
the projection map.

The map 7 is open if and only if for every open set V' in R, its image 7(V) is open in R/~, or
equivalently 7! (7(V)) is open in R. Let V be the open interval (—2,0) in R. Then,

a H@(V)) = (=2,00u{1}, [Since 7(1) € n(V)]

which is not open in R and hence 7 is not an open map. In other words, the equivalence relation
~ is not open.

Definition 1.10.2 (Graph of Equivalence Relation). Given an equivalence relation ~ on S, let R be
the subset of S x S that defines the relation R = {(z,y) € S x S |  ~ y}. We call R the graph
of the equivalence relation ~.

We have a necessary and sufficient condition for a quotient space to be Hausdorff if the underlying
equivalence relation is an open equivalence relation.

Theorem 1.10.1

Suppose ~ is an open equivalence relation on a topological space S. Then the quotient space
S/~ is Hausdorff if and only if the graph R of ~ is closed in S x S.

Proof. (<=) Suppose R is closed in S x S. Then R = (S x S) \ R is open. Therefore, for every
(z,y) € RC there exists basic open set U x V containing (z,y) such that U x V' C R¢. This is
equivalent to saying, no element of U is equivalent to any element of V', and vice versa.

Since ~ is an open equivalence relation, 7 (U) and 7 (V') are open sets containing [z] and [y],
respectively. Since no element of U is equivalent to any element of V', 7 (U) and « (V') are disjoint.
Therefore, for [z] # [y], we have found their disjoint neighborhoods. Hence, S/~ is Hausdorff.

(=) Now suppose S/~ is Hausdorff. Take [z] # [y] from S/~. Then there exist disjoint neigh-
borhoods A > [x] and B > [y]. A and B are open, so U = 77! (A) and V = 7! (B) are open in
S.

T(U)=n(r"1(A) =A and 7 (V) :71'(71'71 (B)) =B.

So 7 (U) and 7 (V') are disjoint. In other words, no element of U is equivalent to any element of V.
Therefore, U x V C R°. [z] € A, and U = 7! (A), so € U. Similarly, y € V. Therefore,

(x,y) e U xV C R°.
So R°¢ is open, and hence R is closed. |

If the equivalence relation ~ is equality, i.e., x ~ y iff z = y, then the quotient space S/~ is S itself
and the graph R of ~ is simply the diagonal A = {(z,z) € S x S}.

[
Corollary 1.10.2
A topological space is Hausdorff if and only if the diagonal A is closed in S x S.

Theorem 1.10.3

Let ~ be an open equivalence relation on a topological space S with projection 7 : S — S/~. If
B = {B,} is a basis for S, then its image {m(B,)} under 7 is a basis for S/~.

22



1 Topology Review 23

Proof. Since 7 is open, {m(By)} is a collection of open sets in S/~. Let W be an open set in S/~
and [z] € W with z € S. So w(x) € W, d.e., v € 7~ 1(W). Since 71 (W) is open in S, there is a basic
open set B € B such that, z € B C 7~ }(W). Hence

[z] = n(z) € 7(B) Cn(n Y (W) C W

Now, we have seen that given W open in S/~ and [x] € W, there exists an open set 7(B) in the
collection {m(By)} such that [z] € 7(B) C W. This proves that {m(B,)} is a basis for S/~. [ |

Corollary 1.10.4

If ~ is an open equivalence relation on a second-countable topological space, then the quotient
space S/~ is second countable.
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§2.1 Differentiabiliy

Consider f : R? — R defined as follows:
flog - { I @N £ 00
’ 0 if (z,y) = (0,0)

For the piecewise defined function stated above, note that along the z-axis y = 0. So f (z,0) = 0 for
every x € R. In other words, f is constant and identically 0 on the z-axis. Therefore,

0
o (w.9)

y=0

Similarly, along the y-axis z = 0. So f (0,y) = 0 for every y € R. In other words, f is constant and
identically 0 on the y-axis. Therefore,

ggm,m 0.

=0

Therefore, both the partial derivatives exist at (0,0), and are equal to 0. We will now show that f is
not even continuous at (0,0). Consider the line y = x, and we shall evaluate the limit of f (z,y) as
(z,y) — (0,0) along this line.

T-x 1

I —lim 2 4.
xli%f(x’x) z%x2+x2 2 70

So we get,

lim xz,y) =0, along z-axis;
(MHO,O)JC (z,y) g

lim  f(x,y) =0, along y-axis;
(z,y)—(0,0) (=.9)

1
li = - 1 the li = .
(z,y)gr%0,0) f(z,y) 5 » along the line y =«

Therefore, f is not even continuous at (0,0), let alone being differentiable. Therefore, mere existence
of partial derivatives of order doesn’t guarantee differentiability at a given point.

We will, first, consider functions whose domain is U C R™ and codomain is R. If f: U — R" is

such a function, then f (Z) = f (xl,xQ, e ,x") denotes its value at ¥ = (xl, 2, ... ,a:") € U. We also

assume that the underlying domain of f is an open set U C R"™. At each @ € U, the partial derivative

% B of f with respect to 7 is the following limit, if it exists

If % is defined, that is, the limit above exists at each point of U for 1 < j < n, this defines n
functions on U. Should these functions be continuous on U for 1 < j < n, f is said to be continuously

differentiable on U, denoted by f € C! (U).
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n . .
We shall say that f is differentiable at @ € U if there is a homogenous linear expression »_ b; (xz — a’)
i=1

n . .
such that the inhomogenous expression f (@)+ > b; (:cZ — al) approximates f (Z) near @ in the following

sense: .
F (@) = f(@) - X bi (a8 —a)
lim = =0.
F—d | & — dl
In other words, if there exist constants by, bs, ..., b, and a real valued function r (Z,d) defined on a

neghborhood V of @ € U such that the following two conditions hold:

F@) = f(@+) bi(a'—a')+|F—a|r(#ad) and limr(Za) =0.
i1 r—a

b;’s are uniquely determined, and they are the partial derivatives at a:

_ of
bz_axif:a
In fact,
L L - Of i i o o
f@ =@+ 5| (e —d)+lF-alr (@ a).
i=1 T=d

Actually, existence of partial derivatives and their continuity guarantees differentiability at a given
point @ € U C R".

§2.2 Chain Rule

By a differentiable curve in R”, we mean f : (a,b) — R", with f () = (2! (¢),2%(t),...,2" (1)),
where the n coordinate functions z' (¢) are all differentiable on (a,b). Recall that, for a function of
one variable, differentiability is equivalent to existence of derivative.

Here, (2" (t)) are real valued functions of one variable. And you must be familiar with the notion of

C"-differentiability of real valued functions of one variable. For example, h (t) = £3 is not C*, because
its derivative does not exist at ¢ = 0. Similarly, k (¢) = 3 is C', but not C?.

Now, let’s suppose f : (a,b) — R™ is a C" differentiable curve in the sense that all the n coordinate
functions z¢ (t) are C" differentiable. Take to with a < to < b, and f : (a,b) — U C R"™. Let g be a
C"-differentiable function from U to R. In particular, g : U — R is differentiable at f (tg) € U. Then
go f:(a,b) — R is differentiable at ¢y, and the derivative is given by:

. dat (t)

=09 (f (1)
_Z dt

t=to =1 Oz ‘f(to)

S lwon®

t=to

This result is known as the chain rule for real-valued functions.
Now, we can generalize this idea to functions on subsets U of R", whose range is not in R, but in
R”. In other words, we consider F': U C R" — V C R™.

i=(a',2?,...,2") eU; F(@) = (F' (%), F*(7),....F" (%)) .

Now take a point p'€ U with coordinate (pl,p2, e ,p”). Then F (p) is a point in V' with coordinate
(F1 (p), F? (@,,Fm(p)) Now let G : V C R™ — R!. Write a point § = (yl,yz,...,ym) eV C
R™. Then

G = ('@ .G @,....¢' @) -

In other words, G* : V. — R. Then we have G o F': U C R™ — R. In this case, the chain rule is

d (G% o F) aGz OFk
= Z ) o

(P) -
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§2.3 Differential of a Map

Let FF: U C R® - V C R™. Let T,R"™ denote the tangent space on R™ to the point p € R™. (For
convenience, we'll drop arrows in p) The differential of F' at p is a map DF), : T,R" — T, R™. T,R"
is clearly isomorphic to R™ as vector space. Hence, DF), : R" — R™. Let’s try to see that DF), is
related to the Jacobian matrix of ' : U C R®" — V C R™.

p}

o o
axlp

" 0z
is a basis of T,R", which can be treated as R" with origin at p. Similarly,

0
oy F(p)

is a basis of T, R™, which can be treated as R™ with origin at F'(p).

0

7...’777‘
» ox

0
Fp) OV

0
P Oy

Geometric tangent vectors like 57 » OF % o) act on smooth functions of R™ or R™, respectively,
and spit out real numbers.
0 af
| f=—(p) eR.
ox* » ox*

Since DF), is a linear map between two vector spaces, in order to express DI}, as a matrix, we need

to find where the basis vectors are getting mapped. So we want to find DF), ( ) This is a vector

ozt

in Tp;)R™, and hence can be written as a linear combination of a—J ’'s. Now we wish to find the

F(p)
coefficients in the linear combination.
DF, (% p) acts on f € C* (R™) and yields a real number.
0 0
DF, = — F).
< o ) F= gl UoP)
This makes perfect sense as fo F : U C R"™ — R. By chain rule,
0 O(foF 0 OF7
It (fOF): (gz>(p): 87.]; It
Tlp v =1 Y lrE) 9T p
~ OF7 0 " OF7 0
f=> 5= f = DFp<Z,>: -
( ) o 69” F(p) Ozt{, ) < Ox O | F(p)

Therefore, DF), can be represented by the following m x n matrix:

[ OF! OF" OF' | T
Dl (p) D22 (p) - Oxm (p)
OF? OF? OF?
Dl (p) D22 (p) - Ozn (p)
oF™ oF™ oF™

L o0l (p) or2 (p) - Oxm (p)_

F is differentiable at p € U C R™ if all the entries in the m x n matrix DF exist and are continuous at
p. If F is differentiable at every p € U, we say that F is of class C'. DF is called the total derivative
in the language of multivariable calculus.

Similarly, if all the second order partial derivatives exist and are continuous at p, then we say F
is twice differentiable at p. If F is twice differentiable at every p € U, we say F is of class C2. In a
similar manner, we define maps of class C". If a map F is of class C” for every r € N, we say F is
smooth or infinitely differentiable, or F' belongs in the class C'*°.
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§2.4 Inverse Function Theorem

Definition 2.4.1. Let U and V be open subsets of R”. A map F : U — V is said to be a C"-
diffeomorphism if F is a homeomorphism, and both F and F~! are of class C". When r = oo,
we just say F' is a diffeomorphism.

Theorem 2.4.1 (Inverse Function Theorem)

Let W be an open subset of R" and F': W — R" a C° mapping. If p € W and DF), is nonsingular,
then there exists a neighborhood U of p in W such that V = F (U) isopen and F : U — V is a
diffomorphism. If x € U, then

DFZ!

-1
iy = (DF)

We are not going to prove it here. We will see an example now.

Example 2.4.1. Let’s consider the conversion of polar to rectangular coordinate. F : R? — R? is

defined by
r rcosf
F <0> o (rsin9> '

Then the differential DF is

ort or!

DF — or 00 _ 0989 —rsinf
OF2 OF? sinf@ rcos@
o o0

Hence, det DF' =r. So DF{, ) is differentiable for r # 0. Choose r = V2 and 0 = 7. Then

(7))

By the Inverse Function Theorem, there is a local inverse

Dy = (PRuag)

()= ()

Now, F~! is given by

y)  \tan™' (%)
Therefore,
2z 2y z Y
pr-l_ |2VaP+y? 2yttt VI +y? 22 +y?
x2 + 2 22 + y? w2 +y? 2?4 y?
As a result,
1 1
DFl = V2 V2
(1,1) -1 1
2 2
One can indeed check that
LR 11
V2 RGN
i 1 —1 1
V2 2 2
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§2.5 Implicit Function Theorem

Let us consider the equation of a unit circle in R?; 22 + 32 = 1.

(% %)
(~1,0)
(1,0)
(~35)

The graph of the unit circle above does not represent a function. Because, for a given value of x,

there are 2 values for y that satisfy the equation. Choose a point, say (%, %), on the unit circle.

Then one can consider an arc (colored blue in the figure above) containing (%, %) that indeed

represents a function given by y = v/1 — x2. Had we started with the point <—%, —%), we could
find an arc (colored red in the figure above) containing <—%, —%) that represents a function given

by y = —v/1 — 2. The only problematic points are (1,0) and (—1,0). No matter how small an arc
we choose about these points, it is not going to be represented by a function. Because, for those arcs,
for a given x, there will be multiple values for y.

Now let us address the following 2-dimensional problem: Given an equation F' (z,y) = 0, which
is not globally a functional relationship (in the unit circle example, F (z,y) = 2% + y? — 1), does
there exist a point (x,yo) satisfying F' (xo,y0) = 0 so that there exists a neighborhood of (zo,yo)
where y can be written as y = f (x) for some real valued function f of one variable? In other words,
F (z, f (x)) = 0 should hold for all values of = in that neighborhood. In the unit circle example, this
f was given by f(z) = v1—22 or f(z) = —v1 — 22, depending on the choice of the point (zg,yo)
in the upper or lower semicircle, respectively. The Implicit Function Theorem guarantees the local
existence of such a function provided the initial point (xo,yo) was chosen appropriately. In the unit
circle example, (1,0) and (—1,0) were two inappropriate points. As required by the Implicit Function

Theorem, one must have

oF
En (0,10) #0.

But in this case, for F (z,y) = 2% + y? — 1,

OF OF OF

=9 Z(1.0)=0= —

5 (1,0) .

Therefore, in the light of Implicit Function Theorem, (1,0) and (—1,0) are not appropriate points on
the unit circle around which we can construct a locally functional relationship. Now we state the most
general form of Implicit Function Theorem.
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Theorem 2.5.1 (Implicit Function Theorem)
Let U be an open set in R”xR™ and F' : U — R™ a C*° map. Write (z,y) = (:Ul, oyt ,ym)
for a point in U. Suppose the matrix

o o)

1<i,j<m

is non-singular for a point (zg, yo) € U satisfying F' (z9,yo) = 0. Then there exists a neighborhood
X XY of (zg,y0) in U and a unique C*° map f : X — Y such that in X x Y C U C R" x R™,

F(z,y)=0 < y=f(z).

§2.6 Constant Rank Theorem

Definition 2.6.1 (Rank of a Smooth Map at a Point). Let f: U C R"” — R™ be a C* map. The

rank of f at p € U is the rank of its Jacobian matrix [ng; (p)}

Theorem 2.6.1 (Constant Rank Theorem)

Let f: U CR" — R™ be a C* map. Suppose f has a constant rank k in a neighborhood of
p € U. Then there are a diffeomorphism G of a neighborhood V' of p € U sending p to 0 € R”,
and a diffeomorphism F' of a neighborhood W of f (p) € R™ sending f (p) to 0 € R™ such that

(FofoG_l) (:L“l,...,x”) = (xl,...,:vk,O,...,O) .

G lF

R”™
. OG 1 .
CR”

Remark 2.6.1. Many textbooks include f (V) C W in the statement of Constant Rank Theorem.
Because if f (V) is not a subset of W, we can always find a smaller V such that f (V) C W. Since G~*
is a map from G (V) to V, we need to restrict f on V in order to form the composition f oG~!. Then

V C
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f’v oG~ !isamap from G (V) to f (V). Then we need to restrict F' on f (V) so that the composition
F o foG™! makes sense. We can do this because the domain W of F contains f (V). Therefore,
Fo foG™!is actually

Flipy o fly oG G (V) = F(f(V)).

Oftentimes we just write F o f o G~! when what we actually mean is F‘f(v) o f‘v oG~L
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§3.1 Topological Manifolds

Definition 3.1.1 (Locally Euclidean Space). A topological space M is locally Euclidean of di-
mension n if every point in M has a neighborhood U such that there is a homeomorphism ¢
from U onto an open subset of R™. We call the pair (U, ¢ : U — R™) a chart, U a coordinate
neighborhood and ¢ a coordinate system on U. We also say that a chart (U, ¢) is centered
at pe U if ¢ (p) = 0.

Definition 3.1.2 (Topological Manifold). A topological manifold of dimension n is a Hausdorff,
second countable, locally Euclidean space of dimension n.

Example 3.1.1

The Euclidean space R™ is covered by a single chart (R",1gn), where Ign : R — R™ is the
identity map. Every open subset U of R" is also a topological manifold with the chart (U, 1).

Recall that the hausdorff condition and second countability are “hereditary properties”. That is, they
are inherited by subspaces: a subspace of a Hausdorff space is also Hausdorff, and a subspace of a
second countable space is also second countable. Hence, any subspace of R is Hausdorff and second
countable.

Example 3.1.2 (The Cusp)
The graph of y = 2% in R? is a topological manifold.

W

As a subspace of R?, it is Hausdorff and second countable. It is locally Euclidean, because it
is homeomorphic to R via the map (x,:cQ/ 3) — x. This map is continuous since it is just the
projection onto first coordinate. The inverse map = — (93, z2/ 3) is continuous, as both = — z and

X — .%'2/3 are continuous.

Definition 3.1.3 (Compatible Charts). Two charts (U, : U — R"™) and (V,4 : V — R") of a topo-
logical manifold are C'°°-compatible if the two maps

Yop l:ipUNV)=yUNV) and goyp~t:p(UNV) = oUNV)

are both C'°°. These two maps are called transition functions between the charts. If U NV is
empty, then the two charts are automatically compatible.
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R™ M R"™

Definition 3.1.4 (Atlas). A C°-atlas or simply an atlas on a locally Euclidean space M is a
collection % = {(Uq, a)} of pairwise C*°-compatible charts that cover M. In other words,

M:U%.

Example 3.1.3

The unit circle S* in the complex plane can be described as the set of points {eit eCl|o<t< 27r}.
Let Uy and Us be the following two open subsets of S*:

Up={e"eC| —n<t<n}andUs={"€eC|0O<t<2n}.
Define ¢; : U; — R by

Y1 (eit):t, —m<t< Ty
gpg(eit):t, 0<t<2r.

(U1, 1) and (Us, o) are charts on S*. Their intersection U; N Us consists of two disjoint subsets
of S denoted by A and B.

A={e"eC| —m<t<0} andB={e"eC|O0<t<7}.
UyNUy, = AU B. Now,

1 (U1 NU2) =1 (AU B) = ¢1 (A) U (B) = (—m,0) U (0, )
@2 (U1 NUz) = @2 (AU B) = w3 (A) Uz (B) = (m,2m) U (0, )

Now, the transition function @2 0 7' : 1 (U1 NUz) — 2 (U NUs) is given by:

t+ 27 for t € (—m,0)
t for t € (0,7)

(p2oert) (t) = {

Similarly, the transition function ¢q o (p2_1 12 (U NU2) = @1 (U NUy) is given by:

(prow3t) (t) =

t—2m for t € (m,2m)
t for t € (0, )

These two transition functions are C*°. Therefore, (Ui, p1) and (Us, p2) are C*°-compatible charts
on S* and form an atlas.

Remark 3.1.1. Although the C°°-compatibility of charts is clearly reflexive and symmetric, it is not
transitive. The reason is as follows. Suppose (Ur, 1) is C°°-compatible with (Us, v2), and (Us, ¢2)
is C*°-compatible with (Us, ¢3). Note that the three coordinate functions are simultaneously defined
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only on the triple intersection Uy N Uz N Us. Thus, the composite

w3007t = (p30051) o (w2007 t)

is C°°, but only on ¢ (U3 N Uy N Us), not necessarily on 1 (U3 NUs). A priori we know nothing about
P30 cpl_l on ¢1 (U NU3) \ (U NU2NUs)) and so we cannot conclude that (Uy, ¢1) and (Us, ¢3) are
(C°°-compatible.

We say that a chart (V, ) is compatible with an atlas {(Uy, ¢4 )} if it is compatible with all the charts
(Uq, pa) of the atlas.

Lemma 3.1.1

Let {(Uq, ¢a)} be an atlas on a locally Euclidean space M. If two charts (V, ) and (W, o) are
both compatible with the atlas {(Uy, ¢a)}, then they are compatible with each other.

Proof. Let p € V. N W. First, we need to show that o o)~ is C* at ¢ (p).

¥(p) wal

Since {(Ua, o)} is an atlas for M, p € U, for some a. Hence, p € VN W NU,. By the remark
above,

goypyt=(copst) o (paort)

is C* on ¢ (VNWNU,), and hence at 1 (p). Since p was an arbitrary point of V' N W, this proves
that o oy~ is C* on ¢ (V. NW). Similarly, 1o oc~! is C* on o (VN W). |

Remark 3.1.2. In the equality c o™ = (6 0¢3") o (¢a 0 9p™!), the maps on the two sides of the
equality sign have different domains. What the equality means is that the two maps are equal on their
common domain.

§3.2 Smooth Manifold

Definition 3.2.1 (Maximal Atlas). An atlas .#Z on a locally Euclidean space is said to be maximal
if it is not contained in a larger atlas. In other words, if % is any other atlas containing .#, then

U =M.

Definition 3.2.2 (Smooth Manifold). A smooth or C*° manifold is a topological manifold M
together with a maximal atlas .#. To avoid confusion, we can denote it as a pair (M,.#) of
a topological manifold M and a maximal atlas .#Z on M. The maximal atlas is also called a
differentiable structure on M.
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Abuse of Notation. Often instead of writing (M, .#) is a smooth manifold, we shall say M is a
smooth manifold. Whenever we say that we take a chart (U, ) on a smooth manifold M, we mean
that (U, ) is contained in the differentiable structure (i.e., maximal atlas) .#Z on M.

In practice, to check that a topological manifold M is a smooth manifold, it is not necessary to exhibit
a maximal atlas. The existence of any atlas on M will do, because of the following proposition.

Proposition 3.2.1

Any atlas % = {(Ua, va)} on a locally Euclidean space is contained in a unique maximal atlas.

Proof. Adjoin to the atlas % all the charts (V;, ;) that are compatible with %. By Lemma 3.1.1,
the charts (V;,1);) are compatible with one another. So the enlarged collection of charts is an atlas.
Can we enlarge this new atlas any further? Any chart compatible with the new atlas (that we wish to
adjoin to the new atlas) must be compatible with the original atlas %7 and so by construction belongs
to the new atlas. This proves that the new atlas is maximal.

Now we need to prove the uniqueness. Let .# be the maximal atlas that we constructed in the
preceeding paragraph. If .#’ is another maximal atlas containing %/, then all the charts in .#’ are
compatible with %/ and so by construction must belong to .#. This proves that .#' C .#. #' is a
maximal atlas contained in another atlas, so .# and .#' must be the same. Therefore, the maximal
atlas containing % is unique. |

In summary, to show that a topological space M is a smooth manifold, it suffices to check that
(i) M is Hausdorff and second countable,

(ii) M has a C* atlas (not necessarily maximal).

Multiple Differentiable Structures on the Same Topological Manifold

From Proposition 3.2.1, if we have an atlas % on a topological manifold M, then % is contained in
a unique maximal atlas .#. However, if we start with a different atlas ¥ on M, ¥ is contained in
a unique maximal atlas 4. Then .# and .4/ are not, in general, the same. Therefore, (M, .#) and
(M, /) are two different smooth manifolds with the same underlying topological manifold.

For example, % = {(R,1gr)} is an atlas on R with a single chart. This atlas is contained in a
maximal atlas, say .#. Then (R,.#) is a smooth manifold with the usual differentiable structure.
If we consider the map ¢ : R — R that sends = to 3, then ¢ is a homeomorphism. Therefore,
¥V = {(R, )} is also an atlas on R with a single chart (R, ¢). This ¥ is contained in another maximal
atlas .4”. Then (R, .4) is also a smooth manifold. This example is important as we will see an useful
example using these two smooth manifolds in the following chapter.

Recall that we can put several topologies on a set, and then the set becomes different topological
spaces under different topologies. In a similar spirit, we can have multiple maximal atlases (say .
and .#5) on a topological manifold M, and M can become different smooth manifolds (M, .#1) and
(M, #5) when equipped with different differentiable structures.

Some Notations

From now on, a “manifold” will mean a “smooth manifold”. Also we shall use the terms “smooth” and
“C°°” interchangeably. Let © € R™ be a vector, or an n-tuple. The function 7% : R® — R is defined as
r* () = v". Let (U, ) be a chart of the n-dimensional manifold M and let p € U. Since ¢ : U — R",
we write

(p(p): (xl(p)’x2(p)7.”’xn(p)) )

with each component z° of ¢ being a real valued function z° : U — R such that z° = r% o ¢. The
functions x!',z2,..., 2" are called coordinates or local coordinates on U. We sometimes write ¢ =

(xl,mQ, e ,x”) and the chart (U, y) = (U,xl,mQ, e ,x”).
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Example 3.2.1 (Euclidean Space)

The Euclidean space R"™ is a smooth manifold with a single chart (R",rl,TQ,...,r"), where

rbr2 ...,r™ are the standard coordinates on R™.

Example 3.2.2 (Open Subset of a Manifold)
Any open subset V' of a manifold M is also a manifold. If {(U,, ¢a)} is an atlas for M, then

= (B Vo))

is an atlas for V. Notice that V', equipped with the subspace topology inherited from M, is indeed
Hausdorff and second countable. It is a topological manifold because U, NV is open in M, and
Ve is an open map; hence, as a restriction of a homeomorphism, (pa}Ua Ay is @ homeomorphism
mapping U, NV to an open subset of R®. Now we are left to show that any two charts in the
collection %4, are compatible.

-1 - 1
Paly,nv ‘PB‘Uﬁnv - (‘Pa °¥s ) |<pﬁ(UmU3mV) '

As a restriction of a C° map, this is also a C*™° map. Hence %4 is truly an atlas for V.

Example 3.2.3 (General Linear Groups)

For any two positive integers m and n, let R™*™ be the vector space of all m x n matrices. Since
R™*" is isomorphic to R™", we give it the topology of R™". The definition of general linear group
GL (n,R) is as follows:

GL (n,R) := {A € R™" | det A #0} .

Consider the determinant function det : R™*"™ — R. It is a polynomial of the entries, hence
continuous. In terms of this continuous function, the pre-image of R\ {0} is precisely GL (n,R).

GL (n,R) = det™' (R \ {0}) .

Since det is a continuous function from R™*™ = R™ to R, and R\ {0} is open in R, det ™" (R \ {0})
will be open in R, Therefore, by Example 3.2.2, GL (n,R) is a manifold.

