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]. Recap of Real Analysis, Topology and Linear
Algebra

§1.1 Metric Spaces

Definition 1.1 (Metric Space). A metric space is a pair (X, d) where X is a set and d is a metric
on X satisfying the following properties:

Example 1.1 (Eucliean Space R™). The metric space (R", dgyc) consists of the set R™, the n dimensional
FEuclidean space, which contains all ordered n-tuples of real numbers, written as

xr = <$17$27---7$n)7y = (y17y27"'7yn)
And the metric dg,. is defined as:

n

dEuC(xay) = Z(ml _yi)Q)

=1

Example 1.2 (Unitary space C™). The metric space (C", dyyni) consists of the set C™, which contains
all ordered n-tuples of complex numbers, written as

z = (al,ag,...,an),wz (/817627”'7671)

duni(Z)w) = A Z |ai - B’L‘Q
=1

C™ is called the n-dimensional unitary space. It is sometimes called the complex Euclidean n-space.

And the metric dyy; is defined as:

Example 1.3 (Sequence Space). The metric space consists of the set of all bounded sequences of
complex numbers, i.e every element of the set is a complex sequence,

x = (x1,x2,...) briefly written as z = {z;}

y = (y1,Y2,...) briefly written as y = {y;}

Such that for all i € N, |z;| < M, for some M, € Rdepending on = but not on ¢ . The metric d is
defined as:

d(z,y) = sup|z; — yil
ieN
Example 1.4 (Function Space C[a,b]). The Function space consists of all real valued continuous
functions on the closed interval [a, b], written as Cla,b]. Let f and g be two continuous functions in
Cla,b]. Then the distance between f and g is defined as:
d(f,9) = max [f(z) — g(z)]

z€[a,b]



1 Recap of Real Analysis, Topology and Linear Algebra

Example 1.5 (Discrete Metric Space). Let X be a set and d be a metric on X such that:
0 ifxz=y
d(z,y) =4 .
1 ifx#y
(X, d) is called a discrete metric space.

Example 1.6 (Space B(A) of bounded real or complex valued functions on a set A). The metric space
consists of all bounded real or complex valued functions on a set A, written as B(A). Let z: A - R
and y : A — R be two bounded functions in B(A). Then the distance between = and y is defined as:

d(z,y) = sup|z(a) = y(a)|

§1.2 /P space

Example 1.7 (Space ¢P). Let p > 1 be a fixed