Example 3.2.4 (Unit circle in the (x,y)-plane)

In Example 3.1.3, we found a C* atlas with 2 charts on the unit circle S! in the complex plane
C. We'll now view S! as the unit circle in R? with defining equation z? + 4> = 1. We can cover
S1 with 4 open sets: the upper and lower semicirles U; and Us, the right and left semicircles Us
and Uy. The homeomorphisms are:

z  ifi=1,2

i Ui = (=L1) , pi(z,y) =
@ (=1,1) , pi(z,y) {y 0= 3.4
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o' @) = (s,vT=2%) U 77w = (—vVI-y)

©4
Uy

@51(x) = <m, —m) Us

Let us check that on U; N Us,

(p30@r?) (#1(2,9)) = (P30 91!) (2) = @3 (w V1- mz) =V1-a2.
Since (1,0) ¢ U; N Us, we can conclude that ¢3 o gol_l is C*°. Also, on Us N Uy,

(p2001 ") (pa(m,9)) = (p2005") (1) = 2 (— 1—y2,y> =—/1—192.

Since (0, —1) € U2 NUy, we can conclude that ¢g o cpll is C*°. In a similar manner, one can check
that ¢; o go;l is C for every 4, j. Therefore, {(U;, ;) | 1 <i < 4} is indeed a C* atlas on S1.

If M and N are manifolds, it’s natural to think that M x N should also be a manifold. Now we shall
demonstrate it. M x N with its product topology is Hausdorff and second countable (Proposition 1.6.3
and Corollary 1.6.2). To show that M x N is a manifold, it remains to exhibit an atlas on it. Recall
that the product of two set maps f: X — X' andg:Y — Y’ is

fxg: XxY = X'xY', (fxg)(zy)=(f(x),9()) .

Proposition 3.2.2 (Atlas for Product Manifold)

If {(Ua,pa)} and {(Vi, 1)} are C> atlases for the manifolds M and N of dimensions m and n,
respectively, then the collection

{(Ua X Viypa X i : Uy X V; = R™ x R™)}

of charts is a C'° atlas on M x N. Therefore, M x N is a C*° manifold of dimension m + n.

Proof. ¢4 is a homeomorphism of U, onto ¢, (Uy) = U, € R™, and ; is a homeomorphism of V;
onto 9; (V;) = V; C R™. Now,

(pa X 9i) (a,b) = (¢a (@) , i (b)) = ((¢a © 1) (a,b) , (i 0 72) (@, b)) ,

where m; and 9 are projection on first and second coordinate, respectively. Both ¢, 07 and ¥; oms are
composition of continuous maps, hence continuous. Therefore, by Theorem 1.6.4, ¢, X 1; is continuous.
One can show that
-1 _ -1 -1
(Pa X Vi)™ = g X ;.

Using an analogous argument as above, ool x (I Lis continuous. Therefore, @q X 1; : Uy x Vi —
U, x V; C R™™ is a homeomorphism. Furthermore,

U(UaxVi):U<Uax (Uv)) =|JWax N) = (L&JUa> x N=MxN.

a,l o a
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Now, we are only left to show that any two charts are compatible with each other. It suffices to show
that (wa X ;) o (s X wj)_l :Ug x Vj = Uy x V; is a C*° map.

(o x V)0 (95 x )" = (pa x ¥) o (05" x v5")
((ea x ) o (95" x ¥7)) @) = (a x ) (05" @), 07" ()

((«pa °ps ) ), (w owj‘l) (y))

(o X i) o (g x 1hy) ! = (9%0906 ) x <¢i0¢{1>

Both ¢q 0 ¢ Land ¢; o 1/1 are C'*° maps since {(U,, goa)} and {(V;,;)} are C* atlases. Therefore,
as a cartesian product of C* maps, (pa X ¥;)o (g X ¢j) is also C*°. This completes the proof. W
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4 Smooth Maps on Manifold

§4.1 Smooth Functions on Manifold

Definition 4.1.1. Let M be a smooth manifold of dimension n. A function f : M — R is
said to be C* or smooth at a point p € M if there is a chart (U, ) about p in M such that
fop™l:p(U)CR" = Ris C® at ¢ (p). The function f is said to be C> on M if it is C™ at
every point of M.

Remark 4.1.1. The definition of the smoothness of a function f at a given point on the manifold is
independent of the chart (U, ¢). Let us check this.

JO'e
N
(@D

Suppose that fop~!is C™ at ¢ (p) for a given chart (U, ) about p € M. Let (V,v) be any other
chart about p. Then on ¥ (UNV),

fov ™= (fou Yo (povh).

po~!is C® by compatibility of charts. Therefore, as a composition of C*° maps, f ot~! is C™®
at 1 (p). This proves the independence of chart to determine the smoothness of a function at a given
point.
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Proposition 4.1.1

Let M be a manifold of dimension n, and f : M — R a real-valued function on M. The following
are equivalent:

(i) The function f: M — R is C*°.

(ii) The manifold M has an atlas such that for every chart (U, ¢) in the atlas, fop™!: ¢ (U) C
R™ — R is C'*°.

(iii) For every chart (V) on M, the function fo=1: 4 (V) C R — R is C*°.

Proof. (ii)=-(i): Since (ii) holds, one can find for every p € M, a coordinate neighborhood (U, ¢) such
that fop~!is C* at ¢ (p). Therefore, from the definition of C* function on a manifold, f : M — R
is C*.

(i)=(iii): Let (V,%) be an arbitrary chart on M and p € V. Since (i) holds, fovy ! is C* at v (p)
(by the remark). Since p is an arbitrary point on V, f o~ is C* on v (V).

(iii)=>(ii): Obvious. |

Definition 4.1.2 (Pullback). Let F': N — M be a map and h a function on M. The pullback of
h by F', denoted by F*h, is the composite function h o F.

Using this terminology of pullback, a function f on M is C* on a chart (U, ) if and only if its
pullback (gofl)* f by o1 is C° on the subset ¢ (U) of Euclidean space.

§4.2 Smooth Maps Between Manifolds

Definition 4.2.1. Let N and M be manifolds of dimension n and m, respectively. A continuous
map F': N — M is C* at a point p € N if there are charts (V) about F (p) € M and (U, ¢)
about p € N such that the composition

poFopl:ip(F 1 (V)NU) CR" - R™

is C* at ¢ (p). The continuous map F : N — M is said to be C* if it is C*° at every point of

N.
M
F
——»'
/IZ)

oFop !

N

Remark 4.2.1. Note that in the definition of smooth map between manifolds, one must have a
continuous map to start with. We require F' : N — M to be continuous so that F~! (V) is open and
¢ (F~1(V)NU) becomes an open subset of R".
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Proposition 4.2.1

Suppose F': N — M is C* at p e N. If (U, ¢) is any chart about p € N and (V, ) is any chart
about F (p) € M, then 1) o Fop~!is C™ at ¢ (p).

Proof. Since F is C* at p € N, there are charts (Uy, ¢o) about p € N and (Vg,v3) about F (p) € M
such that g0 Fo oo tis O at o, (p). By the C* compatibility of charts in a differentiable structure,
both ¢, 0 ™! and 1) o 1/)5_1 are C on open subsets of Euclidean spaces. Hence, the composite

poFop™ = (vous')o (YsoFogr!)o(paoy™)

is C™ at ¢ (p). [ ]

Proposition 4.2.2 (Smoothness of a map in terms of charts)

Let N and M be smooth manifolds, and F' : N — M a continuous map. The following are
equivalent:

(i) The map F': N — M is C*.

(ii) There are atlases % for N and ¥ for M such that for every chart (U, ) in % and (V, )
in ¥, the map
YoFoplip(UNF (V) —»R"

is C*°.
(iii) For every chart (U, ¢) on N and (V,1) on M, the map
poFopt: @(UﬁFﬁl(V)) — R™

is C°°.

Proof. (ii)=>(i): Let p € N. Suppose (U, ¢) is a chart about p in % and (V) is a chart about F(p)
in 7. Now, (ii) implies that 1) o F o o' is C* at o(p). By the definition of a C* map, F: N — M
is C* at p. Since p was an arbitrary point of NV, the map F': N — M is C*°.

(i)=(iii): Suppose (U, ¢) and (V, ) are charts on N and M, respectively, such that UNF~1(V) #
@. Let pec UNF~ (V) so that p € U and F (p) € V. Then (U, ¢) is a chart about p and (V,) is a
chart about F(p). By Proposition 4.2.1, 9y o F oo™t is C* at o(p). Since ¢(p) was an arbitrary point
of o (UNF~1(V)), themap tpo Fop™': o (UNF1(V)) = R™is C.

(iii)=-(ii): Take % and 7 to be the maximal atlases of N and M, respectively. [ |

Smoothness of a Map Depends on the Choice of Differentiable Structure

Consider the map ¢ : R — R that takes = to 23. ¢ is continuous, so is its inverse z z1/3. Therefore,
¢ is a homeomorphism. So (R, ¢) is a chart on R. The collection ¥ = {(R, ¢)} is an atlas on R with
a single chart (R, ). This ¥ is contained in another maximal atlas .#". Then M; = (R,.4") is also a
smooth manifold.

Furthermore, = {(R,1gr)} is an atlas on R with a single chart. This atlas is contained in
a maximal atlas, say .#. Then My = (R,.#) is a smooth manifold with the usual differentiable
structure. Although the underlying topological manifolds of M; and M, are the same, they are,
nevertheless, different manifolds because the differentiable structures are not the same. That’s why
we denote them with different symbols.

Now we want to check whether ¢ : R — R is smooth. In order to do that, we need to choose which
differentiable structure we put on the domain and range spaces. If we equip both the domain space
and range space with the usual differentiable structure .#, then it’s easy to check that ¢ : My — My
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is smooth. However, in this case, ¢!

manifolds, then

is not smooth. Because, if we take the charts (R, 1g) from both

]lRogp_lo]lﬁl R—=R

is just the map o' : R = R, ¢! (2) = z1/3, which, as a map between two Euclidean spaces, is not
even C', let alone being C°. Therefore, ¢~! : My — M is not smooth.

Now we consider ¢ : My — Ms. Recall that M7 = (R,.4") and My = (R, .#). Then ¢ is indeed
smooth. Because if we take the atlas ¥ = {(R, ¢)} from .4 and the atlas % = {(R,1gr)} from .#,
then

]lRngogoil =Ig:R—R

is indeed a smooth map between Euclidean spaces. Therefore, Proposition 4.2.2 (ii)=(i) guarantees
that ¢ is smooth. Furthermore, ¢! : My — M is also smooth. Because if we take the same atlases
as above,

(pogo_lo]lﬁl =1gr:R—R

is indeed a smooth map between Euclidean spaces. Therefore, Proposition 4.2.2 (ii)=(i) guarantees
that ¢~! is smooth.

This might seem disturbing at first. Because the description of ¢! does not change when we
impose different differentiable structures on the domain and range spaces. ¢! (z) = z'/3 stays the
same function. We have a hardwired notion that we cannot differentiate it at x = 0, that’s why it is
not C1, let alone being C*™°. However, when we are talking about a map between two manifolds, the
notion of smoothness depends solely on the differentiable structures on the domain and range spaces.

We have seen that depending on the choice of differentiable structures, the same map can be both
smooth and non-smooth. Drawing the analogy with topology, in a calculus class, we say that the
identity map Ig : R — R is continuous. But this is only true when the domain and range sets are
equipped with the same topology. If we equip the range set with the discrete topology and the domain
set with the usual topology, then 1g no longer stays continuous. Thus, depending on the topologies on
the domain and range sets, the same map can be both continuous and discontinuous. In a similar spirit,
the same map can be smooth and non-smooth depending on the choice of differentiable structures.

Proposition 4.2.3 (Composition of C'° maps)

If F: N— M and G: M — P are C'°° maps of manifolds, then the composite Go F': N — P is
Cc*.

Proof. Let (U, ), (V,1), and (W, o) be charts on N, M, and P, respectively. Then
co(GoF)op = (00Goy o (poFopt).

Since F' and G are C™, by Proposition 4.2.2 (i)=(iii), oG oy ~! and o Fop~! are C* maps on their

respective domains. As a composite of C° maps of open subsets of Euclidean spaces, oo (G o F)op™!

is C°°. In particular,

co(GoF)op b ip(UNF (V) Ny (VNG (W)) = RP

is C* provided N, M and P are of dimension n, m and p, respectively. By (iii)=-(i) of Proposition 4.2.2,
GoFis C*. [ |

Definition 4.2.2 (Diffeomorphism). A diffeomorphism of manifolds is a bijective C* map F :
N — M whose inverse F~! is also C*°.

Proposition 4.2.4

If (U, ) is a chart on a manifold M of dimension n, then the coordinate map ¢ : U — ¢ (U) C R”
is a diffeomorphism.
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Proof. By definition, ¢ is a homeomorphism. So it suffices to check that both ¢ and ¢! are smooth.

In order to check the smoothness of ¢ : U — ¢ (U), we shall use the atlas {(U, ¢)} on the manifold U,
and the atlas { (¢ (U),Ly))} on the manifold ¢ (U). Observe that,

Loanopoy™ 1o(U) = ¢(U)
is just the identity map on ¢ (U), hence C*°. Therefore, by (ii)=-(i) of Proposition 4.2.2, ¢ is C*.
We shall use the same atlas as above to show the smoothness of ¢! : ¢ (U) — U. Now,
pop ol =1,w) ¢ (U) = ¢ (U).
Identity map is C, hence by (ii)=>(i) of Proposition 4.2.2, ! is C*°. [

Proposition 4.2.5

Let U be an open subset of a manifold M of dimension n. If FF : U — F(U) C R" is a
diffeomorphism onto an open subset of R™, then (U, F) is a chart in the maximal atlas of M.

Proof. For any chart (Uy, ¢4) in the maximal atlas of M, both ¢, and ¢, ! are C* by Proposition 4.2.4.
As compositions of C* maps, F o ¢! and ¢, o F~! are C* maps. Therefore, (U, F') is compatible
with every chart of the maximal atlas. Hence, it is compatible with the maximal atlas. Therefore, by
the maximality of the atlas, the chart (U, F') is in the maximal atlas. [ |

Proposition 4.2.6 (Smoothness of a vector-valued function)

Let N be a manifold and F': N — R™ a continuous map. The following are equivalent:
(i) The map F' : N — R™ is C*°.

(ii) The manifold N has an atlas such that for every chart (U, o) in the atlas, the map Fop~!:

o(U) = R™ is C.

(iii) For every chart (U,¢) on N, the map Fo ¢~ : p(U) — R™ is C™.

Proof. (ii)=-(i): In Proposition 4.2.2(ii), take the atlas ¥ of R™ to be {(R", 1gm)}. Now, ¢ (U) =

¢ (UNN)=¢UNF(R™)). Therefore,
IgmoFop t:ip(UNF 1 (R™) —R™

is the same as F o p~!: ¢ (U) — R™, which is C*°. Hence by (ii)=(i) of Proposition 4.2.2, F is C*°,

(i)=-(iii): In Proposition 4.2.2(iii), let (V%) be the chart (R™, 1gm) on R™. Hence,

IgmoFopl:p(UNF ! (R™) —R™

is C°°, which is the same as F o p™!: ¢ (U) — R™,

(iii)=-(ii): Choose the maximal atlas of N. [ ]

Proposition 4.2.7 (Smoothness in terms of components)

Let N be a manifold. A vector-valued function F' : N — R™ is C*° if and only if its component
functions F',...,F™: N — R are all C™.

Proof. F : N — R™ is C* if and only if for every chart (U, ) on N, Fo g™l : pU) — R™ is O
(Proposition 4.2.6). Now, F oo™ !: oU) — R™ is C* if and only if 7" o (Fo¢™!) is C* for every
1 <1< m.

rto (Fogo_l) =Flop:pU)—R.
Therefore, F being smooth is equivalent to each F' o ¢~!: p(U) — R being smooth for every chart
(U,¢). By Proposition 4.1.1, this is equivalent to each F* : N — R being smooth. Therefore,
F:N — R™is C*® if and only if each F': N — R is C*°. |
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Proposition 4.2.8 (Smoothness of a map in terms of vector-valued functions)

Let F: N — M be a continuous map between two manifolds of dimensions n and m respectively.
The following are equivalent:

(i) The map F': N — M is C*.

(ii) The manifold M has an atlas such that for every chart (V,) = (V, Y.L ,ym) in the atlas,
the vector-valued function ¢ o F : F~1(V) — R™ is C*°.

(iii) For every chart (V,¢) = (V,y*,...,y™) on M, the vector-valued function o F : F~1(V) —
R™ is C°.

Proof. (ii)=>(i): Let ¥ be the atlas for M in (ii), and let = {(U, )} be an arbitrary atlas for
N. For each chart (V,1) in the atlas ¥/, the collection {(U NE-Y(V), ‘p‘Umel(v)>} is an atlas for
F~YV). Since o F : F~}(V) — R™ is C*, by (i)=>(ii) of Proposition 4.2.6,
YpoFop lip(UNF (V) - R"
is C*°. It then follows from (ii)=-(i) of Proposition 4.2.2 that F': N — M is C*°.
(i)=-(iii): ¢ is C*° by Proposition 4.2.4. As a composition of smooth maps, ¢ o F' is C°.
(iii)=-(ii): Trivial. Just take the maximal atlas of M and N. [ |

Proposition 4.2.8 and Proposition 4.2.7 altogether gives rise to the following proposition.

Proposition 4.2.9 (Smoothness of a map in terms of components)

Let F: N — M be a continuous map between two manifolds of dimensions n and m respectively.
The following are equivalent:

(i) The map F': N — M is C*.

(ii) The manifold M has an atlas such that for every chart (V) = (V, TR ,ym) in the atlas,
the components y* o F' : F~1(V) — R of F relative to the chart are all C>°,

(iii) For every chart (V,v¢) = (V,y',...,y™) on M, the components y’o F : F~}(V) — R of F
relative to the chart are all C'**°.

Example 4.2.1

Let M and N be manifolds and 7 : M x N — M, 7 (p,q) = p be the projection onto the first
factor. We want to show that 7 is a C'* map.

Let (p,q) be an arbitrary point of M x N. Suppose (U,¢) = (U,xl,...,xm) and (V,¢) =
(V, yl, .. y”) are coordinate neighborhoods of p and ¢ in M and N, respectively. By Proposi-
tion 3.2.2,

(U x V,px ) = (U x V,:I:l,...,xm,yl,...,y")

is a coordinate neighborhood of (p, ¢). Therefore, given (al, co,am™ bt ,b") E(pxy)(UxV)C
Rm—&-n’

(gpoyro(gpxi/})*l) (al,...,am,bl,...,b") =(porm

= (e~

- S~—
—~
AS)

—
—
S

—
S
3
~—
5
—
—
=
—
(=
3
~—
~—

Therefore, pomo (¢ x 1) : (¢ x ¥) (U x V) C R™+™ — R™ is just the projection onto the first
m coordinates, which is a C*° map. Hence, 7 : M x N — M is C* at (p,q). Since (p,q) was
chosen arbitrarily from M x N, 7w : M x N — M is C*° on M x N.
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Lemma 4.2.10

Let My, Ms and N be manifolds of dimensions my, ms and n, respectively. Prove that a map
(f1,f2) : N = M x My is C* if and only if f; : N — M;, i = 1,2 are both C*°.

Proof. Let (f1, f2) = f, and m; : M7 — My — M; be projection maps for i = 1,2. Both 7; are smooth,
as proved in Example 4.2.1. If f is smooth, then f; = ;0 f : N — M; is composition of smooth maps,
hence smooth.

Conversely, suppose both f; : N — M, are smooth. Then both f; are continuous, hence so is f
(Theorem 1.6.4). Let p € N, and take coordinate neighborhoods (U, ), (V1,11), (Va,%2) of p, f1(p),
f2 (p), respectively. We can choose U sufficiently small so that f (U) C V; x Va. Since f; is smooth,

Yiofiop tip(U) —» R™

is smooth at ¢ (p). Now, (V1 x Va1 X 1)9) is a coordinate neighborhood of f (p) = (f1(p), f2 (p))-
Given a € ¢ (U) C R™,

((hr x W2) 0 fop™) (a) = (Y1 x ¥2) ((frop ") (a), (fao ") (a))
= ((1ofiop ") (a), (Y20 f2007") (a))
s xahp)o fopTh= (1o frop o frop)

Both v; o f; 0 =1 are smooth at ¢ (p). Therefore, (11 x 1)) o f o ™! is also smooth at ¢ (p). In other
words, f is smooth at p. Since p was chosen arbitrarily from N, f is smooth on N. |

§4.3 Partial Derivatives

On a manifold M of dimension n, let (U, ¢) be a chart and f: M — R a C° function. As a function

into R, ¢ has n components: z',22,..., 2" Let r'.r2, ..., 7" be standard coordinates on R™. That
is, if 7= (vt 0?,...,0") € R", then r* (¥) = v’ for 1 <i < n.

Now, 2! = rfo . For p € U, one defines the partial derivative g g, of f with respect to z* at p to be

0 af d(foe™) 0 _1
=)= ()= 55| (foy™).
oz* |, ox or or o(p)
Since p = ¢~ (¢ (p)), the equation can be rewritten as
of , d(fop! of  _ d(fop™!
57 (¥ He ) = W(MM) = | °% Y (o) = (W)(@(p)) -
Thus, as functions on ¢ (U),
of 4 _0(fop™)
gz 0% ort '

The partial derivative g gl is C* on U because its pullback g JJ; o lis C* on ¢ (U).

Proposition 4.3.1

Suppose (U, zl, ... ,:c”) is a chart on a manifold. Then axj = 5;

z
Proof. At a point p € U, using z* = o ¢,
oz’ d(z' o) d(r'opop™t) or’
. =—— 7 = . = — =0
507 P) 57 (@) 577 (p(p) =55 (¢ () =9

44



4 Smooth Maps on Manifold 45

Definition 4.3.1. Let ' : N — M be a smooth map, and let (U,p) = (U,:I:l,...,x") and
(Vi) = (V, yl, .. ,ym) be charts on N and M respectively such that F(U) C V. Denote by

Fli=y'oF=rloypoF:U—=R

the i-th component of F in the chart (V). Then the m X n matrix {gTFJ} is called the Jacobian

matrix of F relative to the charts (U, ¢) and (V,). In case N and M have the same dimension,
the determinant of the Jacobian matrix is called the Jacobian determinant of I’ relative to
the two charts. The Jacobian determinant is also written as

oF']  9(F',...,F")
oxi | O(al,...,x")

det [

Example 4.3.1 (Jacobian matrix of a transition map)

Let (U, ) = (U,a;l, e ,a:") and (V,¢) = (V, Yy, ,y") be overlapping charts on a manifold M.
The transition map ¥ o ¢~ ! : (U NV) — (U NV) is a diffeomorphism of open subsets of R”.
Then its Jacobian matrix J (¢ o ap_l) at ¢(p) is the matrix [%} of partial derivatives at p.

op—1 g
Since ¢ o ™! is a map between two open subsets of Euclidean spaces, J (w o apfl) = [a(wafj)} )

8 (1o 1)’ d(rtooept
o) (py = 22 eT) ()
o o1
=(?8Tf)<eo<p>>
=2 )

Definition 4.3.2. A C*° map F : N — M is locally invertible at p € N if p has a neighborhood
U on which FlU :U — F (U) is a diffeomorphism.

Theorem 4.3.2 (Inverse Function Theorem for Manifolds)

Let FF : N — M be a C* map between two manifolds of the same dimension, and p € N.
Suppose for some charts (U, ¢) = (U,:zcl, e ,:c") about p € N and (V,v) = (V, Y. .. ,y") about
F(p) € M, F(U) C V. Set F' = 4o F. Then F is locally invertible at p if and only if its

Jacobian determinant det [% (p)] is nonzero.

Proof. Since F'" =y o F = riot o F, the Jacobian matrix of F relative to the charts (U, ¢) and (V, )

) [gf; (p)] = [W (p)

(p(p)]| =

ord

B la(Tio¢oFo¢_1)

which is the Jacobian matrix of the map
YoFoyp™ip(U)CR" =4 (V) CR"

between two open subsets of R".
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U %
F
—_—
o1 X
(V)
W(U) @DOFO(pl
U S

1

By Inverse Function Theorem for R™, ¢ o F o ¢~ ' is locally invertible at ¢ (p) if and only if

i 0 o o ~1)¢
dt[gf <p>}:det[ Woloe) (v £0.

By Proposition 4.2.4, ¢ and 1 are diffeomorphisms. Therefore, local invertibility of ¢ o F o ¢~ ! at
@ (p) is equivalent to local invertibility of F' at p. |

Corollary 4.3.3

Let N be a manifold of dimension n. A set of n smooth functions F', F2, ..., F™ defined on a
coordinate neighborhood (U, zt 22, ... ,x") of a point p € N forms a coordinate system about p

if and only if the Jacobian determinant det [?;TF; (p)} is nonzero.

Proof. (=): Let F = (Fl, F2 ... ,F”) : U — R™ If there exists a coordinate neighborhood
(VV, FLF? ... ,F”) I about p in the maximal atlas of N, then F is a coordinate map, and hence
F:W — F (W) C R" is a diffeomorphism by Proposition 4.2.4. In other words, F' is locally invertible
at p. Therefore, by Inverse Function Theorem for Manifolds, det [% (p)} £ 0.

(«<=): Since det [gTFJ (p)] is nonzero, F': U — R" is locally invertible at p (Inverse Function Theorem
for Manifolds). In other words, there is a neighborhood W of p € N such that F': W — F (W) C R" is
a diffeomorphism. Then by Proposition 4.2.5, there is a coordinate neighborhood (W, F1F2 ... ,F”)
in the maximal atlas of N. |

!Technically, it should be F* w instead of just F*

46



5 Some Interesting Manifolds

§5.1 Real Projective Space
Define an equivalence relation ~ on R"*1\ {0} by
x ~y <= y = tx for some nonzero real number t,

where 2,y € R\ {0}. The real projective space is the quotient space of R"*1\ {0} by this equiv-

alence relation and is denoted by RP™. We denote the equivalence class of a point (ao, al,... ,a”) €
R™1\ {0} by [a®,a',...,a"] and let 7 : R"*1\ {0} — RP™ be the underlying projection map. We
call [ao, al,... ,a"} homogenous coordinates on RP".

Geometrically, two nonzero points of R™*! are equivalent if and only if they lie on the same line
through the origin. So RP™ can be though of as the set of all lines through the origin in R**!. A line
through the origin in R"*! is just a point in RP™.

Each line through the origin in R”*! meets the unit sphere S™ in a pair of antipodal points. Con-
versely, a pair of antipodal points on S™ determines a unique line in R**1.

Figure 5.1: A line through 0 in R? corresponds to a pair of antipodal points on S2.

This suggests that we can define an equivalence relation ~ on S™ by identifying the antipodal points:
x~y <= r==ty, xz,yeS".
We then have a bijection RP™ » S™/~. We shall now see that this bijection is a homeomorphism.

Lemma 5.1.1
RP™ is homeomorphic to S™/~.

Proof. Consider f : R**1\ {0} — S" defined by f (z) = mey- Then f is continuous. Note that, for a
nonzero real ¢,

ottt x| f(%) ift>0
T = ] = e ol = {—f(x) it <0

Now we define f : RP™ — S™/~ by f ([z]) = [f (z)]. This map is well-defined, since
f([ta]) = [f (t2)] = [=f (2)] = [f (2)] = £ ([2]) -

Let 7 : R"™1\ {0} — RP™ and 7y : S — S™/~ be the respective projection maps. Now we have a
commutative diagram.
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Rn-l—l \ {0} f S

maof

RP" ——— "/~

Now, 7o o f is the composition of two continuous maps, hence continuous. Therefore, by Proposi-
tion 1.7.1, f is continuous.

Now, let g : S™ — R"T1\ {0} be the inclusion map given by g (x) = . We know that g is continuous.
It induces another map g : S/~ — RP" defined by g ([z]) = [z]. g is well-defined, because

g([=2) =[] = [«] =7 ([]) -
As before, we have another commutative diagram.
qn 9 RrH1 \ {0}

109

S"/~ ——— RP"

m o g is the composition of two continuous maps, hence continuous. Therefore, by Proposition 1.7.1,
g is continuous. Now we are only left to show that f and g are inverses of one another. For [z] € RP",

@on)ll 5| %] = | 5] =l

because z ~ rfr in R™ 1\ {0}, where the value of the nonzero real t is ||71H Furthermore, for [z] € S™/~,
z e S so|z]| = 1.

(o) el =7l = || = ol

]

Hence, g is indeed the inverse of f. Therefore, f : RP™ — S™/~ is a homeomorphism. |

Proposition 5.1.2

The equivalence relation ~ on R™*1\ {0} is an open equivalence relation.

Proof. For an open set U C R"*1\ {0}, 7 (U) is open in RP" if and only if 7! (7 (U)) is open in
R\ {0} (definition of Quotient Topology). Now, if we take an arbitrary point of U and then take
its nonzero multiple, both the points will belong to the same equivalence class in RP". In other words,
for z € U, tx and = will be mapped to the same point in 7 (U). Hence,

@)= Jw= | {te|z€U},

teR> teR>

where R* = R\{0}. The map of multiplication by a nonzero real ¢ is a homeomorphism from R" 1\ {0}
to itself. Hence, tU is open in R"*1\ {0} for any nonzero t. Therefore, their union

U tU =7 (7 (U))

teRx

is also open in R™"*1\ {0}. [ ]
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Corollary 5.1.3

The real projective space RP" is second countable.

Proof. Follows from the fact that R"**\ {0} is second countable and Corollary 1.10.4. [ |

Proposition 5.1.4
RP™ is Hausdorff.

Proof. Let S = R"1\ {0}. Now, consider the set
R={(z,y) € Sx S |y=taforsomet e R*} ={(z,y) € Sx S|z ~y}.

R is the graph of ~. We want to show that R is closed in S x S. Consider the real valued function
f:9 %8 — R defined by

Flay)=F 0.2y ) =Y (alyf —ady)
i#]
Note that f is continuous and vanishes if and only if y = ¢tz for some t € R*, since
flzy) =0 <~ (:ciyj — :vjyi)2 for every i # j
— z'y/ =27y for every i # j

i J
— x—.:iforeveryiyéj

yy
< y =tz for some t € R*

Therefore, R = f~1({0}). {0} is closed in R and f is continuous. Hence, R is closed in S x S.
Therefore, by Theorem 1.10.1, S/~ = RP" is Hausdorff. |
The Standard Atlas on Real Projective Space

Let [ao, al,... ,a”] be homogenous coordinates on projective space RP™. Consider the set
Uy = {[ag,al,...,a”] e RP" | a° 750} .
Let us denote by i]vo the following set
Uy = {(ao,al,...,a") e R"\ {0} | a® # 0} .
The projection map po : R*™1\ {0} — R onto first coordinate is continuous, and Uy = Py " (RX). R

is open in R, so U is open in R\ {0}. Note that Uy = 7 (ﬁg) Since ~ is an open equivalence

relation and vao is open, Uy is also open in RP". In a similar manner, we can also define the following
open subsets of RP™ for each i =1,...,n.

U, = {[ao,al,...,a"] € RP" | d' 750} .
It is trivial that

LnJ Up =RP".
i=0

Now, define g : Uy — R by
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©o is continuous since a® # 0. This induces a map g : Uy — R"™ by

This map is well-defined since

ta' ta® ta"
4,00([ta0,ta1,...,ta”]) = (;0,;:0,...,;;0> :gpo([ao,al,...,a”]) .

Due to Proposition 1.7.1, continuity of g implies continuity of ¢g. o has a continuous inverse
L. R" — Uy given by

ot (B0, 0" = (L,bh 0P 0) = [1,bh, 07, 0"

cpal is continuous because it is the composition of 7 and the continuous map (bl, R b”) — (1, bhov2, .., b").
Now we shall check that ¢, s indeed the inverse of ¢p.

(pooppt) (b1, 07, 0") = ¢o ([L1,05,0%,...,0"]) = (b',0%,...,0") .

1 2 n 1 2 n
—1 0 1 o a a a a a a 0 1 n
owg) la,a, ..., = — — ., — =1, =, —=,...,—=| =|a,a,...,a"| .
(SDO QO)[ ’ ) ] (700 <a a07 ’CLO 7a07a07 ’CLO [ ) ) ) :|
Hence, ¢ 1'is indeed the inverse of . Therefore, g is a homeomorphism. Similarly, there are
homeomorphisms @; : U; - R” for each i =1,...,n
0 Az n
o ay [ @ a a
cpl([a,...,a ])—(az,,al,,az s

where the caret sign ~ over g—z means that this entry is to be omitted. This proves that RP" is locally
Euclidean with (U;.;) as charts.
Now, on the intersection Uy N Uy, there are two charts. For [ao,al, .. .,a”} € Uy NUy, we have

ag # 0 and ay # 0.

y \
al a? a™ a® a? a”
O alal el

On UpNUy, one has po (Uy NUy) = {(bl,b2, .. .,b”) cR" | bt # 0}. Given (bl,b2, .. .,b”) € o (Up NUY),
one obtains

=

(propgt) (b1,0%,...,0") = 1,0, b2 bn_lﬁ o
Y12 %o )( U geeey )_901([7 U gy ])— Pl Bl .

This is a C* map between open subsets of R” since b' # 0 for (bl, b2, .., b”) € v (UpNUy). In a
similar manner, one can show that ¢; o goj*l is C'*° for every i, j. Therefore,

{(Ui, i) [0 <i<n}

is a C'°° atlas on RP", called the standard atlas. So we have shown that RP" is second countable,
Hausdorff locally Euclidean space equipped with a C* atlas. Therefore, RP" is a smooth manifold.
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§5.2 The Grassmannian

The Grassmannianin G (k,n) is the set of all k-planes through the origin in R™. Such a k-plane is
a linear subspace of dimension k£ of R™ and has a basis consisting of k linearly independent vectors

ai,as,...,a in R™. It is therefore completely specified by an n x k& matrix
A= [al as - ak] such that rank A = k.
This matrix is called a matrix representative of the k-plane. Two bases ai,...,a; and bq,...,bg

determine the same k-plane if there is a change-of-basis matrix g = [g;;] € GL (k,R) such that

b = Z a;g;; - In matrix notation, B = Ag.
i

Let F (k,n) be the set of all n x k matrices of rank k, topologized as a subspace of R"**. We define
an equivalence relation ~ on F (k,n) as follows:

A~ B <= there is a matrix g € GL (k,R) such that B = Ag.

There is a bijection between G (k,n) and the quotient space F' (k,n) /~. We give the Grassmannian
G (k,n) the quotient topology on F'(k,n)/ ~. Let m : F(k,n) — F(k,n)/ ~ be the quotient
map.

Lemma 5.2.1

Let A be an m x n matrix (not necessarily square), and k a positive integer. Then rank A > k if
and only if A has a nonsingular k£ x k& submatrix. Equivalently, rank A < k — 1 if and only if all

k x k minors of A vanish. (A k X k minor of a matrix A is the determinant of a k& x k submatrix
of A.)

Proof. (=): Suppose rank A > k. Then one can find k linearly independent columns, which we call
ai,...,ai. Since the m x k matrix B = [al ak] has rank k, it has k linearly independent rows
b1,...,br. The submatrix C' of B whose rows are b1, ..., by is a k X k submatrix of A, and rank C' = k.
In other words, C' is a nonsingular k& x k submatrix of A.

(«=): Suppose A has a nonsingular k£ x k submatrix B. Let aq,...,a; be the columns of A such
that the submatrix [al e ak] contains B. Since [al e ak] has k linearly independent rows, it
also has k linearly independent columns. Thus, rank A > k. |

Lemma 5.2.2

If A€ F(k,n), then Ag € F (k,n) for every g € GL (k,R).

Proof. Using the Linear Algebra fact that rank (XY') < min {rank X, rank Y}, we get that

rank (Ag) < min {rank A,rankg} = k.
1

Using the same result on A = Agg™ ", we get
k = rank (A4) < min {rank (Ag) ,rank g~ } = min {rank (Ag), k} = rank (4g) .
Therefore, rank (Ag) = k. [ |

So we get, the multiplication-by-g-map mg, that maps A € F'(k,n) to Ag is truly a map from F (k,n)
to itself. my is continuous, because the components are nothing but polynomials in the entries. The
inverse map of my is m -1, since

(mg omgy—1) (A) =my (Ag_l) =Ag lg=A,
(mg-10my) (A) =my-1 (Ag) = Aggl=A.

Therefore, my-1 = mg_l. It is also continuous by a similar reasoning. Therefore, m, is a homeomor-
phism from F' (k,n) to itself.

g
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Proposition 5.2.3

The equivalence relation ~ on F' (k,n) is an open equivalence relation.

Proof. We shall mimic the proof of Proposition 5.1.2. For an open set U C F'(k,n), 7 (U) is open in
G (k,n) if and only if 7! (7 (U)) is open in F (k,n) (definition of Quotient Topology).

@)= M =|J{4g91geCLkR)}= |J {4g|AdecU}= |J my(U).
AeU AeU gE€GL(K,R) gE€GL(K,R)

The map my : F (k,n) — F (k,n) is a homeomorphism, as shown above. Therefore, it is an open map.
So my (U) is open in F (k,n) for every g € GL (k,R). Hence, their union

U my@)==1(x))
g€GL(k,R)

is also open in F (k, n). [ |

Corollary 5.2.4

The Grassmannian G (k,n) is second countable.

Proof. F (k,n) is a subspace of the second countable space R™ ¥ hence it is also second countable.
~ is an open equivalence relation. Therefore, by Corollary 1.10.4, F (k,n) /~= G (k,n) is second
countable. |

Proposition 5.2.5
G (k,n) is Hausdorff.

Proof. Let S = F (k,n). Now, consider the set
R={(A,B)eSxS|B=Ag for some g € GL(k,R)} ={(A,B)e Sx S| A~ B}.

R is the graph of ~. We want to show that R is closed. Take A = [al S ak] and B = [bl e bk]
from S. A ~ B if and only if the columns of B can be expressed as a linear combination of the
columns of A. In that case, we would have that the n x 2k matrix M4 p = [A B] has k linearly
independent columns. In other words, rank M4 p = k < k. By Lemma 5.2.1, this is equivalent to all
(k+1) x (k+ 1) minors of My g being 0.

Let I = (ig,i1,...,ix) and J = (jo, j1,--.,Jk) be (k+ 1)-tuples of integers such that

1<ig<ip<---<ip<n and 1<jy<j1 < - <jJp <2k.

Define fr ; : S x S — R such that it takes two matrices A and B and returns the (k+ 1) x (k+ 1)
minor of M4 p corresponding to rows ig, i1, ..., % and columns jo,j1,.. ., ji-
We have seen before that A ~ B if and only if all the (k+ 1) x (k+ 1) minors of M4 p are 0.
Therefore,
A~B < frj(A,B)=0 forevery I, J.

So, we can write R as

R=(f7; ({0} .
I,J

fr.g 8 xS — R is continuous since determinant is nothing but a polynomial of the entries. {0} is
closed in R. Therefore, f; 7 ({0}) is closed in S x S. There are only finitely many choices for I,.J. In

fact, there are total
n 2k
E+1/\k+1

ways one can choose I, J. Intersection of finitely many closed sets is closed. Therefore, R is closed in
S x S. Hence, by Theorem 1.10.1, S/~ = G (k,n) is Hausdorff. [ |
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Next we want to find a C* atlas on the Grassmannian G (k,n). For simplicity, we specialize to G (2,4).
For any 4 x 2 matrix A, let A;; be the 2 x 2 submatrix consisting of its i-th row and j-th row. Define

Vij={A € F(2,4) | A;j is nonsingular } = {A € F'(2,4) | det A;; # 0} .

The map A +— det A;; is a continuous real-valued function. Vj; is the pre-image of R\ {0} under this
continuous function. So, we can conclude that V;; is an open subset of F'(2,4).

Lemma 5.2.6
If A € Vj; then Ag € Vj; for every g € GL (2,R).

Proof. Let A; be the i-th row of A.

Ay Alg
- A2 _ AQQ — Aig — A..
A= A, = Ag = Asg = (Ag)ij = [Ajg = Aijg.-
Ay A4g
Therefore, det (Ag)ij =det A;jdet g # 0. So Ag € Vi;. u

Define U;; = Vj;/~= m (Vj;). Since ~ is an open equivalence relation, U;; is an open subset of G (2,4).
Also, the collection {V;;} covers F'(2,4), so {U;;} covers G (2,4). Now, for A € Vi2, Ao € GL(2,R).

-1 I
A~ AALG = [A34A1_21

So we define a map @12 : Viz — R?*2 by 015 (A) = A34Af21. This induces a map @12 : Upg — R?X2,
v12[A] = p12 (4) = A34A1_21. This map is well-defined, since

v12 [Ag] = (Ag)sy (Ag)jy = Azag (A12g) " = Azagg P AL = A AL = 12 [A]

for any g € GL (2,R). @12 is continuous since it is just rational function on the entries. In the light
of Proposition 1.7.1, continuity of @12 implies the continuity of ¢12. 12 has a continuous inverse

<,01_21 : R?X2 5 Uy, given by
2=~ ([5]) - [[7]
=TT =
©15 (9) <[g g

1. . o . . I
@121 is continuous because it is the composition of m and the continuous map that takes g to [;]

Now we shall check that g01_21 is indeed the inverse of 1s.

(120 915) (9) = w12 HH;H =gyl =g.

(b1 0 12) [A] = 015 (AsaAry) = HAsfille” =l

Hence, gof21 is indeed the inverse of ¢15. Therefore, 12 is a homeomorphism. Similarly, there are
homeomorphisms ¢;; : U;; — R?**2 for every 4,5. This proves G (2,4) is locally Euclidean with
(Uij, wij) as charts.

Now, on the intersection Uya N Usg, there are two charts. For [A] € Uja NUss, both Aj9 and Asz are

invertible. Take [z b} € ¢23 (U2 N Ua3). Then we have

d

—
AS)
=
no
o
AS)
N
w
SN—
| —
o
Qo
—_
|
AS)
—
no
0O O = Q
QU — O o
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a b
. 1 0 a bl . . .
Since 0 1 € Uio N Usgs, 10 is invertible. So b cannot be 0.
c d
1 _a
(O_l)ab_o1ab*1_b b
S012('023cd_cd10_d da
b T

This is a C™ map between open subsets of R2*2 22 R since b # 0. In a similar manner, one can show
that ¢;; o go;ql is smooth for every ¢, j, p, q. Therefore,

{(Uij, pij) 11 <i<j<4}

is a C* atlas on G (2,4). So we have shown that G (2,4) is second countable, Hausdorff locally
Euclidean space equipped with a C* atlas. Therefore, G (2,4) is a smooth manifold.

Now it can be generalized in a similar manner. Let I be a strictly ascending multi-index 1 < i1 <
19 < -+ < i < n. Let A; be the k x k submatrix of A consisting of i1-th, io-th, ..., ig-th rows of A.
Define

Vi = {A S F(k:,n) | detA[ 7& 0} .

V7 is an open subset of F' (k,n) because it is the pre-image of R\ {0} under the continuos real-valued
function A +— det A;. As before, it can be easily seen that A € V; implies Ag € V; for every
g € GL (k,R).

(Ag); = Arg = det (Ag); =det Ardetg #0.

Let Ur = Vi/~= m (Vy). Since ~ is an open equivalence relation, Uy = 7 (Vr) is open in G (k,n). Also,
the collection {V;} covers F' (k,n), so {Ur} covers G (k,n).
Next, we define g7 : Vi — R(*F)*k 55 follows

o1 (4) = (4477

where (), denotes the (n — k) x k submatrix obtained from the complement I’ of the multi-index I.
This induces a map @7 : Uy — ROTFI*¥E o [A] = 57 (A) = (AA;l)I,. One can easily check the
well-definedness of ;.

erlAg) = (Ag(A9)1") = (A9(Ar9)™") = (Agg™ A7), = (A47Y),, .

for every g € GL (k,R). 7 is continuous. Therefore, by Proposition 1.7.1, ¢ is continuous.

Let ;! : RF*k 5 17 be defined as follows: for X € RO=F*k 1 (X) = [A], where A; = I,
and Ay = X. Then 901_1 is easily seen to be continuous. Also, one can easily check that gol_l is indeed
the inverse of ¢j.

(cp] o 80;1) (X)=pr[A] = (AA;l)I, = (A]I,;l)], =Ap=X.
(b7 o) [Al =o' (ALY, = [B],
where By =1, and By = (AA;l)I,. Therefore, B = AA;l.
(¢roor) [A] = [AA]] = [A471A)] = [4].

Therefore, cpjfl is indeed the inverse of ;. This completes the proof that ¢; is a homeomorphism.
Hence, G (k,n) is a locally Euclidean space with charts (Ur, ¢7).

Now, we want to show that pjo @}1 is a smooth map between open subsets of Euclidean space. For
[A] € Uy nUy, both A; and A are invertible. Now, take some X € 7 (Ur NUy). Then we have

(prows") (X)=¢r14] ,
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with Ay =1 and Ay = X. Since [A] € Uy NUy, det A # 0.
(wro¢y') (X) = (AATY),, .

Now, the entries of (AAI_I) ;» can be expressed as rational functions on the entries of X, with the

denominator being det A; # 0. Therefore, we can conclude that ¢; o <p;1 is a smooth map between
open subsets of Euclidean space. Therefore,

{(Ur,¢r1) | I is strictly asecnding multi-index 1 < i; < ig < --- <ix <n}

is a C° atlas on G (k,n). So we have shown that G (k,n) is second countable, Hausdorff locally
Euclidean space equipped with a C* atlas. Therefore, G (k,n) is a smooth manifold.
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6 The Tangent Space

§6.1 The Tangent Space at a Point

We define a germ of a C*° function at p € M to be an equivalence class of C*° functions defined in
some neighborhood of p € M. Two functions of this sort are called equivalent if they agree on some,
possibly smaller, neighborhood of p. In other words, two smooth functions f: U - Rand g: V — R
defined on some neighborhood of p are equivalent if there exists an open set W C U NV containing p
such that

Flw = 9lw -
One can easily verify that this relation is indeed an equivalence relation. The set of germs of real-valued
C*° functions at p € M is denoted by Cp° (M).

Cp° (M) is actually a set of equivalence classes. We denote the equivalence class of f as [f] p- We
can define addition, multiplication on Cp° (M) as follows:

A, + 19, = 1f +dl, U], lal, = 1f -9l

where f+ g and f- g are defined pointwise, i.e. (f +g)(x) = f(z)+g(x)and (f-g)(x) = f (z) g (x).
Now, we can check the well-definedness of addition and multiplication. Let f ~ f" and g ~ ¢’. Then
there exists neighborhoods U and V of p such that
f’U = f,’U and g|, =g'[, .

Now, on U NV (which is also a neighborhood of p),

(f+g)(@)=Ff(@)+g@)=f(2)+g @) =(f+g)(z) = f+g~[+g"

Therefore, addition in Cp° (M) is well-defined. One can similarly check that multiplication is also
well-defined. With this addition and multiplication, Cp° (M) forms a ring. We can also define scalar
multiplication by a € R.

alfl, = lafl, ,

where (af) (z) = af (z). The well-definedness of scalar multiplication can be checked in a similar
manner. Let f ~ f’. So there exists a neighborhood U of p such that

f‘U:f/‘U’

For z € U,
(af) (z) = af (z) = af' (z) = (af') () = af ~af’.

Hence, scalar multiplication by a real number is well-defined. Therefore, with respect to the addition
and scalar multiplication, Cp° (M) forms a vector space over R. Since Cp° (M) is a ring and a vector
space, and one can easily check that the following holds

Cp° (M) becomes an R-algebra.

Abuse of Notation. Oftentimes we don’t distinguish between an element of C;° (M) (which is an
equivalence class) and a representative of the class.
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6 The Tangent Space 57

Definition 6.1.1 (Point-Derivation). A point-derivation of C;° (M) is a linear map D), : C;° (M) —
R such that

Dy, (fg) = (Dpf) g (p) + f (p) (Dpg) -

Definition 6.1.2 (Tangent Vector). A tangent vector X, at p € M is a point-derivation at p. The
tangent vectors at p € M form a vector space denoted by T;,M.

Remark 6.1.1. If U is an open set containing p € M, then the algebra C;°(U) of germs of C>
functions in U at p is the same as Cp° (M). Hence, T,U = T}, M.

We learned in chapter 4 that given the standard coordinates r!,r2, ... r™ on R” and given a coordinate
neighborhood (U, ¢) = (U, b x?, .. ,a:") about p € M with ' = 0, one defines partial derivatives
3%- » at p e M as
0 0 _
Oz f= O (foe™)eR
P ©(p)
with f € Cp° (M). One can verify that % ,isa point-derivation.
0 0
| (Fa) =55 (Frgow™).
Ozt |, ort ¢(p)

Here, f,g € C3° (M). Now, for a € ¢ (U) with ¢! (a) belonging in the domain of both f and g,

(f-goe™ (@)= 9 (¢ (@) =Ff(e () gle (@)= ((for™) (909 ")) (a) .

Therefore, (f -g)ogp~! = (f o <p_1) . (g o go_l). As a result,

0 0
i| (Fra)=o51 (Fee™)-(go¢7))
Oz p or ©(p)
9 -1 1 1 9 1
= |57 (e )| (gee )@+ (fer ) (p®) |57 (90¢7)
" lo(p) ")
0 0
= <a:ci f)g(p)+f(p) (axi g)
P P
Furthermore, % » is indeed linear. Therefore, it is a point-derivation.

Definition 6.1.3 (Differential of a Smooth Map). Let F': N — M be a C* map between manifolds.
At p € N, F induces a linear map between tangent spaces T;, N and T, M, called the differen-
tial of I at p, denoted by Fi , : TyN — Tp(,)M as follows. If X, € T}, N, then Fl , (Xp) € Ty M
defined as

Fop(Xp) f =X, (foF),

where f € Ci,, (M), so foF €Cp(N).

Example 6.1.1 (Differential of a map between Euclidean Spaces)

Suppose F : R® — R™ is smooth at p € R™. Let 2!, 22,...,2" be the coordinates on R" and
y', 9%, ..., y™ be the coordinates on R™. Then the tangent vectors

9
Oxl

0

» 33
pax

0

7...7771
» ox

p
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6 The Tangent Space 58

form a basis for the tangent space 7T),R", and the tangent vectors

0
oyl

0
Fp) 09

0
e 0"

F(p)

form a basis for the tangent space T, R™. The linear map Fi p : T,R"™ — Tp(,)R™ is represented
by a matrix [aé- (p)} relative to these bases as follows:

0

Let’s evaluate both sides of the above equation on 3.

o )
=> df(p) 55| .af(p)eR.
P) k=1 ’ oy* F(p) ’

- a (3 - (A
RHS =) af(0) 57|  v'=> a;(p) 0} =aj(p)
=1 Y= 1F(p) =1
B i 0| .  OF
LHS:F*@(axjp)y = |, Vo) = 5

where F' = y* o F : R® — R is the i-th component of F. Therefore, the matrix representation

of Fi , relative to the bases { 9 ‘p} and { 9 F(p)} is [%F; (p)} This is precisely the Jacobian

Oxd oyt
matrix of the derivative DF), of F' at p as discussed in chapter 2.

Theorem 6.1.1 (The Chain Rule)
Let F: N —- M and G : M — P be smooth maps of manifolds, and p € N. Then,

(G © F)*,p = G*,F(p) © F*vp :
In other words, the following diagram commutes:

Fy, G F(p)
TN —"— TppyM —= Tg(r(p)P

\/

(G’OF)*’p

Proof. Let X, € T,N and f € C’&’T?(F(p)) (P). Then

((GoP)., %) f=X,(foGoF).
Now, let YF(p) =F,pXp € TF(p)M.
((Gir) © Fup) Xp) f = (Girp) (FepXp)) f = (Gur) (Yrw)) f

= YF(p) (fOG) - F*,po (fOG)
=X,(foGoF)

Therefore, (G*,F(p) o F*,p) X, =(Go F)*,p X,, VX, € T,N. Hence, (G o F)*,p =Gy r(p) © Fip. [ |

Remark 6.1.2. Consider the identity map 137 : M — M as a smooth map from M to itself. Then
for a given p € M, the differential

(L), s TpyM — T, M
of 1 is the usual identity map on the tangent space T, M, because for X, € T,M and f € C;° (M),

(€40 %) £ = X, (F o 1ar) = X,
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Therefore, (Lp), , Xp = Xp. Hence,

(]lM)*7p = ]lTpM : TpM — TPM.

Corollary 6.1.2

If F: N — M is a diffeomorphism of manifolds and p € N, then F.; : T,N — Tp@)M is an
isomorphism of vector spaces.

Proof. Since F' is a diffeomorphism, it has a smooth inverse G : M — N such that G o F = 1 and
F oG =1y By Theorem 6.1.1 and the remark above,

G*vF(p) © F*vp = (G © F)*,p = (]IN)*J) = ]lTpN .

FipoGurp) = Fuare) © Gurp) = (FoG), ppy = Um)y pp) = Lrpgy M -

G r@p) © Fop = L,y and Fip o Gy pp) = Ly, M together imply that Fip : T,N — Tp@,) M is an
isomorphism of vector spaces. |

Corollary 6.1.3 (Invariance of Dimension)

If an open set U C R" is diffeomorphic to an open set V' C R™, then n = m.

Proof. Let F': U — V be a diffeomorphism and p € U. By Corollary 6.1.2, F,, : T,U — Tg(,)V is
an isomorphism of vector spaces. There are vector space isoomorphisms T),U ~ R™ and Tp(,)V ~ R™.
Therefore, R™ is isomorphic to R™. This happens only when n = m.

§6.2 Bases of the Tangent Space at a Point

We denote by r!,72,..., 7" the standard coordinates on R™. Let (U, ¢) be a chart about p € M, where
M is a smooth manifold of dimension n. We set ' = r* o ¢. Since ¢ : U — R" is a diffeomorphism
onto its image (Proposition 4.2.4), by Corollary 6.1.2,

Pup : TpM = Ty (U) = Ty R”

is a vector space isomorphism. In particular, the tangent space 71}, M is isomorphic to the vector space
T,»R™ ~R", and hence T),M has the same dimension n as the manifold.

Proposition 6.2.1
Let (U, p) = (U,:vl,$2, e ,:L'”) be a chart about a point p € M. Then

*,p o = :
ol p or »(p)
Proof. Let f € C;?p) (R™). Then
0 0 0 = )
eeo | gai| | 1= aai| o) = g5 (fewee ) =55 f
<8$ p) Oz p or ©(p) or ©(p)
d _ 0
Hence, ¢y (fl,) = 5l n
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Lemma 6.2.2

Let T : V — W be an isomorphism between the n-dimensional F-vector spaces V and W. Let
{v1,va,..., vy} be a basis for V. Then {T' (v1),T (v2),...,T (vy)} is a basis for W.

Proof. First, we want to show that B = {T'(v1),T (v2),...,T (vy)} is a linearly independent set.
Suppose for c1,c2,...,c, €T,
al (vi)+cT (va)+ -+ T (vn) =0 .
Applying linearity on the LHS, we get
T(c1vi+cava+ -+ cpvy) =0 =T (0y) = c1vi +cova+ -+ vy =0y .

Since {vi,va,...,Vv,} is a basis for V, it’s a linearly independent set. Therefore, ¢; = 0 for each
i =1,2,...,n. Therefore, B is a linearly independent set of vectors.

Now, since T' is surjective, for w € W, w = T (v) for some v € V. We can write v as a linear
combination of the basis vectors.

V =1cC1V1+cavo+ -+ Vi,
for ¢; € F.
w=Tw)=T(c1v1 +cavo+ -+ cpvp) =c1T (v1) + 2T (va) + -+ ¢, T (vy) .
Hence, B spans W. Therefore, B is a basis for W. |

Proposition 6.2.3
If (U,p) = (U, G o ,x") is a chart containing p € M, then the tangent space T,,M has basis

9
ozt

0

» 59
p8x

0

’...’771
ox »

p

Proof. We have seen earlier that since ¢ : U — R" is a diffeomorphism onto its image, by Corol-
lary 6.1.2,
Pxp - TPM — T@(P)(/O (U) = Tgo(p)Rn

is an isomorphism of vector spaces. By Proposition 6.2.1,

w(a)_a :><p—1<6 )_a
P\ 9yt T Ot *, i T At
Oz P or ©(p) T\ or ©(p) Oz P
Since {6? , % e % } is a basis for T, R", by Lemma 6.2.2,
o) T2 lo(p) " le(p)
{ o] o ) }
R —— P} 72 9 ey 771
ozl|,’ 022, dz™ |,
is a basis for T),M. [ |
Proposition 6.2.4 (Transition Matrix for Coordinate Vectors)
If (U,zl, T2, ... ,a:”) and (V, yly? . y”) are two coordinate charts on a manifold M, then
0 "L Oy 0
— = - (p . forpeUnNV.
ox) - ox) (p) oy’ »
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Proof. At each point p € U NV, the sets {B—J } and { 8‘31.

} are both bases for the tangent space
P

T,M. So there exists a change of basis matrix [aé

n
0
= E k —
- a] (p) ayk
Applying both sides of the equation to v, we get

n
i k
y' = Zaj (p) aE
k=1

(p)] of real numbers such that

9
oz »

J
pr

Therefore, aé- (p) = 696]‘ Yl = gz] (p). As a result,
0

O W 0
ozl

() aiyk

o J
P k=1 Ox P

Proposition 6.2.5 (Local Expression for the Differential)

Given a smooth map F' : N — M of manifolds and a point p € N, let (U,:):l,:nZ, . ,x") and
(V, TR T ,ym) be coordinate charts about p € N and F' (p) € M, respectively. Relative to

the bases {a—J } for T, N and { ‘F(p)} for Tr(,) M, the differential Fp, : T,N — Tp,) M is

represented by the matrix [gTF; (p)}, where F* = y' o I is the i-th component of F

Proof. By Proposition 6.2.3, {%‘p} is a basis for T,N and {6y - )} is a basis for Tp,) M.

F, i‘ € Tr,M, so it can be written as a linear combination of the basis vectors.
P\ 0xd |p F(p)

( ol

Applying both sides of the equation to v, we obtain

i (w)y_za Eng

Using the definition of Fj ,
oY i 9
P\ Oxi » vy = ozJ »

Remark 6.2.1. In terms of differentials, the inverse function theorem for manifolds can be described in
the following coordinate free way: a C*° map F': N — M between two manifolds of same dimension is
locally invertible at a point p € N if and only if the differential Fy j : T,N — T'p(,) M is an isomorphism
of vector spaces.

)-Za0,,
p k=1 F(p)

=Y df(p) o =a5(p) .
k=1
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Example 6.2.1 (The Chain Rule in Calculus Notation)
Suppose w = G (x,y,2) is a C* function w : R® — R and F (t) = (Z(t),5(t),Z(t)) is a C®
function F : R — R3. Under composition

w=(GoF)([t)=G(x(t),y(t),z(t)

becomes a C*° function of t € R. (Here we abused notation z(t) = x,y(t) = y,z(t) = z.) Now,
let tp be fixed in R. By Proposition 6.2.5, the matrix representation of F s, : T3, R — TF(tO)R3 is

oF! 5
78322 (to) ;‘% (to)
o, (to) | = 3% (to)
z
S (to) T (to)

Similarly, for pg = (20, %0, 20) € R3, the matrix representation of Gapo : Tp0R3 — Tap)R 18

|52 (20) 55 (o) 5 (p0)| = [5¢ (Bo) B (B0) 5 (po)

In a similar manner, the matrix representation of (G o F'), , : T;)R = Tg(p() R is

[2GeD) (1] = [42 (t0)] -

Now, the chain rule (G o F)*,to = Gy, F(to) © Fto 18 equivalent to

dz

dat (tO)
[ (t0)] = [32 (F (t0) 22 (F () 32 (F (t0))] |2 o)
% (to)
— % (to) = g: (F (to)) % (to) + 861; (F (t0)) % (to) + (31;} (F (to)) % (to)

(Here also we abused notation z(t) = x,y(t) = y, 2(t) = z.) This is the usual form of chain rule
taught in Calculus classes.

§6.3 Curves in a Manifold

Definition 6.3.1 (Smooth Curve). A smooth curve in a manifold M is a smooth map ¢ : (a,b) —
M from some open interval (a,b) into M. Usually we assume 0 € (a,b) and say that c is a curve
starting at p if ¢ (0) = p. The velocity vector ¢ (ty) of the curve ¢ at time ty € (a,b) is defined
to be

d

d (o) = Caty (dt

) € Tc(to)M'

to

Notational Confusion

In the special case ¢ : (a,b) — R, i.e., when the target manifold is R, by ¢ (t) we mean a tangent
vector at ¢ (t). Hence, ¢ (t) is a real multiple of %‘C(t). On the other hand, in calculus notation, ¢ (t)

is the derivative of the real valued function ¢ (¢) and hence it is a scalar. In order to resolve the issue,
we write ¢ (t) for the calculus derivative (scalar).

62



6 The Tangent Space 63

Example 6.3.1
Define ¢ : R — R? by ¢ (t) = (¢%,¢*). This curve is known as a cuspidal cube.

d

c (to) =Cxty | T3 S Tc(to)R2 .
dt|,
0

Then ¢ (tp) can be written as a linear combination of the basis vectors Bx| and a of

c(to)
C(to)R o

0
e(to) O

1 Y_, 2
Gto dt a@x

where a,b € R. We now evaluate both sides on x to obtain:

C(to)

d 2
Coto | — r=a = a= —| (zoc)= t* =2ty
0 (dt to) dt|,, -
Similarly, we evaluate both sides on y to obtain:
d d d
wto | = =b = b= — = —| 3=3¢3.
Cx,to (dt to) Yy dt |, (yoc) dt|,, 0
Therefore,
d 0 9 O
Ceto | = =2ty — + 3ty —
*,t0 (dt to) ox e(to) ay cto)

This means that in terms of the basis { 8@’ e(to) gy‘ (to)} for TC(tO)RQ’

‘o=[sf)

The example above inspires the following proposition.

Proposition 6.3.1 (Velocity of a curve in local coordinates)

Let c: (a,b) = M be a smooth curve, and let (U,z!, 2? 2™) be a coordinate chart about ¢ (£).
Let ¢ = ' o ¢ be the i-th component of the curve ¢ in the chart Then ¢ (t) is given by

th

(t)
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Thus, relative to the basis { 822'

o t)} for Ty M, the velocity d (t) is represented by the column

vector
¢ (t)
¢

Note: ¢ (t) = dd—‘f (t) is the derivative of the real valued function ¢ (t).

Proof. ¢ (t) = cay (%’t) € TypyM. Since {%}C(t)} is a basis for T, M, we can write ¢’ (t) as a

linear combination of basis vectors.

Z 8:69

Evaluating both sides on !, we get

=0
/ T _ .
e’ = Zi:l Y 9w |,

ZCLJ(V =aq

because Proposition 4.3.1 tells us that Oz’ _ §i Now, using the definition of ¢ (¢),
oxJ J

Therefore,

Proposition 6.3.2 (Existence of a curve with a given initial vector)

For any point p in a manifold M and any tangent vector X, € T,,M, there are ¢ > 0 and a smooth
curve ¢ : (—e,e€) — M such that ¢ (0) = p and ¢ (0) = X,.

Proof. Let (U, ) = (U,z',2?,...,2") be a chart centered at p, i.e. ¢ (p) =0 € R". Since X, € T, M,
it can be written as a linear combination of the basis vectors.

Xp = Z 8:17@

n
: g o _ _ ; 0
Claim — There exists a curve « : (—¢,¢) — ¢ (U) such that a (0) = 0 and o/ (0) = Z; a’ 570
Proof. We define o : R — R" by a(t) = (a't,a?t,...,a"t). Then a(0) = 0. We can choose ¢
sufficiently small such that « (t) € ¢ (U) for —e < t < e. By Proposition 6.3.1,
n n
; ;0
dl ( = Z CLl = =
i=1 i=1 ortlo

)

™ |o(0)

since & (0) = 92 (0) = 4= (g) = 4i. O
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We define c = ¢ toa: (—g,e) = U C M. Then c(0) = p~ ! (a(0)) = ¢~ (0) = p. Furthermore,
d

using The Chain Rule,
d
/ o a _ —1 a
0= e (dt 0> ((90 )+ a0) °0‘*’°> (dt 0

Using the expression for o/ (0) and Proposition 6.2.1, we get
.0 Ny 0
(90_1)*00/ (0) = (90_1)*0 Zal i = Zal (‘P_l)*o i
’ o art|, pa O\ or
n n
! 9
=2 |y T 2 B

e(0) =1
Therefore, ¢ (0) = X,. [ |

) (o) g0 (0) .

)

)

— Xp

p

Proposition 6.3.3

Suppose X, is a tangent vector at a point p of a manifold M and f € Cp° (M). If ¢ : (—¢,6) = M
is a smooth curve starting at p with ¢’ (0) = X,,, then

d
X,f== .
Proof. By definition of ¢’ (0) and ¢, o,
d d
Xf:c’(O)f:C*p( >f: (foc)
P dt|, dt |,

Computing the Differential Using Curves

Proposition 6.3.4

Let F': N — M be a smooth map of manifolds, p € N, and X,, € T,N. If c is a smooth curve
starting at p € N and with velocity X, at p, then

Fop(Xp) = (Foc) (0).

)

In other words, F , (X)) is the velocity vector of the curve F'oc at (Foc)(0) = F (p).

Proof. By hypothesis, ¢(0) = p and ¢ (0) = X,,. Now,

Fip(Xp) = Fip (¢ (0)) = Fip <c*70 <d

J)

d
= (Fic(0) © cx,0) (dt
— (Foc) (0)
which is the velocity vector to the curve Foc at (Foc)(0) = F (p). [

Example 6.3.1 (Differential of Left Multiplication). GL (n,R) stands for the group of all n x n
invertible matrices over R. It is called the general linear group. Let g € GL (n,R). Also, let [, :
GL (n,R) — GL(n,R) denote the left multiplication by the matrix g. In other words, for B €
GL (n,R), I, (B) = ¢gB € GL (n, R).
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6 The Tangent Space 66

Since we've seen earlier that GL (n,R) is an open subset of R™*" ~ R™ Ty GL (n,R) can be
identified with R™" ~ R"” for any g € GL (n,R). Now, if I is the n x n identity matrix, then show
that

(lg),: Tr GL (n,R) = T GL (n, R)

is also left multiplication by g.

Solution. Since GL (n,R) is an open subset of the Euclidean space R™*™ = R™ the only coordinate
chart on GL (n,R) is (GL (n,R),rtt r2 ,r"n), where r%’s are the usual coordinates on R™ ",
There are vector space isomorphisms ¢ : Tt GL (n,R) — R"*" and ¢ : T, GL (n,R) — R"*".

n
-~ 9 N
= [azj]zjzl and ¢ Z a Orii - [alj]zj':l :
ij=1 9

v a” Brid |,

3,j=1

Let X € T GL (n,R). Then (l,), ; X € T, GL (n,R). So we need to prove that

e (). X) = g0 (X) .

Let us now compute (lg), ; X. Choose a curve ¢ (t) in GL (n,R) with ¢(0) = I and ¢/ (0) = X. Let
a = lg o c. By Proposition 6.3.4,

(Ig).y (X) = (o). (;\0) —(lyoc) (0) =/ (0)

Now, « is a map from an open interval to GL (n,R), and it is the composition of two smooth maps.
Hence, a is a smooth curve in GL (n,R). o (0) =, (I) = g. By Proposition 6.3.1,

o 0)= 3 a0 50| = e (), ) = [ a0 | | = o,
i,j=1 i,j=1 9

Now, since « (t) = gc(t),

ik k] Y9 (0) =
§ g = a7 (0) i,

Z gzk: k)j

as desired. m

§6.4 Immersions and Submersions

Definition 6.4.1 (Immersion and Submersion). A C*° map F : N — M is said to be an immersion
at p € N if its differential Fy} : T,N — Tp,) M is injective, and a submersion at p if Fi ) is
surjective. We call F' an immersion if it is an immersion at every p € N, and a submersion if it
is a submersion ar every p € N.
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Remark 6.4.1. Suppose N and M are manifolds of dimension n and m, respectively. Then dim (T,N) =
n and dim (TF(p)M ) = m. The injectivity of the differential Fy ) : T)N — Tp,)M immediately im-
plies m > n. Similarly, surjectivity of Fi p : TN — Tp,y M implies that n > m. Thus, if F': N — M
is an immersion at a point of N, then m > n and if F' is a submersion at a point of NV, then n > m.

Example 6.4.1

The prototype of an immersion is the inclusion of R” into a higher dimensional R™:
i(:L‘l,xQ,...,:U”) = (:Ul,a:Q,...,x”,O,...,O) .
The prototype of a submersion is the projection of R” onto a lower dimensional R™:

7r(xl,xQ,...,xm,xm+1,...,x”) = (ml,xz,...,xm) .

Example 6.4.2

Let U be an open subset of a manifold M and hence a manifold. The inclusion map i : U — M is
injective and in genral, not surjective. The differential of 7 at p € U, denoted by iy, : T,U — T,M,
is bijective. Indeed dim (7T,U) = dim (T, M) as T,U ~ T,,M as vector spaces. Hence, the inclusion
map ¢ : U — M is both an immersion and a submersion. This is an example exhibiting the fact
that a submersion need not be onto.

Rank, and Critical and Regular Points

Consider a smooth map F': N — M of manifolds. Its rank at a point p € N, denoted by rank F' (p), is
defined as the rank of the differential Fi ; : T,N — T,y M. Relative to the coordinate neighborhoods
(U, aba? ... ,x") at p and (V, yly? .., ym) at F'(p), the differential Fi ) is represented by the

Jacobian matrix [% (p)} (Proposition 6.2.5), so

rank F' (p) = rank {% (p)} .

Since the differential of a map is independent of coordinate charts, so is the rank of a Jacobian
matrix.

Definition 6.4.2 (Critical and Regular Points). A point p € N is a critical point of F': N — M if
the differential Fy ) : T,N — Tp(,) M is not surjective. It is a regular point of F' if the differential
F, p is surjective. In other words, p is a regular point of F' if and only if F' is a submersion at p.
A point in M is a critical value if it is the image of a critical point; otherwise it is a regular
value.

Couple of important aspects of this definitions:

(i)  We do not define regular value to be the image of a regular point. Any point of M that is not a
critical value is defined as a regular value. Therefore, any point of M that is not in the image of
F', or which doesn’t have a preimage in N under F', is automarically a regular value.

(i) A point ¢ € M is a critical value if and only if some point in the preimage F~! ({c}) is a critical
point. A point ¢ in the image of F' is a regular value if and only if every point in the preimage
F~1({c}) is a regular point.

Exercise 6.1. Show that there are 4 critical points for the height function of the 2-torus.

Solution. A 2-torus T? can be seen as a subset of R? in the following way:

T? = {(rsint, (R+ rcost)coss, (R—i—rcost)sins) ER3|0<s,t< 27r} ,
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with R > r.
Let f be the height function f : T? — R, defined by f (z,y,2) = 2. t, s are coordinate functions on
T?. Now, p € T? is a critical point if and only if

%(p)z():%(p)-

Let p = (r sintg, (R + r costy) cos so, (R + 7 cos ty) sin 30>

88{ (p) = O((F+ T;?S )sins) (p) = —rsintysin sg
gi (p) = O(F+ rac;)s )sins) (p) = (R + 7 costy) cos sg

Since R > r, R+ rcostg = 0 is not possible. Hence, cos sy = 0. This gives us sin? sy = 1. Therefore,
we must have sintg = 0. Therefore,

3
cossg =0 = sg € {;r,;} and sintg =0 = to € {0,7} .

Therefore, plugging the values of sy and %y, we get 4 critical points. The set of all the critical points

of fis
{(0,0,R+r),(0,0,—R—71),(0,0,R—71),(0,0,—R+1)} .

f e critical points

e critical values

N = torus M=R

Figure 6.1: Critical points and critical values of the height function f(x,y,z) = z of the 2-torus

Furthermore, the corresponding critical values are R+r, —-R—r, R—r, —R+r. |

Proposition 6.4.1

For a real valued function f: M — R, a point p € M is a critical point if and only if relative to
some chart (U, zt, 22, ... ,:c") contaning p, all the partial derivatives satisfy

of

0 P =0,i=12...n.

Proof. By Proposition 6.2.5, the differential fi ) : T,M — Ty R ~ R is represented by the matrix
0 0 0
[37]01 (p) 37]; (p) - % (P)]
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6 The Tangent Space 69

with respect to the basis {%’p e % p} of T,M and {aay‘f( )} of T R.
P

Since the image of f. ; is a vector subspace of Ty, R >~ R, it is either O-dimensional or 1-dimensional.
In other words, fip : TyM — TR =~ R is either the 0-map (everything is mapped to the 0-vector
of the codomain) or a surjective map. Therefore, f., fails to be surjective if and only if the matrix

representing it is the O-matrix. In other words, all the partial derivatives % (p) vanish. |
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7 Submanifolds

§7.1 Regular Submanifolds

Definition 7.1.1 (Regular Submanifold). A subset S of a manifold N of dimension n is a reg-
ular submanifold of dimension k if for every p € S, there is a coordinate neighborhood
(U, bt 22, ... ,ac") of p in the maximal atlas of NV such that U N S is defined by the vanishing of
n — k coordinate functions.

By renumbering the coordinates, we may assyme that these vanishing n—k coordinate functions
are 21 ... 2" We call such a chart (U, ) in N an adapted chart relative to S.

It is important to note that U N S is supposed to be the maximal subset of U where n — k coordinate
functions vanish. By maximal, we mean that it is not contained in any other subset of U other than
itself where n — k coordinate functions vanish. This fact can be mathematically described as

UNnS=¢ x...,%00,...,0).
————
(n—k) many

OnUNS, ¢ = (xl,xz,...,mk,(),(),...,0). Let @5 : UNS — R* be the restriction of the first k
components of ¢ to U N S. In other words,

Y5 = (xl,xQ,...,xk> .
Note that, (U NS, ¢g) is a chart for S in the subspace topology.

Definition 7.1.2 (Codimension). If S is a regular submanifold of dimension & in a manifold N of
dimension n, then n — k is said to be the codimension of S in V.

Remark 7.1.1. As a topological space, a regular submanifold of IV is required to have the subspace
topology. It’s also noteworthy that the dimensioon k of the regular submanifold S may be equal to
the dimension n of the manifold N. In this case, U NS is defined by the vanishing of none of the
coordinate functions, so U NS = U. Hence, = . Therefore, an open subset of a manifold is a
regular submanifold of the same dimension.

‘P|Ums

Example 7.1.1

The interval S := (—1,1) on the z-axis is a regular submanifold of the z-y plane (R?). As an
adapted chart (for any point p € S), we can choose the open square U = (—1,1) x (—1,1) with
coordinates x,y of the plane R?. Then one immediately finds that U N S is precisely the zero set
of y on U.

Similarly, the open rectangle V = (—1,0.5) x (—1,1) with coordinates x,y of R? is also an
adapted chart relative to S. Because, the zero set of y on V' is (—1,0.5), which is precisely V' N S.

However, if we take W = (—1.5,0.5) x (—1, 1), then (W, z,y) is not an adapted chart relative to .S
for any point p € (—1,0.5) = WNS. This is because the zero set of y on W is (—1.5,0.5) = WNS.
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]

U=(-1,1) x (-1,1) V =(-1,0.5) x (—1,1) W = (-1.5,0.5) x (—1,1)
is an adapted chart is an adapted chart is not an adapted
relative to S relative to S chart relative to S

Exercise 7.1. Let I" be the graph of the function f (x) = sin (%) on (0,1), and I be the open interval
on y axis:
I={(0,y) | —1<y<1}.

Then show that S = I' U I is not a regular submanifold of R?.

Solution. Assume for the sake of contradiction that S is a regular submanifold of R%. Take p = (0,v,) €
I. Then there exists a chart (U, ¢) = (U, xt, a:2) about p in the maximal atlas of R? such that U N S
is defined by the vanishing of k coordinate functions 2!, 2% where k might be either 0 or 1 or 2. We
can also assume that U is contained in the open ball B (p, ), where 0 < g9 < min {|1 — yp|, |1 + ypl|}.
Because, if U is not contained in this open ball, we can simply replace U by U N B (p, €p).

Since U is contained in the open ball B (p,e¢), UNI has multiple connected components. Therefore,
U NS is not connected. Furthermore, if Uy is any open subset of U containing p, Uy N S is also

disconnected.
b= (O,yp) /\ A

Figure 7.1: U intersects I in infinitely many components.

First of all, k cannot be 2, since there is only one point where both z! and z? vanish but U N S
contains more than one point.

If k is 0, then UNS = U. So U is contained in S. U is an open subset of R? that contains p. So,
there exists some ¢ > 0 such that B (p,e) C U C S. However, this is also not possible, because for
0<d<e,

10.3) = (<0,y)| =6 <= = (=d,3,) € B(p,2) .

But S does not contain any point with negative z-coordinate. So, (—4,y,) € S.
Now we are only left with the case ¥ = 1. WLOG, we can assume that U N S is defined by the
vanishing of 22. In other words, if X denotes the z-axis of R2, then o (UNS) = ¢ (U)N X.
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Claim — If V is an open subset of R, then the connected components of V' are also open in R.

Proof. Let C be a connected component of V. Take x € C. z € C" C V and V is open in
R, so there exists ¢ > 0 such that (x —e,z+¢) C V. Now, (x —e,x +¢) is an interval, so it
is connected. Therefore, (x —e,x + ¢) intersects only one of the connected components of V.
z € (x—¢e,x+¢e)NC. Hence, (x —e,x+¢) C C. For every z € C, we can find such an e.
Therefore, C' is open. U

Now, X is homeomorphic to R. ¢ (U) is open in R?, so V = ¢ (U) N X is open in X. So, the
connected components of V' are also open in X. Let C be the component of V' that contains p. Then
C is open in X. So X \ C is closed in X. Also, X is closed in R?. Hence, X \ C is closed in R.

Now, ¢ (U) is open in R? and X \ C is closed in R%. Therefore, W = ¢ (U) \ (X \ C) is open in R2.
Also, W is contained in ¢ (U).

W =pU)\ (X\C)=(p(U)\X)UC — WNX=0C.

So, W intersects the x-axis in only one connected component C. Now choose U’ = ¢~! (W). Now,
U’ C U since W C o (U). Also, U’ is open in U, and hence in R%. U’ contains p as ¢ (p) € C C W.

e(U'NS)=pU)NeUNS)=WneU)NX=WnX=C.

Therefore, ¢ (U’ N S) is connected. Since ¢ is a homeomorphism, U’ N S is also connected. However,
we proved earlier that if Uy is an open subset of U containing p, Uy N S is disconnected. Thus we
arrive at a contradiction. So S cannot be a regular submanifold of R2. |

Proposition 7.1.1

Let S be a regular submanifold of N and let = {(U, ¢)} be a collection of compatible adapted
charts of N that covers S. Then %s = {(UNS,ps)} is an atlas for S. Therefore, a regular
submanifold is itself a manifold. If N has dimension n and S is locally defined by the vanishing
of n — k coordinate functions, then dim .S = k.

Proof. Let (U,¢) = (U,xl,xQ,...,x”) and (V,¢) = (V,yl,y2,...,y") be two adapted charts in the
given collection 7. Assume that they intersect. From the definition of adapted chart relative to a
submanifold S, it is possible to renumber the coordinates such that the last n — k coordinate functions
vanish on points of S intersected with the open set of the pertaining adapted chart. Therefore, for
pelUNVnNS,

SD(p):(m17$27"'7‘/1:k70’0""70) and /(Z)(p):(y17y27""yk70707"'70) *
So ps(p) = (:cl,:cQ, o ,xk) and ¢g (p) = (yl,yQ, e ,yk). Therefore,
(1/1308051) (x17x27"'7$k> = (y17y2)"'7yk> )

where ngogogl tps (UNVNS) CRF = 4hg (UNV NS) CRE Note that since % is a C> compatible
collection of adapted charts of N, o™t : @ (UNV) CR® = ¢ (UNV) CR"is C®. Let i : RF < R"
be the inclusion map and 7 : R” — R* be the projection onto first & coordinates. Now,

(o) (xl,xQ,...,mk,o,o,...,o) - (yl,yZ,...,yk,O,O,...,O)
gives us the following identity:

—1 —1 .
ws °CPg = ﬂ-‘zp(UﬂVﬂS) © (1/} e ) ‘@(UQVQS) © Z}SDS(UP'VHS) ’

Therefore, as a composition of smooth maps, ¥g o gogl is also smooth. Hence, any two charts in %
are C*° compatible. Now, since the open sets in the collection % covers S, the open sets in % also
covers S, proving that the collection Zg is a C*° atlas on S. |
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YU NS)

(V)

Figure 7.2: Overlapping adapted charts relative to a regular submanifold S.

§7.2 Level Sets of a Map

Definition 7.2.1. A level set of a map F': N — M is a subset

F'{ch)={peN|F(p)=c}

for some ¢ € M. The value ¢ € M is called the level of the level set F~! ({c}). If F : N — R™,
then Z (F) := F~! ({0}) is the zero set of F.

Recall that c is a regular value of F if either c is not in the image of F or at every point p € F~! ({c}),
the differential Fyj, : TyN — T, M is surjective.

Definition 7.2.2. The preimage F~! ({c}) of a regular value c is called a regular level set. If
F:N — R™ and 0 € R™ is a regular value of F, then F~! ({0}) is called a regular zero set.

Remark 7.2.1. If a regular level set F~! ({c}) is nonempty, then for p € F~!({c}), the map F :
N — M is a submersion at p. By Remark 6.4.1, dim N > dim M.

Example 7.2.1. The unit 2-sphere 5? = {(z,y,2) € R? | #* + y? 4+ 2% = 1} is the zero set of the
function f : R? — R defined by

flz oy z) =2 4+9°+22 1.
In other words, S? = f~! ({0}). Show that S? is a regular submanifold of R3.

Solution. Note that

%:2x, g—£:2y, %:22.
By Proposition 6.4.1, p € R? is a critical point of f if and only if
off _ofl _of _,.
oz P oy p 0z P

Hence, the only critical point of f is 0 = (0,0,0). Since 0 ¢ S? = f~1({0}), 0 is a regular value of f.
Let us choose p € S? such that % (p) = 2z (p) # 0. Then the Jacobian matrix of the map
@ : R? — R3 defined by ¢ (x,,2) = (f (z,9,2),y, 2) is as follows:

1

Q
S

ot

1
o SR <1 of of of
6x8y8z_010
9 9p% 09 0 0 1
or Oy Oz
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The Jacobian determinant is %, which is nonzero at the point p. Then by Corollary 4.3.3, there is
a neighborhood U, of p € R3 such that (Up, ol @, cp3) is a chart in the maximal atlas of R3. Now,
in the chart (Up,gol,gog,npg) = (Up, f,y,2), the set U, N S? is defined by the vanishing of the first
coordinate ¢! = f. Because S? is the zero set of f, so the maximal subset of U, where f vanish must
be U, N S%. Thus (Up, f,y, z) is an adapted chart relative to S?, and (Up ns?y, z) is a chart for S?

(applies to those points p € S? for which % (p) #0).

Similarly, if one chooses p € S? with % (p) # 0, then there is an adapted chart (V},, z, f, z) containing
p in which V, N S? is defined by the vanishing of the second coordinate f. Then (Vp ns? x, z) is a
chart for S? (applies to those points p € S? for which % (p) #0).

In a similar manner, if now one chooses p € S? with % (p) # 0, then there is an adapted chart
(Wp, 2,9, f) containing p in which W, N S? is defined by the vanishing of the third coordinate f. Then
(Wp ns? x, y) is a chart for S? (applies to those points p € S? for which % (p) #0).

Now, for every p € S2, at least one of the partial derivatives % (p), % (p), % (p) is nonzero. Hence,

as p varies on all over S2, one obtains a collection of adapted charts of R? that covers S2. Therefore,
S? is a regular submanifold of R3. By Proposition 7.1.1, S? is a manifold of dimension 3 —1=2. W

Lemma 7.2.1

Let g: N — R be a C* function. A regular level set g=! ({c}) of level ¢ of the function g is the
regular zero level set f~! ({0}) of the function f = g —c.

Proof. For p € N,
glp)=c <= f(p) =g —c=0.
Hence, g=! ({c}) = f~1 ({0}). Call this set S. Note that

fsp=9xp, VPEN.

Hence, critical points of f and g are exactly the same. Since S is a regular level set of the function g,
it does not contain any critical point of the function g. Hence, S does not contain any critical point
of the function f either. In other words, f=1 ({0}) = S is a regular zero set of the function f. |

Theorem 7.2.2

Let g : N — R be a C* function on the manifold N. Then a non-empty regular level set
S = g~ ({c}) iis a regular submanifold of N of codimension 1.

Proof. Let f =g —c. By Lemma 7.2.1, S = f~! ({0}) is a regular zero set of f. Let p € S. Since p is
a regular point of f, relative to any chart (U, zlx?, ... ,x”) containing p,

of
ot

(p) # 0 for some 1.

Otherwise, p would be a critical point of f according to Proposition 6.4.1. By renumberiing the
coordinate functions, we may assyme that % (p) # 0. Now, the Jacobian matrix of the C'* map
@ : U — R" defined by

()= (f(p),2*(),....2" (p))

is given b
: ' 900 0o ... D¢ of  of of
ox ox ox™ ozl ox2 T dzm
00 0t 0g° 0 1 -
oxl 022 oz | _
e 09 9 0 0 1
ozl oz2 ox™
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8(f,ac2,...,x")

So, the Jacobian determinant STz ) AP is % (p) # 0. Therefore, by Corollary 4.3.3, there

is a neighborhood U, of p € N on which ¢!, ¢? ..., ¢" form a coordinate system. In other words,
(Up, foa?, ... ,x”) is a coordinate neighborhood containing p. In this chart, the set U, N S is defined
by the vanishing of the first coordinate ¢! = f. Because S is the zero set of f, so the maximal subset
of U, where f vanish must be U, N S. Thus (Up, f,x% ... ,:U”) is an adapted chart relative to .S, and
(Up ns,z2, ... ,x”) is a chart for S containing p. Since p is arbitrary, S is a regular submanifold of
dimension n — 1 by Proposition 7.1.1. |

The next step is to extend the result of Theorem 7.2.2 to a regular level set of a smooth map between
manifolds.

Theorem 7.2.3 (Regular Level Set Theorem)

Let FF: N — M be a C* map of manifolds, with dim N = n and dim M = m. Then a non-empty
regular level set S = F~1 ({c}), with ¢ € M, is a regular submanifold of N of dimension n — m.

Proof. Choose a chart (V,v¢) = (V, yl,yz,...,ym) of M centered at ¢, i.e. 1 (c) = 0 € R™. Then
F~1(V)is open in N containing F~! ({c}). Also, in F~1(V),

F'({ch) = F (¢ ({0}) = (o F)7' ({0}) .

Hence, the level set F~! ({c}) is the zero set of 1o F.

Rm

M

Figure 7.3: The level set F~! ({c}) of F is the zero set of ¢ o F.

Denote by F' =y o F = rl oo F = rio (¢po F), with each F* : F~1 (V) — R. Now for each
i€{l,2,...,m},

F(F ' ({e}) =ropoF(F ' ({c}) = (r"o¢)(c)=r"(0)=0.

Now we claim that, F~1 ({c}) is the maximal common zero set of the functions F!, F? ... F
F~1(V). In other words, we want to show that

™ on

(F) ™ ({o}) -

IDE

P({eh) = |

=1

Assume for the sake of contradiction that there exists some b ¢ F~! ({c}) such that F?(b) = 0 for
every ¢. Then we have

Fih)=0 = r" (W (F () =0 Vi = ¢(F(()=0=1v(c) = F(b)=c.

This implies that b € F~! ({c}), contradiction! Therefore, F~! ({c}) is the maximal common zero set
of the functions F*, F2,... F™ on F~1 (V).

By hypothesis, the regular level set F'~! ({c}) is nonempty. So, by Remark 7.2.1, n > m. Now fix
a point p € F~! ({c}) and let (U,¢) = (U,z',2?,...,2") be a coordinate neighborhood of p € N
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contained in F~! (V). In other words, p € U C F~ (V) (See Figure 7.3). Since F~! ({c}) is a regular
level set and p € F~1 ({c}), p is a regular point of F. In other words, the differential F , : T,N —
Tr@p)M is surjective. In other words, rank F} j, = dim Tp(,)M = m. So, the matrix representation of
F , also has rank m.

OF'
rank [ . (p)} =m.
97 " | cicma<i<n
By renumbering F*’s and 27’s, we may assume that the first m x m block [gTFJ (p)} Lo is nonsingu-
_/L?.]_m

lar. Now we replace the first m coordinates of the chart (U, ¢) = (U, xta?, x”) by F1,F2 ... F™.

Now we claim that there is a neighborhood U, of p such that (Up, FYLFRF2 . F™ gmth x”) is
a chart in the maximal atlas of N. It suffices to compute the pertinent Jacobian matrix at p. We
write the n x n Jacobian matrix as block form:

9Ft  9F?
J = oxd  QxP 7

ox®  OJx®
Ozxd  OxP

where 1 < 7,7 <m and m+ 1 < a,8 < n. Therefore,

oF! %
O(nfm)xm I(nfm)x(nfm)

The determinant of J is det [LFi = 0 since [B—F.i is nonsingular. Therefore, by Corol-

Ox) } 1<i,j<m o) ] 1<i,j<m
lary 4.3.3, there exists a neighborhood U, of p € N such that there exists a coordinate neighborhood
(Up, F1,F?, ..., F™ o™+ . 2") in the maximal atlas of N. In this chart, the set U, N S is defined
by the vanishing of the first m coordinates F'', F2 ... F™. Because we proved earlier that S is the
maximal common zero set of these m coordinate functions F', F2,..., F™. So the maximal subset of
U, where all these m coordinates vanish must be U, N S. Thus (Up, FYUFRF? .. F™ gmtl ,x") is
an adapted chart relative to S, and (Up NS, zmtt . ,:L‘") is a chart for S containing p. Since p is
arbitrary, .S is a regular submanifold of dimension n —m by Proposition 7.1.1. |

Following is a useful lemma that follows from the proof of the regular level set theorem.

Lemma 7.2.4

Let ' : N — R™ be a C"™° map on a manifold N of dimension n and let S be the level set
F~1({0}). If relative to some coordinate chart (U,xl,x2, ... ,a:”) about p € S, the Jacobian
determinant
o(F,F?,...,F™)
O (xi,xd2, ... xim)

(p)

is nonzero with j1,j2,...,Jm € {1,2,...,n}, then in some neighborhood of p, one may replace
oI, xi2 . xIm by F1 F?, ... F™ to obtain an adapted chart of N relative to S.

Remark 7.2.2. The regular level set theorem gives a sufficient but not necessary condition for a
subset, of a manifold to be a regular submanifold — if the subset is a regular level set of some smooth
map, then it is a regular submanifold. But there can be a regular submanifold of a manifold that fails
to be a regular level set of some smooth map. Here is an example elucidating the fact: take f : R? — R
defined by f (z,y) = y?. This map is C* and the zero set Z (f) is the z-axis, a regular submanifold
of R2. However, both g—ﬁ =0 and % = 0 on the z-axis. In other words, every point of the z-axis is a

critical point of f. Thus, although Z (f) is a regular submanifold of R?, it is not a regular level set of

f.

An Example of a Regular Submanifold

As a set, the special linear group SL (n,R) is the subset of GL (n,R) consisting of n x n real matrices
of determinant 1. The product of two matrices with unit determminant is again a matrix with unit
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determinant. Furthermore, the inverse of a matrix with unit determminant is also a matrix with unit
determminant. They follow from the following properties of the determinant function:

_ 1
det A

Hence, SL (n,R) is a subgroup of GL (n,R). Now let f : GL (n,R) — R be given by f(A) = det A.
Notice that f is a C° map and SL (n,R) = =1 ({1}). We will now check that 1 is a regular value of
the C* map f, i.e. the matrices in f~1 ({1}) are all regular points of f.

Let ai;, 1 < 4,5 < n, be the standard coordinates on R"*", and let S;; be the submatrix of
A = [a;] € R™™ formed by deleting the i-th row and the j-th column of A. Then denote by
mi; (A) := det S;;, the (¢, 7) minor of A. Then, we have

det (AB) = (det A) (det B) and det (A™")

f (A) =det A= (—1)i+1 ;1M1 (A) + (—1)i+2 ;2142 (A) +---+ (_1)i+n AinMin (A) .
This is obtained by expanding along the i-th row. Therefore,
of

aaij

(4) = (=)™ my; (4) .

By Proposition 6.4.1, a matrix B will be a critical point of f if and only if all the partial derivatives
O (B) vanish. In other words,

Baij

of (B) = (-1)"" mi; (B) =0, for every i,7.
Gaij

Hence, a matrix B = [b;;] € GL (n,R) is a critical point of f if and only if all the (n — 1) x (n — 1)
minors m;; (B) of B are 0. Then we have,

det B = (=1)" " bjymi (B) 4+ (=1) 2 bamaa (B) + - - - 4+ (=1)" " biymin (B) = 0.

Since every matrix in SL (n, R) has determinant 1, no matrix in SL (n,R) can be a critical point of f.
In other words, all the matrices in SL (n,R) are regular points of f, and thus SL (n,R) = f~! ({1})
is a regular level set. Then by Theorem 7.2.2, SL(n,R) is a regular submanifold of GL (n,R) of
codimension 1. In other words,

dim SL (n,R) = dim GL (n,R) — 1 = n? — 1.

§7.3 Rank of a Smooth Map

Recall from the previous chapter that the rank of a smooth map F': N — M at p € N is defined as
the rank of its differential at p, i.e. the rank of the linear map F p : T,N — Tp,)M. Here, n = dim N
and m = dim M. Now, we will study two situations related to rank of a smooth map:

(i) when F' has maximal rank at p € N,
(ii) F has constant rank in a neighborhood of p € N.
If F: N — M has maximal rank at p € N, then there are 3 mutually not exclusive possibilities:
(a) If n =m, then since Fy ) : T,N — Tr@pyM is a linear map with maximal rank, one must have
rank Iy, = n = dim T, N .
By rank-nullity theorem,
rank F ,, + nullity Fy , = dimT,N =n = nullity I\, =0.

Hence, Ker F, , = {0}, yielding F ; is non-singular. Since dim 7, N = dim Tr@pyM, and Fy p is non-
singular, Fi , is bijective. Therefore, F} , is a bijective linear transformation, i.e. an isomorphism
between T, N and T, M. Therefore, by Remark 6.2.1, F': N — M is locally invertible or a local
diffeomorphism at p € N.
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(b) If n < m, then using the fact that rank F,, < min{m,n}, one obtains rank F, , < n. Since
rank F} ;, is maximal, rank F ;, = n. By rank-nullity theorem,

rank F , + nullity F , = dimT,N =n = nullity F}, =0.

In other words, Ker Fy , = {0}, so Fi ), : T,N — Tp(,)M is injective. Therefore, F': N — M is an
immersion at p € N.

(¢) If n > m, then again using rank F, , < min {m,n}, one obtains rank F. , < m. Since rank F}  is
maximal, rank F} , = m. In other words, im F} ), is a m-dimensional vector subspace of Tr(,) M, so
im F , must be Tp(,) M itself. Hence, Fyp : T,N — Tp,yM is surjective. Therefore, F': N — M
is a submersion at p € N.

Lemma 7.3.1

Suppose T : V' — W is a linear transformation between finite dimensional vector spaces V and W.
Let Iyy : W — X and Iy : V — Y be vector space isomorphisms. Then rank (Iyy oT) = rank T’
and rank (T o I‘;l) =rankT.

Proof. Iy o T : V — X. T (V) is a vector subspace of W. Then restricting Iy on T (V') gives us an
isomorphism IW’T(V) :T(V) — Iy (T'(V)). Therefore,

rank (Iyy o T) = dim (I (T (V))) =dim T (V) = rank T'.

Furthermore, T o I;l : X — W. Since I;l :Y — V is a vector space isomorphism, I‘;l (Y)=V.

Therefore,
rank (70 I;;') = dim (T (I;;' (Y))) = dimT (V) = rank T'.

Theorem 7.3.2 (Constant Rank Theorem for Manifolds)

Let N and M be manifolds of dimension n and m, respectively. Suppose F' : N — M has
constant rank & in a neighborhood of a point p € N. Then there are charts (U, ¢) centered at
p €N (¢(p) =0 € R") and (V,) centered at F (p) € M (¢ (F (p)) = 0 € R™) such that for
(7"1,7“2, .. ,r”) €p(U),

(¢oFo<p_1) (7"1,7‘2,...,7"n) =2k 0,0,...,0 ).

——
(m—£k) many Os

Remark 7.3.1. Same as Remark 2.6.1, we can add F (U) C V in the statement of Constant Rank
Theorem for Manifolds, because otherwise we can always find a smaller U such that F' (U) is contained
in V. Here, too, the notation 1) o F o ! is a bit sloppy. What this composition actually means is the
following:

Wl 0 Fly 0@ 0 (U) = v (F(U)) .

Proof of Constant Rank Theorem for Manifolds. Choose a chart (U, @) about p € N and (V, E) about
F(p) € M with F(U) CV. Then o Fop ' : 5 (U) CR" — ¢ (V) C R™ is a map between open
subsets of Euclidean spaces. Because ¢ and %! are diffeomorphisms onto the respective images, the
pertaining differentials are isomorphisms by Corollary 6.1.2. In other words, i*’ F(p) and (@’1)*@@)
are both vector space isomorphisms. Also, by The Chain Rule,

= ——1 = ——1
(o Fop ™), o) = Yure © Frn o (P). 50 -
By Lemma 7.3.1, composition with isomorphism does not change the rank of a linear map. Therefore,

rank (E oFo @‘1)*@(7)) =rank Fj .

78



7 Submanifolds 79

rank F ,, is the rank of the smooth map F': N — M at p € N, which is constant £ in a neighborhood
of p. Therefore, the map 1) o F' o 3! between open subsets of Euclidean spaces also has constant
rank k in a neighborhood of @ (p) € R™. By Constant Rank Theorem for Euclidean Spaces, there are
a diffeomorphism G of a neighborhood of @ (p) € R™ and a diffeomorphism H of a neighborhood of
1 (F (p)) € R™ such that

(HOEOFOE_IOG_I) (rl,T‘Q,...,r") = (7"1,1“2,...,7"k7 0,0,...,0 ).
——

(m—k) many 0s
Setting H o1 =1 and G o @ = ¢, we obtain

(z/JoFogofl) (7’1,7’2,...,7'”) = (Y2, .k 0,0,...,0 ).
————

(m—k) many 0s

Furthermore, Eonstant Rank Theorem for Euclidean Spaces guarantees that G sends @ (p) to 0 € R™
and H sends ¢ (F (p)) to 0 € R™. Therefore,

p(p)=G@(p)=0€R" and ¢ (F(p))=H (¢ (F(p)) =0€R™.

By a neighborhood of a subset A of a manifold M we mean an open set containing A.

Theorem 7.3.3 (Constant-Rank Level Set Theorem)

Let f : N — M be a C'*° map of manifolds and ¢ € M. If f has constant rank k in a neighborhood
of the level set f~1 ({c}) C N, then f~!({c}) is a regular submanifold of N of codimension k.

Proof. Let p € f~! ({c}). By hypothesis, there is a neighborhood p of N where f has constant rank.
By Constant Rank Theorem for Manifolds, there are a coordinate chart (U, ) = (U,xl,a:2, e ,:L‘")
centered at p € N (¢ (p) = 0 € R") and a coordinate chart (V,v¢) = (V,yl,yQ, e ,ym) centered at
f(p)=ce N (¢ (c) =0 € R™) such that

(w‘f(U) of‘Uoc;fl) (ror? ™) = (e ek 0,0,...,0 ).
(m—k) many Os

Let ¢y 0 flyow™ = f. Then we have,

Hence, f~1 ({0}) is defined by the vanishing of r*, 72, ... rF.

— @ ‘
\/\j

Now, observe that

e (U HeD) = ¢ (£, Ueh) = (15" (¢l {0D))
- <w|f(U) o flyo ‘Pﬂ)_l ({o}) = fF({o}) .
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Hence, the image of the set U N f~1 ({¢}) under ¢ is the level set ! ({0}). One, therefore, obtains
that a generic element of ¢ (U N f~! ({c})) has the first k coordinates vanishing.

Recall that (U, ¢) = (U,:z:l,Q:Q, . .,$”) is a chart in N centered at p € N, where 2! = % o ¢ with
i € {1,2,...,n}. Since r!,r?, ... r¥ vanishes on ¢ (UN f~* ({c})), on U N f~' ({c}), ¢ is given by
the vanishing of the first & coordinates. In other words,

xlzrlogoz(), 332:1“2og020, e,
On the other hand, if ¢ € U\ f~' ({¢}), then since ¢ (UN 1 ({c})) = 1 ({0}), ¢ (¢) & ' ({0}).
Hence, not all the first k coordinate functions of ¢ (¢) are vanishing. Hence, the maximal subset of U
where all the first k coordinates are vanishing is U N f~! ({c}). Therefore, U is an adapted chart of N
relative to f~! ({c}) containing p. Since p € f~!({c}) was an arbitrary point, f~! ({c}) is a regular
submanifold of N of codimension k. |

k:rkowz().

Example 7.3.1. The orthogonal group O (n) is defined to be the subgroup of GL (n,R) consisting of
matrices A with ATA = AAT = I, where I is the n x n identity matrix. Using the Constant-Rank
Level Set Theorem, prove that O (n) is a regular submanifold of GL (n, R).

Solution. Define f : GL (n,R) — GL (n,R) by f (A) = ATA. Then O (n) = f~* ({I}).
For A, B € GL (n,R), there exists a unique matrix C' € GL (n,R) such that B = AC. Denote by
lo,re : GL(n,R) — GL (n,R), the left and right multiplication by C, respectively:

lc(B)=CB and r¢(B)=BC.
Now, since f (AC) = (AC)T AC = CTATAC = CT f (A) C, one has
(fore)(A)=f(AC)=CTf(A)C.
On the other hand,
(lgr orc o f)(A) = (lgr ore) (f (4)) CTF(A) C.
Therefore, (f org) (A) = (lgr orc o f) (A). Since this is true for every A € GL (n,R),
forc=lgrorcof.

Now, by The Chain Rule,

(f ° TC)*,A = (lC'T orco f)*,A = f*yAC ° (TC)*,A = (ZCT)*,ATAC ° (TC)*’ATA °© f*,A :

Since left and right multiplications are local diffeomorphisms, the pertaining differentials are isomor-
phisms by Remark 6.2.1. Composition with isomorphism does not change the rank of a linear map
(Lemma 7.3.1). Therefore,

rank f, 4 = rank f, 4c =rank f, B,

since AC' = B. Since A and B are two arbitrary points of GL (n,R), we can conclude that f has
constant rank on GL (n,R). Then by Constant-Rank Level Set Theorem, the level set f~! ({I}) =
O (n) is a regular submanifold of GL (n,R). [ |

§7.4 The Immersion and Submersion Theorems

Consider a C* map f : N — M. Let (U,p) = (U,z',2%,...,2") be a chart about p € N and
(V) = (V, yl,y2,...,ym) be a chart about f(p) € M. Write f' = y* o f. By Proposition 6.2.5,

n
relative to the charts (U, ) and (V,4), i.e., relative to the basis { 0 } ) of T,N and the basis
1=

oz Ip
9
oyl

m
Py )} of T4,y M, the linear map fp : T, N — T, M is represented by the matrix
pP)) j=1

o

)] .
97 | | cicmii<j<n
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Hence,
o af’
f«p is injective <= n < m and rank D07 (p)| =n,
z
o af’
f«p is surjective <= m < n and rank 97 (p)| =m.
z
The rank of a matrix is the number of linearly independent rows/columns of the matrix. Since the
matrix {% (p)] is of size m X n, rank [% (p)} < min {m,n}. Therefore, one finds that whenever
f: N — M is an immersion or a submersion at p € N, the matrix {% (p)} is of maximal rank.

Having maximal rank at a point is an open condition in the following sense: the set
Drax (f) == {p € U | fs«p has maximal rank at p}
is an open subset of U.

Claim — Dy (f) is an open subset of U.

Proof. Suppose k is the maximal rank of f. Then

i

rank f, , = k <= rank [g; (P)} =

7

<= rank [Gij (p)} >k

The last = is obvious and <« holds since k is the maximal rank, so

of

i
oxJ

(p)] >k = rank [gz (p)} =k.

0 .(p)]Zk s k:Zrank[

k
ran [ 97

Hence, the complement U \ Dyax (f) is defined by

U\ Do (f) = {p € U | rank [gm] (p)} < k} .

By Lemma 5.2.1, rank [ng; (p)} < k is equivalent to the vanishing of all k£ x k minors of {ng; (p)] .

Now we shall use the fact that the common zero set of finitely many continuous functions is
closed. In other words, if fi, fa,..., fn : X — R are continuous functions, then

n

(£ (o}

=1

is closed in X. This is because each fi_1 ({0}) is closed in X, and intersection of finitely many
closed sets is also closed.
Now, U \ Dmax (f) is the collection of all p € U such that all the determinant functions on k x k

submatrices of [% (p)} vanish simultaneously. So we are looking at the common zero set of all

the determinant functions on all £ x k submatrices of [ng; (p)} . Since there are only finitely many

k x k submatrices, we can conclude that U \ Dyax (f) is closed in U. Therefore, Dyax (f) is open
inU. Il

In particular, if f has maximal rank at p, it has maximal rank at all points in some neighborhood of p,
which is denoted by Dax (f) here. We summarize all these results formally by means of the following
proposition.
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Proposition 7.4.1

Let N and M be manifolds of dimension n and m, respectively. If a C*° map f: N — M is an
immersion at a point p € N, then it has a constant rank n in a neighborhood of p (in this case
m >n). If a C>® map f: N — M is a submersion at p € N (in which case n > m), then it has a
constant rank m in a neighborhood of p.

Example 7.4.1

Although maximal rank at a point implies constant rank in a neighborhood, the converse is not
true. The map f : R? — R? defined by f (z,y) = (x,0,0) has Jacobian matrix

aft aft
ox dy 1 0
_ |ofr orr| _
J= % By |=1|0 0
afS 8f3 O 0
Or Oy

Then J has rank 1 everywhere in R2. But this is not maximal since min {2, 3} = 2 # rank J.

Proposition 7.4.1 and Constant Rank Theorem for Manifolds imply the following theorem.
Theorem 7.4.2
Let N and M be manifolds of dimension n and m, respectively.

(i) (Immersion theorem) Suppose f : N — M is an immersion at p € N (then n < m).
Then there are charts (U, ¢) centered at p € N and (V, 1)) centered at f (p) € M such that
in a neighborhood of ¢ (p) = 0 € R™,

(wofogo_l) (1“1,7“2,...,7“") = (r},72,...,r,0,0,...,0).
————

(m—n) Os

(ii) (Submersion theorem) Suppose f : N — M is a submersion at p € N (then n > m).
Then there are charts (U, ¢) centered at p € N and (V, 1) centered at f (p) € M such that
in a neighborhood of ¢ (p) =0 € R™,

(wofogofl) (rl,rz,...,rm,rmﬂ,...,r”) = (rl,r2,...,rm) .

Corollary 7.4.3
A submersion f: N — M is an open map.

Proof. Let W C N be open and p € W so that f(p) € f(W). Now, f: N — M is a submersion at
p by hypothesis. Then by submersion theorem, there are charts (U, ) centered at p € W C N and
(V,4) centered at f (p) € f (W) C M such that in a neighborhood of ¢ (p) = 0 € R™, one has

(¢ofo¢_1) (7“1,7‘2,...,7“7”,7"”‘“,...,r") = (7“1,7“2,...,7“’") .

We can take U small enough such that U C W.

Now, consider the subset f (W) C M. Any point in f (W) is of the form f (p) with p € W. But
from the previous argument, it follows that for p € W C N with W open, one can find an open set
U C W with respect to which f acts as a local projection. In other words,

f=dlyyoflyor o) CR" 5y (V) CR™
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is projection onto the first m coordinates. By Proposition 1.6.5, projection is an open map. Therefore,

~

Flo@) =], (F W) =0 (f V)

is open in ¥ (V) C R™. Since v is a diffeomorphism, =% : ¥ (V) C R™ — V is an open map.
Therefore,

P (f(U)) = [ (U)
is open in V. Since V is open in M, f(U) is open in M. Hence, for every f (p) € f (W) C M, one
can find f (U) open in M such that

fp)efW)cfw).

This proves that f (W) is open in M. |

Example 7.4.2
Let f : R — R? be defined by f (t) = (¢%,t%). Observe that

ft) =f(t2) <= (.8]) = (65,13) < ti=ts.
The equality of the second component t3 = t3 forces t; = tg, although t? = 3 has 2 solutions

t; = #to. So, the injectivity of the function 3 forces the injectivity of f (t) = (tQ,t3). This f is
represented by a cuspidal cubic.

We’ve seen in Example 6.3.1 that

d 0
o | S ) =200 2
Jeto (dt to) 0 9z

Therefore, for ¢y = 0, we find that the differential f, o : ToR — T, (0’0)R2 is the zero map, and hence
it’s not injective. Therefore, despite f being an injective map, it’s not an immersion at 0.

0
+3t2 —
0 83/

f(to) f(to)
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8 Immersed vs Regular Submanifold

§8.1 Embedding

Example 8.1.1

Consider the smooth map f : R — R? defined by f () = (t2 — 15— t). This map is not injective
as f(1) = f(=1) = (0,0). The matrix representation of f,;, with respect to the standard
coordinate of R and R? is
2o
[3t3 — 1] '

There is no ty such that 2ty = 37% —1=0. So, rank f, s = 1 for every tyg. Therefore, f is an
immersion, but it’s not injective.
To find an equation for the image f (R), let z =2 — 1 and y = t3 — t. Then

y=t(t*—1) =tz = y*=t>2>=2>(z+1).

Thus, the image of f is the nodal cubic y? = x2 (z + 1).

Example 8.1.2

The map f shown in the following figure is an injective immersion but it’s image, with respect
to the subspace topology inherited from R? is not homeomorphic to the domain R, because there
are points near f (p) in the image that corresponds to points in R far away from p. Let us try to
see it mathematically.

v
/ : a2
[ \ > -

By Lemma 1.5.3, f~! is continuous if and only if for every f (p) € f(R) and for every neigh-
borhood U of f~1(f (p)) = p, there exists a neighborhood V of f (p) such that f~1 (V) C U. If
we choose U to be an interval around p, then there is no neighborhood V' C R? of f (p) such that
f~1(V) C U. Because, no matter how small V is, it will contain points whose image under f~!

will be far away from p, let alone be contained in U. Therefore, f~! is not continuous. In other
words, f : R — f(R) is not a homeomorphism.
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8 Immersed vs Regular Submanifold 85

Definition 8.1.1 (Embedding). A C* map f: N — M is called an embedding if
(i) it is an injective immersion, and

(ii) the image f (IV) with respect to the subspace topology is homeomorphic to N under f.

Remark 8.1.1. Here f : N — M is injective. In fact, the injectivity condition is redundant as the
condition that f : N — f(N) is a homeomorphism already demands that f is injective.

One can equip the image f (N) of N under f with not the subspace topology inherited from M,
but the topology inherited from f. That is, a subset f (U) of f (NN) is said to be open if and only if
U is open in N. With this topology, f: N — f () is a homeomorphism.

Let f (U) C f (N) be open. Then by the definition of the topology inherited from f, U = f=1 (f (U))
is open in N. Therefore, f is continuous. Now, consider f~1: f (N) — N. Let U C N be open. Then
() = (f_l)_l (U) is open. Therefore, f~1 is also continuous. Hence, with respect to the topology
inherited by f, f: N — f(N) is a homeomorphism.

The image f (V) of an injective immersion is called an immersed submanifold. The topology of
an immersed submanifold is the one inherited from f. If the underlying set of an immersed submanifold
is given the subspace topology, then the resulting space need not be a manifold at all. Contrary to an
immersed submanifold, a regular submanifold of a manifold M us a subset S of M with the subspace
topology such that every point of S has a neighborhood U N S that is defined by the vanishing of the
coordinate functions on U, where U is a chart in M.

Example 8.1.3. The figure eight is the image of the injective immersion

f: (—g,?)g) —R?, f(t) = (cost,sin2t) .
It is easily seen to be injective, since

f(t1) = f(ta) = cost; = coste and sin2t; = sin2ty = sint; = sinty.

Therefore, either cost; = costo = 0 or t; — ts = 2nw for some integer n. There are only one
te (—g, 3%) with cost = 0. And, t; — o = 2nm is also not possible since the length of the interval is
2w, and the endpoints are not included. So f is injective.

To see that f is an immersion, the matrix representation of f, s, is
—sin to
2cos2ty|
cos2, =1—-2 sin® tg, so — sintg and 2 cos 2t can’t both be 0 simultaneously. Therefore, rank f ;, = 1

for every ty. So, f is an immersion.

f7H(B) F7H(A)

\
7

S
SE
o
5

The set denoted by the segment AB in the z-y plane is not an open set relative to the topology
inherited from f, as

o = (5 ) o (50 {5)
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8 Immersed vs Regular Submanifold 86

f~Y(AB) contains an isolated point and hence it’s not open.
Figure eight is also the image of the injective immersion

g: (—g,3g> —R?, g(t) = (cost, —sin2t) .

gUB) g N (A)
v o ! x

I
NE
)

For this injective immersion, g~ (AB) = (g_1 (B),g~! (A)), which is open in (—g, 3%)
Hence, these two injective immersions f and g are distinct. The segment AB is not open in the

topology inherited from f, while it is open in the topology inherited from g.

Why is the image of figure 8 not a manifold in subspace topology?

Let S be the image of figure 8. Assume the contrary that S is a manifold in subspace topology. Take
(0,0) € S. Since S is a manifold, there is an open set (in the subspace topology) U around (0,0)
such that U is homeomorphic to an open ball B (a,¢) of radius € centered at a € R™. Denote this
homeomorphism by ¢, i.e. ¢ (U) = B (a,e). Then U\ {(0,0)} is homeomorphic to B (a,e)\ {¢ (0,0)}.
Therefore, they must have the same number of connected components. But U\ {(0,0)} has 4 connected
components, whereas B (a,£)\{¢ (0,0)} has 1 or 2 connected components (depending on the dimension
n'). Thus we arrive at a contradiction!

Theorem 8.1.1
If f: N — M is an embedding, then its image f (V) is a regular submanifold of M.

Proof. Let p € N. By the immersion theorem (Theorem 7.4.2), there are charts (U, ) centered at
p € N and (V,4) centered at f (p) € M such that in any neighborhood of ¢ (p) = 0 € R" contained

in ¢ (U),
(d;ofogo*l) (7"1,7“2,...,7"”) = (rl,r2,...,r",0,...,0) .

In fact, this is an abuse of notation as discussed in the previous chapter:
-1(.1 2 1,2
Qp‘f(U)of‘Uogo (7‘ ,T ,...,7‘”) = (1" ST ,...,r”,O,...,O) .

So, evidently, we want f (U) C V. This means any element of ¢ (f (U)) is of the form (1"1, r2, .m0, O).
Thus, f (U) is defined in V' by the vanishing of the last m — n coordinate functions:

r"How:y”H:O,...,rmowzym:O.

Now, VN f (N) can be larger than f (U), and on f (U) only the last m —n coordinate functions vanish
identically. It might be the case that on V N f (N), the last m — n corrdinate functions don’t vanish,
and hence V' can’t be an adapted chart about f (p) relative to f (N).

Tf n = 1, the number of connected components is 2. For n > 2, it is 1.
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8 Immersed vs Regular Submanifold 87

’ VY

U /
N \ SACH F(N)
W4

[
A f f(p

[/

V/

We need to show that in some neighborhood of f (p) in V, the set f (N) is defined by the vanishing
of the last m — n coordinate functions.

Since f: N — M is an embedding, N is homeomorphic to f (V) in the subspace topology. Hence,
given an open subset U of N, f(U) is open in f (V). By the definition of subspace topology, there is
an open set V' in M such that f(U) =V'nN f(N). Now,

VnvVnf(N)=vnfU)=fU),

and f (U) is defined by the vanishing of the last m —n coordinate functions on V. Therefore, VNV" is
a neighborhood of f (p) in M such that f (N) is defined by the vanishing of the last m — n coordinate
functions on (V NV')N f(N). Thus,

(V N Vlaw‘\/mv/) = (V N V/7y1>y27 e ’ym)

is an adapted chart containing f (p) relative to f (N). Since f (p) is an arbitrary point of f (NV), this
proves that f (N) is a regular submanifold. [ |

Theorem 8.1.2
If N is a regular submanifold of M, then the inclusion i : N < M, i (p) = p is an embedding.

Proof. Note that ¢ : N — i(N) = N is the identity map, so it is a homeomorphism since both the
domain and codomain space N are equipped with the same topology, i.e. subspace topology inherited
from M. Furthermore, N C M implies that dim N < dim M. So, in order to show that i is an
embedding, it suffices to show that i, , is of rank n = dim N for every p € N.

Since N is a regular submanifold of M, choose an adapted chart (V,yl, vy T L ,ym)
for M about p relative to IV such that V N N is the zero set of the last m — n coordinate functions
y" .. y™. Hence, (V NN,y 9%, ... ,y") is going to be a chart of the manifold N about p. Relative
to these two charts, i : N < M is given by

(vhy? ™) = (VYR y™,0,...,0)

The corresponding differential i p, : T,N — T,,M is represented by the following m x n matrix relative
to the abovementioned charts:

1 o0 .- 0]

o 1 --- 0

0 0 o 1| = [I] .

0 O 0 Ormsxn

0 0 - 0
Hence, ranki,, = n. This is true for every p. Hence, i : N — M is an immersion. We have already
proved that i : N — i (N) = N is a homeomorphism. Therefore, 7 is an embedding. |
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8 Immersed vs Regular Submanifold 88

§8.2 Smooth Maps into a Submanifold

We shall start with an observation. Consider the injective immersion g : (—%, 3%) — R? given by
g (t) = (cost,—sin2t). The image of g in R? is the figure 8 given by the following image:

Let us denote by S the image of g, i.e. S = {g(t) -5 <t< 3%} Now, consider the other
injective immersion f : (—%,3%) — R? given by f (t) = (cost,sin2t), the image of which is given by
the following image:

Now, one can show that im f C S. In can be seen by proving that for every t; € (—g, 3%), there
exists some ¢y € (—%,3%) such that f (t1) = g (t2). In fact, this can be achieved by choosing

T 2092
—11 if t1 € (—g,g)
to = 2w —t1 if t1 € (g,3g)
t1 if ¢4 :%

So there is an inclusion ¢ : im f — S C R2. Denote by f: to f, so that f: (—3,3%) — 5. The
map f~'is induced from the map f : (—%,3%) — R2 given by f(t) = (cost,sin2t), which is a C>
map. However, the induced map fis not even continuous, let alone C'*°. Here we equipped S with
the immersed submanifold topology inherited from the injective immersion g. In this topology, the
segment AB is open in S. But

fHAB) = (o /)1 (AB) = f 71 (1 (AB)) = [ (4B)

is not open in (—%, 3%) because it contains an isolated point as discussed earlier.

To summarize, although f is C*°, the induced map f is not even continuous, let alone being C*°.
This is so because the set S containing the image of f is not a regular submanifold of R?. In fact, we
have the following result.

Theorem 8.2.1

Suppose f : N — M is C*° and the image of f lies in a subset S of M. If S is a regular
submanifold of M, then the induced map f: N — S is C*°.
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8 Immersed vs Regular Submanifold 89

Proof. Let p € N. Also, let n =dim N and m = dim N. By hypothesis, im f C S. So f(p) € S C M.
Since S is a regular submanifold of M, there is an adopted chart (V,v) = (V,yl,yQ, e ,ym) of M
about f (p) such that SNV is the zero set of the last m — s coordinate functions y**1 ... y™. If one
denotes g = (yl, y2, ... ,ys), then (SN V,1g) is a chart for the regular submanifold S. Now, take
a chart (U, ) about p. By choosing U sufficiently small, we can assume f (U) C V. This is possible
since f is continuous. Since im f C S, f(U) € SN V. Then, with respect to the charts (S NV, g)
about f (p) and (U, ¢) about p,

Ysofop lipU)CR" - R®

is given by

for a € ¢ (U). Now, f(go_l (a)) = f (¢ (a)). So
(vsoTow™) (@ = (v (f (¢7 @) 0> (/ (7 (@) o0 ( (97 (@) -

Since f : N — M is smooth, relative to the charts (U, @) of N and (V,4) of M, o fop™t: ¢ (U)C

R™ — R™ is smooth. The components of 1) o f o ¢~ ! are

o (¢Ofo¢_1) =y'ofop
and they are smooth. We’ve seen that the components of ¢g ofo o lareyiofop lfori=1,2,...,s.
Therefore, ¢go fo ¢~ ! is smooth. This proves that f is smooth at p. This is true for every p € N, so
f is smooth. |

Example 8.2.1 (Multiplication map of SL (n, R)). The multiplication map p : GL (n, R)xGL (n,R) —
GL (n,R) is given by

n
(AB);; = aikbi;

k=1
where a;j, by; are the matrix entries of A, B € GL (n,R), respectively. Since GL (n,R) is an open
subset of R”Q, it is an n2-dimensional manifold with a single chart (GL (n,R), ]lGL(mR)). Similarly,
GL (n,R) x GL (n,R) is an open subset of R™*"* = R2"* 5o it is a manifold with a single chart
(GL (n,R) x GL (n,R),ﬂGL(n,R)XGL(nyR)). Now, the map p is smooth because each component of
i (AB) is a polynomial in the entries of the matrices A and B.

Now, since SL (n,R) is a regular submanifold of GL (n,R), SL (n,R) x SL (n,R) is a regular sub-
manifold of GL (n,R) x GL (n,R). Hence, the inclusion map

i:SL(n,R) x SL (n,R) — GL (n,R) x GL (n,R)
is an embedding and hence C*° by Theorem 8.1.2. Hence,
pwoi:SL(n,R) xSL(n,R) — GL (n,R)

is also C'™° as a composition of smooth maps. Since SL (n,R) is a subgroup of GL (n,R), the product
of two matrices in SL (n,R) is also in SL (n,R). Hence, the image of ;1 0 lies in SL (n,R), which is a
regular submanifold of GL (n,R). Therefore, the induced map

@ :SL(n,R) x SL (n,R) — SL (n,R)

is C*° by Theorem 8.2.1.
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9 The Tangent Bundle

§9.1 The Topology of the Tangent Bundle

Definition 9.1.1 (Tangent Bundle). Let M be a smooth manifold. The tangent bundle T'M of
M is the disjoint union of all the tangent spaces

TM = | | T,M.
peEM

In general, if {A;},.; is a collection of subsets of a set S, then their disjoint union is defined as

| |4 = {p} x 4.

el el

So, a generic element of TM is of the form (p, X)) where X, € T,M. There is a natural map
w:TM — M given by
™(p, Xp) =p.

TM as a set consists of ordered pairs (p, X,,) such that p € M and X, € T,M.

Remark 9.1.1. T,M consists of all the point-derivations at p. A point-derivation at p is certainly
not a point-derivation at g, for p # ¢q. Therefore, T,M and T,M are disjoint. Therefore, the union

is (up to notation) the same as the disjoint union , since for distinct points p an
T,M i t tati th the disjoint uni T,M, si for distinct point d
pEM peM

q in M, the tangent spaces T,M and T, M are already disjoint. That’s why we sometimes write

T™ = U T,M.
peEM

We now give the set TM a topology. Let (U, p) = (U,561,$2, e ,x") be a chart on M. Since U is
an open subset of M, by Remark 6.1.1, T,U = T),M. Let
U= | |T,U=]|]|T,M.
peU peU

At p e U, let X, € T,M so that

Xp = Z c (Xp) 8ZL'Z
i=1
Now, we define the map ¢ : TU — ¢ (U) x R™ by

(0, Xp) = (21 (0), 2% () -, 2" () € (Xp) , 2 (Xp) ooy (X)) -

)

© given as above is a bijection. We use ¢ to transfer the topology of ¢ (U) x R™ to TU: aset A CTU
is open if and only if ¢ (A4) is open in ¢ (U) x R™, where ¢ (U) x R™ is given its standard topology as
an open subset of R?”. With this topology induced from @, TU and ¢ (U) x R™ are homeomorphic to
each other.

p

It is easy to see that ¢ has an inverse given by

0
ozt

n
(p(p).ct.c?....c") = (I%Zci
i=1
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9 The Tangent Bundle 91

Lemma 9.1.1

Let V C U be open in U. Then the topology on TV as a subspace of TU is the same as the one
induced by the bijection cﬂTV TV - (V) xR* C o (U) x R™.

Proof. ¢ is a homeomorphism, and hence an open map. Therefore, ¢ (V') is open in ¢ (U). As a result,
o (V) x R™ C o (U) x R" is open in the subspace topology inherited from R?".

Now, consider the subspace topology on TV inherited from TU. In this topology, let A C TV be
open. Then there exists B C TU open such that A= BNTV.

p(A)=0(BNTV)=¢(B)Neg(TV)=¢(B)N(p(V)xR").

Since B is open in TU, ¢ (B) is open in ¢ (U) x R"™. Therefore, QZ‘TV (A) = o(B)N (¢ (V) xR™)
is open in ¢ (V) x R™. Therefore, A is open in T'V in the topology induced by the bijection @’TV :
TV — o (V) x R™

Now, let A be open in TV in the topology induced by the bijection @"TV. Then @‘TV (A) =¢(A)
is open in ¢ (V) x R™. We have shown that ¢ (V) x R™ is open in ¢ (U) x R™. Therefore, ¢ (A) is
open in ¢ (U) x R™. This means that A is open in TU. Then A= ANTV as ACTV. So A is open
in TV in the subspace topology inherited from TU.

Therefore, one can conclude that the subspace topology on TV inherited from TU is the same as
the one induced by the bijection ‘z}TV TV - (V) xR* Cp(U) x R™. [ |

Now, let B be the collection of all open subsets of TU, as U, runs over all coordinate open sets in M.
In other words, if & = {(Uy, ¥a)} e is the maximal atlas of M,

B = U{A|AQTUa is open in TU,}
acl
={A| ACTU, isopenin TU,, a € I}

Now we shall show that B forms a basis for topology.

Lemma 9.1.2 (i) For any manifold M, the set M is the union of all A € B.

(ii) Let U and V be coordinate open sets in a manifold M. If A is open in TU and B is open
in TV, then AN B isopenin T(UNV).

Proof. (i) Let & = {(Ua, ¥a)}qcr be the maximal atlas for M. Then for every o € I, T,U, = T,M
since U, is open in M for each a. Now,

™ = | | T,M = | {p} xT,M = | ] {p} x T,Ua

pEM pEM pEM
=U U x| =10,
ael \peM a€cl

Now, TU, is open in itself. So TU, € B. Therefore,

TM:UTUag UA.
ael AeB

Also, each A € B is contained in some TU,. Therefore, the union of all A’s is contained in the
union of all TU,’s. In other words,

U AC U TU, =TM .
AeB acl

Therefore, we can conclude that TM = |J,c; TUsy = U pep A-
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9 The Tangent Bundle 92

(i) Note that since UNV C U, T (U NV) is endowed with the subspace topology inherited from TU.
Since A C TU is open, ANT (UNV) is open in T (U NV) in the subspace topology. Similarly,
for BC TV open, BNT (UNYV)isopenin T (U NV) in the subspace topology.

Now, we want to show that TU N TV =T (UNYV).

TUnTV = || |5U|n|||TV]|={ U xTU || J{a xT,V
pelU qeVvV pelU qeV

= U (x50 n({p} xT,V))

peUNV

= U {p} x (TL,UNT,V)

peUNV

= |J Wxn,0unv)=TUNV)

peUNV

Since ACTU and BC TV, ANBCTUNTV =T (UNV). Hence,
ANB=ANBNTUNV)=(ANTUNV)N(BNTUNV)).

We have previously shown that both ANT(UNV) and BNT (UNV) are open in T (UNV).
Therefore, their intersection AN B is also open in T' (U NV).
[ |

Lemma 9.1.2 implies that B is a basis for some topology on T'M. This is because of Proposition 1.3.2.
Now, we give T M the topology generated by the basis B. We declare A C T'M to be open if and only
if there exists {By} C B such that
A=|]JBx.
A

Lemma 9.1.3

A manifold M has a countable basis consisting of coordinate open sets.

Proof. Let & = {(Uq, ¢a)}, be the maximal atlas on M. M is second countable, so there exists a
countable basis. Let B = {B;}, be a countable basis for M.
For each U, and p € U,, choose B, , € ‘B such that

pE Bpo CU,.

Such B, exists because B is a basis. Then {B, .} is a subcollection of B, and hence it is countable.
Also for any open set U € M and p € U, let Ug be a coordinate open set about p. Then any open
subset of Ug is also a coordinate open set. If we take U, = U N Ug, U, is a coordinate open set. So

pE By CU,CU.

Therefore, { B} is a countable basis. Now, since any open subset of a coordinate open set is again
a coordinate open set, and By, is an open subset of U,, we can conclude that {B, ,} is a countable
basis consisting of coordinate open sets. |

Proposition 9.1.4
The tangent bundle T'M is second countable.
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Proof. Let {U;}, be a countable basis for M consisting of coordinate open sets. Let ¢; be the coordinate
map on U;. We have shown that TU; is homeomorphic to ¢; (U;) x R™, which is an open subset of
R™. Hence, ¢; (U;) x R™ is secoond countable. Now, homeomorphism preserves second countability,
so T'U; is also second countable.

For each i, choose a countable basis {B;;}, for TU;. Then {Bj;}, ; is also countable. Now we need
to show that {Bi,j}i,j is a basis for TM. Let A C T'M be open and take (p, X)) € A. We need to
show the existence of B; ; such that (p, X,,) € B; ; C A.

Since {U;} is a basis for M, p € U; for some i. Then

(p: Xp) € {p} x T,M = {p} x T,U; C | J {p} x T,U; = TU;.
peU;

Therefore, (p, X,) € ANTU;. Ais open in TM, and TU; is open in T'M. Therefore, AN TU; is also
open in T'M. Let A= ANTU;. We want to show that A is open in TU;.
Since A is open in T'M , it can be expressed as

where {(Ua, ¥a)}qcr is the maximal atlas of M, and A, is open in TU,.
A, CACTU;.

A, is open in TU,, TU; is open in TU;. Therefore, A, N TU; = A, is open in T (U;NU,). Since
U;NU, is open in U;, T (U; N Uy) is open in TU;. Therefore, ﬁa is open in T'U;. This is true for each
a € J. Hence, Ais open in TU;.

Now, A is open in TU; and (p, X,) € A= ANTU;. Since {Bi;}; is a basis for TU;, there exists
some B; ; such that

(p,Xp) S Bz’,j - AV: ANTU; CA = (p,Xp) S Bi,j CA.
Therefore, the countable collection {B;;}, ; is a basis for TM. [ |

Proposition 9.1.5
TM is Hausdorff.

Proof. Let (p, Xp) and (g,Y;) be distinct points of T'M.

4 N
Case 1: p # q.

Since M ia Hausdorff, there exists disjoint open subsets U; and V; of M that contain p and g,
respectively. Furthermore, there exists coordinate open sets Us and V5 around p and ¢, respectively.
Then U = Uy NUs and V = V; N Vs are disjoint coordinate open sets that contain p and g,
respectively.

(p7Xp) € {p} X TpM = {p} X TpU - U {p} X TpU =TU.
pelU

Similarly, (¢,Y;) € TV. We have shown that TU N TV = T (UNV). Since UNV = @,
TU NTV = @. Therefore, TU and TV are the disjoint open subsets of T'M that contain (p, X))
and (q,Yy), respectively.

Case 2: p=g.

Let (U,¢) be a coordinate chart containing p. Then (p, X,) and (p,Y),) are distinct points on
TU, which is homeomorphic to ¢ (U) x R™. ¢ (U) x R™ is Hausdorff, hence so is TU. Therefore,
(p, Xp) and (p,Y),) can be separated by open subsets of T'U, which are also open subset of T'M.

J
Therefore, T'M is Hausdoeft. [ |
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The Manifold Structure on T'M

Proposition 9.1.6
Let {Uq, @a}ocr be an atlas for M. Then {TUy, @a}ye; is an atlas for TM.

Let’s begin with an observation. Let (U,xl,xQ, .. .,x“) and (V,yl,yQ, e ,y”) be two charts on M.
Then for any p € U NV, there are two bases for T, M:
n
p}izl

ol e [
oxd )i oy’
; 0
- Zb ayl

So X, € T,M has two basis expansions
n

Xp=
J=1

J

Qa -
J
8zp

By applying v* on both sides, one obtains

Z j@xﬂ

Proof of Proposition 9.1.6. We have already shown that @n : TUs — 0o (Us) x R C R?" is a homeo-
morphism from an open subset of TM to an open subset of the Euclidean space R?". Also, we have
shown that
T™ = | TU. .
acl
So, it remains to check that on TU, NTUg, ¢, and pg are C*°-compatible.
Let Uys = Uy NUg. Then @50 @t : oo (Ung) x R™ = 05 (Uag) x R™ is given by
1 Pa 1 ~ ;9
n @ —
(@a(p),ay...a") E | of (wa(p)),;la’ o7,

’LP—B> ((gpﬂogp;l) Pa <p)7b17"'7bn) )

where b¥ = Z aJ 8y = (p). Since {Ua, ¢a}, is an atlas for M, g0 ;! is smooth. Now,

7 Pa (P))
j=1
n o 1
Sy wllonl) )
j=1

d(esopat)’ . : ~
% is C™ as gg o p,! is C*. Therefore, the map @go @ ' given by

n ; 8y”
O R B (GRS I D S TED S CHE N 3G 1
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§9.2 Vector Bundle

On the tangent bundle T'M is a smooth manifold M, there is a natural projection map 7 : TM — M
with 7 (p, X;) = p. This makes the tangent bundle into a C° vector bundle that we will define
NOW.

Definition 9.2.1. Given any map 7 : &£ — M between two smooth manifolds, we call the preimage
7 (p) := m1 ({p}) of a point p € M the fibre at p. The fibre at p is often written E,,, i.e.
E,=m"1(p).

Definition 9.2.2. For any two maps 7 : E — M and 7’ : B/ — M with the same target space M,
amap ¢ : F — E'is said to be fibre-preserving if ¢ (E,) C E, for every p € M.

Exercise 9.1. Given twomaps 7: F — M and 7’ : B/ — M, a map ¢ : E — E’ is fibre-preserving if
and only if the following diagram commutes:

E ¢ E
M

In other words, m = 7’ o ¢.

Solution. (=): Let ¢ : E — E' be fibre-preserving. Then ¢ (E,) C E,, for every p € M. Given = € E,
x € E, for some p € M.
r€E,=1m"1(p) = 7(z)=p.

Since ¢ (Ep) C E,, ¢ (v) € E,. As aresult, 7' (¢ (x)) = p. So we obtain
m(z)=p=1"(d(
(«<): Now, let m = 7’ 0 ¢. Take z € E,. Then 7 (x) = p. As a result,
(¢ (2)) =p = ¢(z) € E}.
This is true for every « € Ej,. Therefore, ¢ (E,) C E,. [ |

r)) = m=n0¢.

Definition 9.2.3. A surjective smooth map 7 : E — M of manifolds is said to be locally trivial
of rank r if

(i) Each fibre 77! (p) has the structure if a vector space of dimension r.
(ii) For each p € M, there are open neighborhood U of p and a fibre-preversing diffeomorphism
¢: 1 ({U) = UxR",
such that for every g € U, the restriction
Olrrgy 7 (@) = {g} xR

is a vector space isomorphism. Such an open set U is called a trivializing open set for F,
and ¢ is called a trivialization of E over U.

The collection {(Uy, ¢a)},, with
b : T (Uy) = Uy x R

being the diffeomorphism discussed above (called the trivialization of E over U,) and {U,}, an open
cover of M, is called a local trivilization for E and {U,},, is called a trivializing open cover of
M for E.
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Definition 9.2.4. A C* vector bundle of rank r is a triple (F, M, r) consisting of manifolds
E and M and a surjective smooth map 7 : E — M that is locally trivial of rank r. The manifold
FE is called the total space of the vector bundle and M the base space.

Abuse of Notation. We sometimes say that E is a vector bundle over M. We also call the surjective
smooth map 7 : F — M the vector bundle.

The tangent bundle of a manifold is the triple (T'M, M, ) where T M is the total space of the tangent
bundle.

Example 9.2.1 (Product Bundle)

Given a manifold M, let m: M x R" — M be the projection onto the first factor. Then M x R" is
a vector bundle of rank r, called the product bundle of rank r over M. The vector space structure
on the fibre 771 (p) = {(p,v) | v € R"} is the obvious one:

() + (p,v) = (pu+v) , and a(p,v) = (p,av) for a € R.

A local trivialization on M x R" is given by the identity map 1 j/xgr.
The infinite cylinder S x R is the product bundle of rank 1 over the unit circle S*.

Remark 9.2.1. In general, a generic element of the vector bundle E belongs in some £, where p is a
point in the base space M. Since E, has a vector space structure, we can say that a generic element
of I is e, where e, is a vector in E, for some p € M. However, in the case of tangent bundle, we
saw that a generic element of T'M is an ordered pair (p, X,) where X, € T,,M. This is because in this
case 71 (p) = E, is not the same as T, M. Rather, we have E, = {p} x T,M.

Let m: E — M be a C'* vector bundle. Suppose (W, zZ) = (VV, zt x?, .. ,:c”) is a chart on M and
p:m (V) VxR

is a trivialization of E over V, with VNI # 0. Sometimes we write E‘V =71 (V). Then U = VW
is a coordinate open set, with the chart (U, 1; ‘U) Furthermore,

Sl 7 (U) = U xR
is a trivialization of E over U. We write 1’/;‘[] =1, and $|U = ¢. Then (U, ) is a chart in the maximal

atlas of M, and
p:m N (U) - UxR

is a trivialization of E over U.
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Since a generic element of 7—! (U) C E is a vector e, for some p € U C M, the map ¢ is given by

) (ep) = (pv Cl (ep) 562 (ep) PR) c’ (ep))

T

o i ~ . . ~T .
where e, = 3 1 c' (ep) €; in terms of an ordered basis {€;}; _; for £,. Now, consider the map
1=

(Y x1gr)op:m L (U) = ¢ (U) x R" C R™,

This map is given by

ey (2" (), 2% () oo sa™ () ! () P (ep) -, () -

1 x Igr is a diffeomorphism since both 1 and 1gr are diffoemorphisms. Also, ¢ is a diffeomorphism.
Therefore, (1) x 1rr) o ¢ is a diffeomorphism from E’U onto its image. Hence, (E{U, (¢ x 1gr) o (;5) is
a chart on the total space F of the C® vector bundle 7 : E — M. We call z!,22,..., 2" the base
coordinates and ¢!, ¢?,...,¢" the fibre coordinates of the chart (E}U, (¢ x 1gr) o0 qb) on E. Note
that the fibre coordinates ¢' depend on the trivialization ¢ of the bundle. ¢*’s don’t depend on the
coordinate map v on the base U.

Definition 9.2.5 (Bundle Map). Let 7 : E — M and 7 : I — N be two vector bundles. A
bundle map from E to F is a pair of maps <f,f>, f: M — N and f: E — F such that

(i) The following diagram commutes

E—f ,F
M—— N

In other words, 7p o f: fomEg.

(ii) ]7: E — F is linear on each fibre, i.e. for every p € M, ﬂEp : By — Fy(p) is a linear map of
vector spaces.

The collection of all vector bundles (as objects) together with bundle maps between them (as
morphisms) forms a category'.

Example 9.2.2

A smooth map f: N — M of manifolds induces a bundle map ( 1, f), where f~': TN — TM is
given by B

This gives rise to a covariant functor from the category of smooth manifolds and smooth maps
to the category of vector bundles and bundle maps. To each manifold M, we associate its
tangent bundle T'M, and to each smooth map f : N — M, we aasociate the bundle map
Tf = (f:N—>M,f:TN—>TM).

If £ and F are two C'° vector bundles over the same manifold M, then a bundle map (1,4, fv from

FE to F over M is a bundle map in which the base map is the identity 1,;. Then we have the following
commutative diagram:

1See Appendix A if you’re not familiar with the definition of categories and functors.
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E—7 ,p
M-
Tar

The commutativity of this diagram implies that f is a fibre-preserving map (Exercise 9.1).
For a fixed manifold M, we can also consider the category of all C*° vector bundles over M and

C* bundle maps (of the form (]l M, f)) over M. In this category, it makes sense to speak of an

isomorphism of vector bundles over M. In this case, the linear map f: E, — Fyp) = Fp is an
isomorphism of vector spaces. Any vector bundle over M isomorphic over M to the product bundle
M x R" is called a trivial bundle.

§9.3 Smooth Sections

Definition 9.3.1 (Section). A section of a vector bundle 7 : E — M is a map s : M — M such
that m o s = 1,4, the identity map on M. We say that a section s : M — F is smooth if it is
smooth as a map from M to E. A smooth section of E over U is a smooth map s : U — E|U
such that W‘E‘ os=1y.

U

Definition 9.3.2 (Vector Field). A vector field X on a manifold M is a map that assigns a
tangent vector X,, € T,M to each point p € M. In terms of tangent bundle, a vector field on M
is simply a section X : M — T'M of the tangent bundle 7 : TM — M. The vector field is smooth
if X is a smooth map between manifolds.

Remark 9.3.1. When we say X : M — TM is a section of the tangent bundle 7 : TM — M,
we consider T'M to be the union of T, M across all p € M, not disjoint union. Since there is a
one-to-one correspondence between | | T,M and |J T,M, we give |J T,M the topology inherited

peEM peEM peEM
from || T, M via the one-to-one correspondence. In other words, if i : |J T,M — || T,M is the
peEM pEM pEM
bijection given by i (v,) = (p,vp), then a set X C |J T,M is open if and only if i (X) C || T,M is
peM peEM
open.
E

SO N N\

Figure 9.1: A section of a vector bundle 7 : ' — M isamap s: M — F.
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Example 9.3.1

Consider the following vector field on R?

_ 0 o _ [y

It is a smooth vector field on R?. Visually, it’s described as the following image:

I\
T /!
\—)

Proposition 9.3.1

Let s and ¢t be C'°° sections of a C"*° vector bundle 7 : E — M, and let f be a C* real-valued
function on M. Then

(i) The sum s+t : M — E defined by
(s+1t)(p) =s(p) +t(p) € Epforpe M,
is a C'°° section of F.

(ii) The product fs: M — E defined by

(fs)(p) = f(p)s(p) € Ep for pe M,

is a C* section of E.

Proof. (i) It is clear that s + ¢ is a section of E. Indeed,

mo (s+1)(p) =m(s(p)+t(p) =m(ep+vy) =p,

so that mo (s +t) = 15;. Now it remains to show that s + ¢ is smooth. For this purpose, let
p € M and let V be a trivializing open set for F containing p € M, with the trivialization

p:m (V) =V xR,

Choose a chart (U, ) = (U,a;l7 .. ,a:”) about p € M such that U C V. Then (E o (P x 1gr)o ¢‘U)
is a chart on E. Let ¢ € U and s(q) = e, with e, € E,. If {¢;},_, is a basis of E,, and

e, = Y. c'(e;) €. Then we have
i=1
(¢os)(q) =d(eg) = (q,¢" (eg) -, (eg)) = (a: (c' 05) (q) .., (" 0 5)(q)) -
Therefore, the map (¢ x Lgr) o qﬁ‘U osop lip(U)CR™ = ¢ (U) x R" C R™ is given by

o(q) = (z' (¢),2°(q),...,2" (@) = (z' (¢),2° (q) ..., 2" (@), (c' 0 5) (q),..., ("0 5) (q)) -
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Since s is smooth, this map is smooth. In particular, all of it components are smooth. Therefore,
¢’ o s is a smooth function on U. Similarly, let t (¢) = v, € E;. Then v, = ) d'(v4)€;. Then in
i=1

a similar manner as above, the map (¢ x 1gr) o d)}U otop l:ip(U) CR™ = ¢ (U)xR" C R
is given by

¢(a0) = (¢ (0), 2% (0) - 2" (@) = (2" (@), 2" (@), 2" (@), (d o t) (q) .-, (d" o t) (q)) -
Since t is smooth, this map is smooth. In particular, all of it components are smooth. Therefore,
d' ot is a smooth function on U. Hence, ¢ o s + d* ot is a smooth function on U.

Now, the map (¢ x Lgr) oqﬁ‘Uo (s+t)opt:ipU)CR® = ¢ (U) x R" C R is given by

vl(q) = (a:l (q),x2(q),...,x”(q)) — (a:l(q),xQ(q),...,x”(q),
(clos)(q)—i-(dlot) (q),...,(cros)(q)—&—(drot)(q)).

Since all the components of this map are smooth, this map is smooth. Therefore, s+t is smooth
on U. In patricular, s + t is smooth at p. Since p is chosen arbitrarily, s + ¢ is smooth on all of
M.

(ii) We shall use the same setup as above. f is a smooth function on M, so it is smooth on U. ¢t os
is also smooth on U. Therefore, their product is smooth on U. Now, the map (¢ x 1gr) o ¢‘U o
(fs)op t:ipU)CR® = ¢ (U) x R" C R™ is given by

e(@) = (2" (0),2° (@) ,...,2" (@) = (2" (¢),2° (q) ..., 2" (q),
fl@)(c'os)(@),....fla) (" os)(q))-

Since all the components of this map are smooth, this map is smooth. Therefore, fs is smooth
on U. In patricular, fs is smooth at p. Since p is chosen arbitrarily, fs is smooth on all of M.
[ |

Denote the set of all C™ sections of E by I' (E). Proposition 9.3.1 shows that I (E) is not only a
vector space over R, but also a module over the ring C* (M) of C*° functions on M. For any open
subset U C M, one can also consider the vector space I' (U, E) of C*° sections of E over U. Then
I' (U, E) is both an R-vector space and a C* (U)-module. A section over the whole manifold is called
a global section.

Exercise 9.2. Show that the image of a smooth section s : M — FE is a regular submanifold of F.

Solution. This follows readily from Theorem 8.1.1. It suffices to show that s is an embedding. Firstly,
W‘S(M) : s (M) — M is the inverse of s. Since 7 is continuous, so is its restriction W’S(M). Therefore,

s is a homeomorphism onto its image. Now we need to show that s is an immersion. For p € M,

mos =1y = M) ©sep = (In)sp = Lrym -

Hence, s, is injective for every p € M. Therefore, s is an embedding, and consequently, s (M) is a
regular submanifold of FE. [ |

§9.4 Smooth Frames

Definition 9.4.1 (Frame). A frame for a vector bundle 7 : E — M over an open set U is

a collection of sections si,...,s, of E over U such that at each point p € U, the elements
$1(p),...,s; (p) form a basis for the r-dimensional vector space E, = 71 (p). A frame s1,...,s,
is said to be smooth if sq,..., s, are C°° as sections of E over U. A frame for the tangent bundle

TM — M over an open set U is simply called a frame on U.
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Example 9.4.1
The collection of vector fields
Oz’ By’ 0z

is a smooth frame on R3.

Example 9.4.2

Let M be a manifold and e, e, - - - , e, the standard basis on R”. In other words, e; € R" whose
i-th component is 1 and rest of the components are all 0. Define €; : M — M x R" by

€ (p) = (p,ei) -

Then e1,...,¢e, is a C*® frame for the product bundle M x R" — M.

Example 9.4.3 (The frame of a trivialization)

Let 7 : E — M be a smooth vector bundle of rank r. If ¢ : 771 (U) = U x R" is a trivialization
of E over an open set U C M, then ¢! carries the frame €, ..., &, of the product bundle U x R"
to a C*° frame t1,ts,...,t, for E over U:

tilp)=0"" (@ (p) =0""(p,&),

for p e U. We call t4,...,t,. the C° frame over U of the trivialization ¢.

Lemma 9.4.1

Let ¢ : E‘U — U x R" be a trivialization over an open set U of a C'"*° vector bundle £ — M, and
r .
t1,...,t, the C* frame over U of the trivilization. Then a section s = »_ b't; of E over U is C*°
i=1
if and only if its coefficients b* relative to the frame t1,...,t¢, are C*°. (Here b* : U — R.)

Proof. (<=) According to Proposition 9.3.1, each b't; is a C* section, and hence their sum s = ) b'¢;
i=1
is also a C'*° section.

(=) Suppose the section s = Z bit; of E over U is C®. sisamap s : U — E}U, and so

pos:U—UxR"is C* as it’s the comp0s1t10n of two C'*° maps. Now, note that

(¢os) (Z b (p )) =Y V' () o (ti(p)
=1

since ¢ is linear at each E,. By Example 9.4.3, ¢ (¢; (p)) = (p, e;). Hence,

(¢os)( Zbﬁ p,ez=<p,2bl ) (p.b" (p) -, 0" (p)) -

Let P: U x R" — R" be the projection map. It is a smooth map. Therefore, P o ¢ o s is a smooth
map on U.

(Pogos)(p)=(b"(p),....0" (p)) -

So, b"’s are the components of Po¢os. Hence, by Proposition 4.2.7, b* is smooth on U for every i. W
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Proposition 9.4.2 (Characterization of C'* sections)
Let m: E — M be a C'*° vector bundle and U an open subset of M. Suppose s1,...,s, is a C®
'

frame for E over U. Then a section s = > ¢/s; of E over U is C* if and only if the coefficients
=1
¢/ are C*° functions on U.

Proof. If s1,..., s, is the frame of a trivialization over U, then this proposition is exactly Lemma 9.4.1.
We prove the general result by reducing it to this case.

<) According to Proposition 9.3.1, each ¢/s; is a C'* section, and hence their sum s = dJs;is
j J
i=1
also a C*° section.

,
(=) Suppose s = Y ¢/s; is a C° section of E over U. Fix a point p € U and choose a trivializing
i=1
open set V. C U for E containing p with trivialization ¢ : 7=1 (V) — V x R". (There exists a
trivializing open set V' containing p, and a trivialization ® : 7=1 (V') — V' x R". Then V =U NV,
and ¢ = q)’w*l(\/)')
By Example 9.4.3, let tq,...,t, denote the C°° frame of the trivialization ¢. Now, we write the
sections s and s; by means of the frame ¢q,...,¢,.

T T
s’V:Zbiti and 8j|V:Za;-ti.
i=1 i=1

Here, we need to restrict s and s;’s on V, because ¢;’s are sections of E over V. The coefficients b
and a% are C* functions on V' by Lemma 9.4.1. Now,

r

T T
Zbiti = S‘V = ch‘vsj‘v = Z Cj‘vaé'ti'
=1 =1

ij=1
Comparing the coefficients of ¢; yields
T
b= Z |y a5
j=1

In matrix notation, if we denote [aﬂ ijl = A,

bl Cl}
b=|:| =4 : = Ac.

b" CT‘V

At each point of V, being the transition matrix between two bases (t;’s and s;’s), A is invertible. By
Cramer’s rule for matrix inverse,

1

1 -
(A )ij ~ det A

(—1)"*d ( (4,%) minor of A ).

The (j,4) minor of A is a smooth function of aé.’s, and aé’s are smooth function on V. Therefore, the
entries of the inverse A~! are C™ functions on V.

Now, ¢ = A~'5. We have already shown that b*’s are C*° functions on V. Hence, ¢ = A™'b is a
column vector of C* functions on V. This proves that ¢',...,¢" are smooth at p € V C U. Since p
is an arbitrary point of U, ¢',...,¢" are smooth on all of U. |
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A partition of unity on a manifold is a collection of non-negative functions that sum to 1 (subjected
to some other conditions that we will specify later). Usually, one demands, in addition, that the
partition of unity be subordinate to an open cover {Uy},c4 of the manifold M. What this means is
that the partition of unity {pa},c4 is indexed by the same set as the open cover {Uy},c4 and for
each « in the index set A, the support of p, (to be defined shortly) is contained in U,. In particular,
po vanishes outside U,,.

§10.1 Smooth Bump Functions

We introduce the function f: R — R, defined by

ef% fort>0
0 fort <0’

the graph of which looks like

Lemma 10.1.1
f R — R is smooth.

Proof. 1t is clearly smooth in R\ {0} because of the exponential nature. So, one only needs to show
that all the derivatives of f exist and are continuous at 0.
One first verifies that for any k£ > 0,

e
t—0t ©
_1 _ _
In fact, lim ;- = lim # So it suffices to show that lim 4 = 0. We shall prove it by inuction.
t—ot+ ¢ t—0+ et t—0t et
The base case is k = 0.
N R
lim — = lim — =0.

=07t o7 =0t %

By inductive hypothesis, this statement is true for some k > 0. Now we shall show it for k + 1.

(e — (k4 1) ¢+ t*
- vl iy ZEEVETT o i S0,
t>0t e t=0%t —t—2et =07 et

1

Hence, for any k£ > 0, one has limJr e;f = 0. Now, we show by induction that for ¢ > 0, the k-th
t—0

derivative of f is of the form

50 1 = et

o=
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for some polynomial Py. It’s clearly true for k = 0, i.e. f(t) = Pol(t)ef%.

this statement is true for some k > 0. Now we shall show it for k + 1.

D) () = (Pk (t)ei)/ _ B 1 P()1 s o () 1

Here, Py (t) = 1. Suppose

12k = Tk © 2k 2¢ 12k +1

CPPLO) + P () —2ktP(t) 1 Pa(t) s
= 12h+2 €= ke ¢

where J/D;; = t2P] (t) + Py (t) — 2ktP; (t) is a polynomial. So, we have proved by induction that
£ (1) = e+, Now,

o

lim ) (¢) = lim 2 7’;96—1 — P, (0) lim & =0.

t—0t+ t—0t

We now show that for each k > 0, f*) (0) = 0. Again, we use induction. For k =0, f (0) = 0. Let us
assume that f*) (0) = 0 for some k > 0. Now, we shall show that f*+1 (0) = 0.

Pu(t) 1
FED () = g L0 O FOO) oy Taret =0
t—0+ t t—0+ t
1
. Py (t) 1 et
- t£0+ 2R ¢t T P, (0) 150+ 12RHT
=0

Therefore, we have shown that
lim f® (1) =0= 7" (0),

t—0+

proving that each f(*) is continuous at 0, and hence f is smooth at ¢ = 0. |
We now construct a smooth version of a step function denoted by g (t) by dividing f (¢) by a positive
function [ (¢). The quotient will then be zero for ¢t < 0 as follows from the definition of f (¢). We want

the denominator function [ (t) to be equal to f (¢) for ¢ > 1, which will then mean that g (¢t) = 1 for
t > 1. This suggests that we choose [ (t) = f (t) + f (1 —t). So we define

f (@)
fO+fA=1)

Clearly, g is 0 when ¢ < 0, and 1 when ¢t > 1. Now, for 0 <t < 1,0< 11—t < 1. In this case, g is

g(t)=

S A O B AN |
IO = F O A= e Vg e /D - 1+ <5

oI/ (T=D)

Thus, we obtain a piecewise formula for g.

0 ift<o
1 .
[ [ — fo<t<l1
9(t) = L+ i
1 ift>1

The function g is C*° on R since it is a quotient of C* functions and the denominator is never 0.
Next, we want to show that g is strictly increasing on (0,1). For ¢t € [0, 1],

1 /(1)

= vt 1/(1—t 1/t "
1+ 5y /00 et/

g(t)

104



10 Partition of Unity 105

Taking derivative, we get

1 _ _ - ) ) 1
dg . (1_,:)261/(1 B (/01 4 el/t) — 1/(-1) (Wﬁl/(l 0 t—gel/t)

t) =
dt ®) (61/(1—1&) + el/t)2

o+

= ( Lo >
(el/(1=1) 4 el/t)2 (1—t)2
which is positive in (0,1). Hence, g is strictly increasing on (0,1). The graph of g is as follows:

g9(t)

/ t

We will now make a linear change of variables. Choose two positive real numbers a < b, and make a
linear change of variables to map [aQ, b2] to [0, 1].

X a2

2_a2 B2_a2°

T T =

Then we have,
z € (—00,a®) = ¥ € (—00,0)
z € [a® V] = T€0,1]
x € (bQ,oo) = T € (1,00)

Now, set h(x) =g (z) =g (:2:(;22) Since

@) 0 forz <0
T) = ,
g 1 forz>1

one has

0 for = < a?
h(xz)= 5 -
1 forx >0

Furthermore,

dh . dg . dz ¢ ()

A A P R
We have seen that ¢’ () > 0 when Z € (0,1). Hence, &’ (z) > 0 when z € (a?,b%). So, the smooth
function A is strrictly increasing on (a2, 62). The graph of A is as follows:
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10 Partition of Unity 106

Now, let k (z) = h (2?), which makes k and even function of = and hence is symmetric about the x

axis. ) )
z’ —a
k(x) :h(a:Z) :g<b2—a2> .

One finds that whenever x € (—oo, —b] U [b,0), k (z) = 1, and whenever = € [—a,a], k(x) = 0. One
can verify as above that k (x) is strictly decreasing in (—b, —a), and strictly increasing in (a, b). Hence,
the graph of k is as follows:

k(1)
j ﬁ +
—b —a a b
Finally, set p(z) =1—k(z)=1—g¢g <%), the graph of which is as follows:
p(t)
ﬁ j t
—b —a a b

This p(x) is a C*° bump function at 0 € R. We now give the definition of a bump function. Recall
that R* denotes the set of nonzero real numbers.

Definition 10.1.1 (Support). The support of a real-valued function f : M — R on a manifold M
is defined to be the closure in M of the subset on which f # 0.

supp f ={q € M | f(q) # 0} =cly (f' (R¥)) .

Definition 10.1.2 (Bump Function). Let ¢ € M and U a neighborhood of ¢q. By a bump function
at ¢ supported in U, we mean any continuous non-negative function p : M — R that is 1 is a
neighborhood of ¢ with supp p C U. We call it a smooth bump function if it is C*° as a map
between manifolds.

We have previously constructed a C°° bump function at 0 in R that is identically 1 on [—a, a] and has
support in [—b,b]. By shifting the graph to the right, for any ¢ € R, p (z — ¢) is a C*° bump function
at q.

One can easily extend this construction for a bump function on R”. To get a C'**° bump function at
0 € R™ that is 1 on the closed ball B (0,a) and has support in the closed ball B (0,b), set

_ Y s
ox)=p(xl)=1-9g( =0

o is smooth, because

2 9
xwmandtﬁl—g(t)

are both C°°; and their composition is . To get a C°° bump function at q € R", take o (x — q).
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10 Partition of Unity 107

Construction of a Smooth Bump Function on a Manifold

We have constructed a C>° bump function o (x —q) at q € R" from a C*° bump function o (x) at
0 € R™ whose supprt is contained in the closed ball B (0,b). Now we want to extend this idea from
R"™ to a manifold M.

Exercise 10.1. Let M be an n-dimensional manifold and g € M. Suppose U is any neighborhood of
q. Construct a smooth bump function at g supprted in U.

Solution. There exists a coordinate chart (V,1) in the maximal atlas of M such that ¢ € V C U.
Such a coordinate open set exists because if V' is a coordinate open set about ¢, we can just take
V=VvV'nU.

Now, there exists a bump function p : R™ — R at 1 (q) supported in ¢ (V) C R™ that is identically
1 in B (¢ (q),a). Suppose the support of p is B (1 (q),b) for some b > 0. Then

B(¢(q),a) SB[ (q),b) Sv (V) CR".

Now, define a function f: M — R by

@ (p) ifpeV
/) {o ifpg Vv

For p € V', f is the composition of two smooth maps p and v, and hence f is smooth at p. Now we
need to check that f is smooth at p € V.

Note that, by the construction of p : R® — R, suppp = B (¢ (¢),b) € ¥ (V) C R™. Being a closed
and bounded subset of R, supp p is compact. Since )~ is continuous, 1»~! (supp p) is also a compact
subspace of M. M is a manifold, hence it is Hausforff. Therefore, ¢»~! (supp p) is closed in M. As a
result,

supp f = clar (¢! (07" (RX))) = ¢~ (clen (07" (RX)))
= ¢~ (suppp) C V

Since supp f C V, p € V gives us
peEM\V CM\suppf = p€ M \supp f.

supp f is closed, hence M \ supp f is open. If (W', ¢) is a chart about p, W = W/ N (M \ supp f) is
a coordinate open set about p contained in M \ supp f. If we write ¢ = ¢ |W, then (W, ) is a chart

about p.
fo<p_1 (W) - R.

For ¢ (x) € (W), € W C M \ supp f. So f(z) = 0. Therefore, the map f o ¢! is identically 0,
and hence smooth in ¢ (W). As a result, f is smooth on W 3 p. In particular, f is smooth at p. Since
p € V is arbitrary, f is smooth at all p € V. Therefore, f is smooth on all of M. |

In general, a C* function on an open subset U of a manifold M cannot be extended to a C*
function on the whole of M. For instance, take sec (z) as a C* function on (—g, g) C R. We can’t
find a C* function on R that agrees with sec (x) globally, i.e. on the whole of R. However, if we require
the C'*° function on M (to be found) to agree with a given C'*° function only on some neighborhood
of a point in U, then such a C* extension is possible.

Proposition 10.1.2 (C extension of a function)

Suppose f is a € function defined on a neighborhood U of a point p € M. Then there is a C*
function f on M that agrees with f in some possibly smaller neighborhood of p (i.e., contained
in U).
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P

Y
7

p U

A~

Figure 10.1: Extending the domain of a function by multiplying by a bump function.

Proof. Choose a C*° bump function p : M — R that is identically 1 in a neighborhood V of p with
V C U (see the previous construction) and supp p C U. Now, define

o Jr@f(a) forqeU
0 forqg U -

By the definition, fagrees with f on V' C U. As the product of two smooth functions on U, f~’is
smooth on U. Now, using the definition of f,

F)#0 = p(g)#0and f(9) #0 = f1(RX) Cp L (RY).

coclyy (}Ll (]RX)) Cely (p7! (RY)) = supp f C supp p.

If ¢ € U, then q¢ ¢ supp]? (since suppf C suppp € U). Since suppf is closed in M, one can find
an coordinate neighborhood of ¢ that is disjoint from supp f. On this open set, f is identically 0.
Therefore, similarly as in the solution of previous exercise, f is smooth at ¢. Since ¢ € U is arbitrary,

f is smooth at every ¢ € U. |

§10.2 Partitions of Unity

If {Ui},cr» 1 being finite, is a finite open cover of M, a C°° partition of unity subordinate to {U;},.;
is a collection of non-negative C'*° functions {p; : M — R}, ; such that supp p; C U;, and

D pi=1.
el
When [ is an infinite set, for the sum to make sense, we’ll impose local finiteness condition.

Definition 10.2.1 (Local Finiteness). A collection {A,},, of subsets of a topological space S is said
to be locally finite for every point ¢ € S has a neighborhood that intersects only finitely many
of the A,’s. In particular, every ¢ € S is contained in only finitely many of the A,’s.

Example 10.2.1 (An open cover that is not locally finite)

Let U, be the open interval (7" - %, r+ %) on the real line R. The open cover {U,.,, | r € Q, n € Z*
of R is not locally finite.
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Definition 10.2.2 (Partition of Unity). A C* partition of unity on a manifold M is a collection
of non-negative C*° functions {p, : M — R}, 4 such that

(i) The collection of supports {Supp pa},c 4 is locally finite.
(i) > pa =1.

Given an open cover {Uq } 4 of M, we say that a partition of unity {pa},c4 is subordinate to
the open cover {Uq} ¢ 4 if supp po € U, for every o € A.

Remark 10.2.1. Since the collection of supports {Supp pa},c4 is locally finite, every point ¢ € M
lies in finitely many sets supp p,. Hence, pq (q) # 0 for only finitely many «. Hence, the sum > p,, is

a finite sum at every point.

Example 10.2.2
Let U and V' be the open intervals (—oo,2) and (1,00) in R, respectively. Define

0 ift<0
/(=) :
pv(t)=9t) = wamne  HO<t<1.
1 ift>1
Define py =1 — py.
PV

X

=2 =l 1 2 pU

v

<L

Then {py, pv} is a partition of unity subordinate to the open cover {U, V'}.

Existence of Partition of Unity

Lemma 10.2.1
If p1,..., pm are real-valued function on a manifold M, then
m m
supp (Z p7;> C | Jsupppi .
i=1 i=1

Proof. Let p =Y pm, Ai = p; L (R*) and A = p~L (R). If p € A, p(p) # 0. Then p; (p) # 0 for
i=1

some 7.

peEA ﬁpeAZQGAZ — AQGAZ

i=1 i=1

Now, by Proposition 1.2.5 and Proposition 1.2.7,

clar (A) C clyy (U Al) = Jelu (4i) .

i=1 =1
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clar (A) = supp p = supp (D_7% pm), and clas (A;) = supp p;. Therefore,

m m
supp (Z Pz’) < | Jsupppi.
=1 =1

Proposition 10.2.2

Let M be a compact manifold and {Uy},4 and open cover of M. There exists a C° partition
of unity {pa},c4 subordinate to {Ua}yca-

Proof. Let ¢ € M, find an open set U, containing ¢ fro the given cover, and let ¥, be a C* bump
function at ¢ supported in U,. Since 1,(q) > 0, we can find a neighborhood W, of ¢ such that
g (p) > 0 for every p € Wj,.

By the compactness of M, the open cover {W, | ¢ € M} has a finite subcover, say {W,,..., W, }.
Let 1, ..., %yq,, be the corresponding bump functions (eacg of these functions is supported in some
Uay). Since {W,,,...,W,,.} is a finite open cover of M, for any point ¢ € M, ¢ € W,, for some
i€{1,2,...,m}. Hence,

U (g) =) g (a) >0,
=1

Define p; = zizi . In other words, for ¢ € M,

This division is well-defined, since 1 (¢) > 0.

" 5 g, (@)
A N in(Q)_iZI _1/)(41)_
2ol =2 e = e T

=1

Since 1 > 0, ¢; (¢) # 0 if and only if ¢y, (¢). Therefore,

supp ¢; C supp g, C U, for some o € A.
Hence, {¢;};~, is a partition of unity such that for every i € {1,2,...,m}, suppy; C U, for some
a € A

The next step is to make the index set of the partition of unity the same as that of the open cover.
Now we shall define a function 7: {1,2,...,m} — A. For each i € {1,2,...,m}, we define 7 (i) to be
an index o € A such that

supp ¢; € Ua -

Note that, there might be multiple choices for 7 (7). In other words, it might be the case that supp ¢;
is contained in both U, and Ug. In that case, we define 7 (i) to be either of a or .

Now, we group the collection of functions {y;} into subcollections according to 7 (i), i.e., all the
@;’s will be in the same subcollection if 7 (i) = « for some o € A. Let us define p,, as

Pa = Z @i -

T(i)=«

If there is no i € {1,2,...,m} for which 7 (i) = a, we simply define p, = 0. Then we have,

D ra=> > wi:ngl.

acA a€AT(i)=a
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If po = 0, then supp po = & C U,. Otherwise, by Lemma 10.2.1,

supp (pa) =supp [ > @i | € |J swpei € |J Ua=Ua.

7(1)=« 7(1)=« 7(i)=«

7 is a map from a finite set {1,2,...,m} to A. Therefore, im 7 is a finite subset of A. This means
that there are only finitely many « for which p, is not identically 0 on all of M. Hence, there are
only finitely many a’s for which supp p, # @. Since there are only finitely many nonempty sets in
the collection {SUpp pa },c 4, the collection is locally finite. Therefore, {pa},c4 is a partition of unity

subordinate to the open cover {Ua} ¢ - [ |

Now we shall state a generalization of Proposition 10.2.2 without proof.

Theorem 10.2.3 (Existence of a C* partition of unity)
Let {Ua},ea be an open cover of a manifold M.

(i) There is a C'* partition of unity {¢y},-; with every ¢, having compact support, such that
for each k, supp ¢ C U, for some a € A.

(ii) If we relax the condition of having compact supprt, then there is a C*° partition of unity
{Pa} e subordinate to the open cover {Ua},cy-
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§11.1 Smoothness of a Vector Field

Recall from the definition of Vector Field that a vector field X on a manifold M is smooth if the map
X : M — TM is smooth as a section of the tangent bundle 7 : TM — M?'. In a coordinate chart
(U, ) = (U, zt .. x”) on M about p, the value of the vector field X at p € U is a linear combination

Xp = Z 81‘2

As p varies in U, the coefficients a’ become functions on U. We've seen that the chart (U, ¢) on the
manifold M induces a chart (T'U, ¢) on the tangent bundle M. Here,

= | | U, and ¢ : TU — ¢ (U) x R”
peU
is a homeomorphism. The homeomorphism ¢ is given by
(pavp) = (xl (p)’,xn (p)vcl (Vp)a"'acn (Vp)) )
n

where v, € T,M with v, = 3" ¢’ (v})
i=1

Xp
Z CL 8$7,
Writing X, as X (p) and equating the coefficients, we get
a’(p) = (cioX) (p) = d'=c'oX

Therefore,

0
oz’ p’

- § c (XP> 8%1
p

i=1

as functions on U. Since X (U) C TU, and a* = ¢’ 0 X, one finds that ¢'’s are smooth functions on TU.

Thus, if X is smooth and (U, zl, ... ,:1:”) is any chart on M, then the coefficients a* of X = Z a’

1=

aml

relative to the frame 881 are smooth functions on U (By Proposition 9.4.2). The converse is also true

as provided by the following lemma.

Lemma 11.1.1 (Smoothness of a vector field on a chart)

Let (U, ¢) = (U,z!,...,2") be a chart on a manifold M. A vector field X = Z al ,- on U is

smooth (i.e., the section X : U — 7=} (U) = TU of the tangent bundle m : TM —> M over U is
smooth) if and only if the coefficient functions a' are all smooth on U.

Proof. This lemma is a special case of Proposition 9.4.2, where we take E to be the tangent bundle

TM of M and {s;};_, the C* frame for E over U to be the coordinate vector fields {aii ?:1. |

Proposition 11.1.2 (Smoothness of a vector field in terms of coefficients)

Let X be a vector field on a manifold M. The following are equivalent:
(i) The vector field X is smooth on M.

(ii) The manifold M has an atlas % such that on any chart (U, ¢) = (U,xl, .. ,:L‘") of %, the

!As discussed in Remark 9.3.1, we are considering TM = |J TpM.
pEM
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0

5,7 are all smooth.
xr

. n .
coefficients a’ of X = > o’ 821' relative to the frame
i=1

(iii) Om any chart (U, ¢) = (U, AT ,x") on the manifold M, the coefficients a' of X = Z:l a’ 821-
1=

o)

557 are all smooth.

relative to the frame

Proof. (ii)=-(i): Since (ii) holds, X is smooth on every chart (U, ¢) of the atlas % . Since % covers
all of M, X is smooth on M.

(i)=-(iii): If X is smooth on M, then it is smooth on U for any chart (U, ). Then Lemma 11.1.1
implies (iii).
(iii)=-(ii): Just take % to be the maximal atlas of M. [ |

A vector field X on a manifold M induces a linear map on the algebra C*° (M) of C*° functions on
M: for f € C*™ (M), define X f to be the function

(Xf)(p) =Xpf, peM.

Proposition 11.1.3 (Smoothness of a vector field in terms of functions)

A vector field X on M is smooth if and only if for every smooth function f on M, the function
X f is smooth on M.

Proof. (=-): Suppose X is smooth and f € C*° (M). By Proposition 11.1.2, on any chart (U, xt ... ,3:")

are all smooth.

on M, the coefficients a* of X = " a' aai relative to the frame %

Xf:Z;aigg{i

ai% is smooth on U as the product of two smooth functions. Hence, their sum X f is smooth on U.

Since M can be covered by charts, X f is C* on M.

n .
(<): Let (U,¢) = (U,z',...,2") be any chart on M. Suppose X = 2“1821' is C* on U and
=

p € U. Each z* is a smooth function on U. Hence, by Proposition 10.1.2, each zF can be extended to
a C™ function Z¥ on M that agrees with z* in a neighborhood V' of p that is contained in U. X f is
smooth for every f € O (M), taking f = Z¥ we get that XZ* is also smooth on M. Now, on V C U,

X~k: i . ~k: i ' k: k‘
X (Zzla axz) Xz (lzla al'Z) X a

Therefore a* is smooth at p € U. Since p is an arbitrary point in U, a* is smooth on U for any chart
(U, ). Therefore, by Proposition 11.1.2, X is smooth on M. |

k

Proposition 11.1.4 (Smooth extension of a vector field)

Suppose X is a C vector field defined on a neighborhood U of a point p in a manifold M. Then
there is a C* vector field X on X that agrees with X on some possibly smaller neighborhood of
p,say V CU.

Proof. Choose a C*° bump function p : M — R supported in U that is identically 1 in a neighborhood
V of p. Define

()= P@Xl@  forget
OTqM fOI‘qQU
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where Or, 57 is the zero vector of T;M. By the definition of X , it agrees with X on V. By Proposi-
tion 9.3.1(ii), X is smooth on U. Now, let ¢ € U. We want to show that X is smooth at q.

Since supp p C U, ¢ € U implies g € M \U C M \ supp p. Since supp p is closed, M \ supp p is open.
Hence, we can find a coordinate chart (W, ¢) about ¢ such that W C M \ supp p. Then, for r € W,
X (r) = O, 7. Also, (TW, @) is a chart on TM about 07, 5.

(7 %) ) = (p(1).0.0.....0).

n Os

¢ is smooth. Therefore, by Proposition 4.2.8, X is smooth on W. In particular, X is smooth at q.
Since ¢ ¢ U was arbitrary, X is smooth at every q € U. Therefore, X is smooth on all of M. |

§11.2 Integral Curves

Definition 11.2.1 (Integral Curve). Let X be a C° vector field on M, and p € M. An integral
curve of X is a smooth curve c: (a,b) — M such that ¢ (t) = X for every ¢ € (a,b).

Usually, we assume that 0 € (a,b). In this case, if ¢(0) = p, then we say that c is the integral
curve starting at p, and call p the initial point of c.

To show the dependence of an integral curve on the initial point p, one also writes ¢; (p) instead of

c(t).

Definition 11.2.2. An integral curve is maximal if its domain can’t be extended to a larger
domain.

Example 11.2.1. Recall the vector field X, ,

) p—
an integral curve c(t) of X starting at the point (1,
be an integral curve of X is

yax + xa% on R? (Example 9.3.1). We will find
0) € R2. The condition for ¢ (t) = (x (¢),y () to

¢ (1) = Xy = B 8} B [_xyo(fﬂ |
We need to solve the system of first order ODEs
& (t) = —y(t), y(t) =z (t)
with the initial conditoin (x (0),y (0)) = (1,0).
y()=—i(t) = yt) =i () = = (t) =i ().
It’s well-known that the general solution to this equation is
x (t) = Acost 4+ Bsint.

Hence, y (t) = —2 (t) = Asint — Bcost. By plugging in the initial condition (z (0),y (0)) = (1,0), one
obtains
x(0)=A=1landy(0)=—-B=0.

So, the integral curve starting at (1,0) is
c(t)=(z(t),y(t)) = (cost,sint) ,

which parametrizes the unit circle.
More generally, if the initial point of the integral curve, corresponding to ¢t = 0, is p = (x0, yo), then

ro=z(0)=Aand yo=y(0) =—-B.

114



11 Vector Field 115

In that case, a general solution for z (t) and y (t) would be
x(t) = xgcost —ypsint, y(t) = zosint + yo cost.
This can be written in matrix notation as
c(t) = [m (t)] _ [@st - sint} [xg} _ |:Cf)St - sint} D
y (1) sint  cost | |yo sint  cost
where p € R? is the given initial point. This shows that the integral curve c (t) of X starting at p € R?,

i.e. ¢(0) = p can be obtained by rotating the point p € R? counterclockwise about the origin through
an angle t. Notice that

¢s (et (P)) = cst¢ (P)
since a rotation through an angle ¢ followed by a rotation through an angle s is the same as a rotation

through an angle s 4t. Also, notice that for each ¢ € R, ¢; : R? — R? is a diffeomorphism with inverse
c_;. Indeed, for a fixed tg € R,

. x|  |costy —sintg| |w|  |wcosty — ysinty
folyl = |sinty costy | |y| ~ |asinto+ycostyl|
Cto - R? — R? is easily seen to be a smooth map, with the inverse C—ty R? — R2, which is also

smooth.

Diff (M) stands for the group of diffeomorphisms of a manifold M with itself, with the group operation
being composition. A homomorphism ¢ : R — Diff (M) is called a 1-parameter group of diffeo-
morphisms of M. In Example 11.2.1, the integral curves of the vector field X(, ,) = —ya% + a:a% on

R? gives rise to a l-parameter group of diffeomorphisms of R?.

Exercise 11.1. Let X = xQ% be a vector field on R. Find the maximal integral curve of X starting
at x = 2.

Solution. Denote the integral curve by z (¢). Then

d d
() =Xy = &(t) —| =2 —
) dz [, dz |,

Therefore, it follows that

dx 9 dx 1

dt () =2 x? x +
Now, using the condition that z (0) = 2, we get

1 1 1 2t-1 2

The maximal interval containing 0 on which x () is defined is (—oo, %) This example exhibits the
fact that it may not be possible to extend the domain of definition of an integral curce to the entire
real line. |

§11.3 Local Flows

In the previous two examples, we’ve seen that locally, finding an integral curve requires solving a system
of first order ODEs with initial conditions. In general, if X is a smooth vector field on M, to find an
integral curve ¢ (t) of X starting at p € M, choose first a coordinate chart (U, ) = (U,xl, . ,x”)
about p. In local coordinates,

X = ;a (c(t)) B

c(t)
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By Proposition 6.3.1,
no 9
"(t) = () —
/=3¢ 0 5z

c(t)

where ¢! = #' o ¢ is the i-th component of ¢ () in the chart (U, ¢). The condition X, = ¢ (¢) is, thus,
equivalent to

¢ (t) = a’ (e (1))

for i =1,...,n. This is a system of ODSs. The initial condition ¢ (0) = p translates to
(z'0c) (0) =a" (p) = (' (0),*(0),...,c"(0)) = (p',p%,-..,P") ,

where p’ = 2% (p). By an existence and uniqueness theorem from the theory of ODE, such a system
has a unique solution in the following sense.

Theorem 11.3.1

Let V be an open subset of R”, pyp € V, and f : V — R"™ a C"° map. Then the differential

equation

dy

= — 0 g

Yo iw) . v =m
has a unique C*° solution y : (a (po),b(po)) — V, where (a(po),b(po)) is the maximal interval
containing 0 on which y is defined.

Remark 11.3.1. The uniqueness of the solution means that if z : (d,) — V satisfies the same ODE

dz

E:f(z)a 2(0):p07
then the domain (6, ¢) of the equation of z is a subset of (a (po) ,b (po)), and z (t) = y (¢) on the interval
(6,¢€).

The map y : (a(po),b(po)) — V can actually be thought of as a map with two arguments: t and g,
and the condition for y to be an integral curve starting at the point ¢ is

dy

3t =FfWw(ta), y(0,9=q

Theorem 11.3.2 (Smooth dependece of solution on the initial point)

Let V be an open subset of R™ and f: V — R™ a C°° map on V. For each point py € V, there
are a neighborhood W of py in V' and a number ¢ > 0, and a C* map

y:(—g,e) x W =V

such that
dy

3 & =fta), y0.49=q,

for all (t,q) € (—e,e) x W.

It follows from Theorem 11.3.2 that if X is any C* vector field on a chart (U, ¢) and p € U, then
there are a neighborhood W of p in U, an € > 0, and a C**° map

F:(—ee)x WU
such that for every ¢ € W, the map F (t,¢q) is an integral curve of X starting at ¢. In particular,

F (0,q) = q. We usually write F} (¢) for F (¢, q).
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Fy(Fs(q)) = Fsye(q)

Figure 11.1: The flow line through ¢ of a local flow.

Suppose s,t € (—¢,¢) are such that F; (Fs(¢)) and Fy45 (q) are defined. Then F; (Fs(q)) as a map
of argument ¢ is an integral curve of X starting at Fs(q) (due to t = 0). By the uniqueness of the
integral curve for a given vector field starting at a point,

Ft(Fs(Q)):Ft+s(Q) .

The map F is called a local flow generated by the vector field X. For each ¢ € U, the map F; (q) of
t is called the flow line of the local flow. Each flow line is an integral curve of X. If a local flow F'is
defined on R x M, then it’s called a global flow.

Every smooth vector field has a local flow about any point, but not necessarily a global flow. A
vector field having a global flow is called a complete vector field.
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A Category Theory Basics

Lecture videos and lecture notes of Category Theory course.

§A.1 What is a Category?

Definition A.1.1 (Category). A category C consists of

e A collection Cy whose elements are called the objects of C. Elements of Cy are denoted by
uppercase letters X, Y, Z, ...

e A collection C; whose elements are called the morphisms or arrows of C. Elements of C; are
denoted by lowercase letters f, g, h,...

such that the following hold:

(i) Each morphism assigns two objects called source (or domain) and target (or codomain).
We denote them by s(f) and ¢(f), respectively for a given arrow f. If s(f) = X € Cy and
t(f) =Y €y for a given f € Cy, we write

FfiXoY,o X Ly

(ii) Each object X € Cy has a distinguished morphism idy : X — X.

(iii) For each pair of morphisms f, g € C; such that ¢(f) = s(g), there exist specified morphisms
g o f called composite morphisms such that

s(gof)=s(f) and t(go f)=1i(g)
In other words, X —» Y %3 Z implying go f: X — Z.
These structures need to satisfy the following axioms:
(a) (Unitality) For each morphism f: X — Y,
foidy =idy of = f
Warning: idy of doesn’t make sense, so doesn’t f oidy.

(b) (Associativity) For X,Y, Z, W € Cy and f, g, h € C; satisfying
f g h
X =Y —=7Z—W

one must have

ho(gof)=(hog)of

The two morphisms that are set equal using associativity axiom can be understood more clearly using
the following diagrams:

x Jtoy 9,7 h,w x Jtoy 9,7 hw
\_/ \_/
gof hog
ho(gof) (hog)of
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https://www.youtube.com/playlist?list=PLVpVYNsrzCwgQ0tKeOqcnyhsiKHvLXpmb
https://drive.google.com/drive/folders/1fG-IgctAf7xTTCpuI9uFMlFSZuqbcORG?usp=sharing
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Example A.1.1
We can take a collection of groups in Cy and the group homomorphisms between them in C;. In
other words, the objects are groups and the morphisms are group homomorphisms. This forms a

category.
Similarly, one can form a category of topological spaces too. In that case, the morphisms will

be continuous functions between the spaces.

§A.2 Functor

Definition A.2.1 (Functor). Let C = (Cp,C1) and D = (Dy, D1) be two categories. A (covariant)
functor F from C to D, denoted by F : C — D, is a map that has the following properties:

i. F maps objects of Cy to objects of Dy.

ii. F maps morphisms of C; to morphisms of Dy, such that for f € C; and X,Y € Cy

fiX oY = F(f): F(X)=> FY).

iii. For every X € Co, F (idx) = idr(x)-

iv. For f,g € C; with t(f) = s(g) (in other words, g o f makes sense), condition ii guarantees
that ¢ (F (f)) = s(F (g9)) (so F(g) o F (f) makes sense). Then we must have

Flgof)=F(g)oF(f)

The definition of functor can be visualized using the following diagram:

Category C

idx

()

x 1ty 9,7

J}"

) Category D
7 x) 2D Fyy 29 ) —

Definition A.2.2 (Contravariant Functor). Let C = (Cy,C;1) and D = (D, D) be two categories. A
contravariant functor F from C to D, denoted by F : C — D, is a map such that

i. F maps objects of Cy to objects of Dy.

ii. F maps morphisms of C; to morphisms of Dy, such that for f € C; and X,Y € Cy

[ X=Y = F(f): FY)—->F(X).

iii. For every X € Co, F (idx) = idr(x)-

iv. For f,g € Cy, F(go f)=F (f)oF(g) whenever these compositions make sense.
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One can think of a contravariant functor as a functor that alters the direction of the morphisms, as

opposed to a covariant functor. Here is a diagram for visualization purposes:

Category C

idx

()

X f

y 457

|7

- — F(X)

Category D

F(f) F(g)

FY)

F(Z) +—— -+
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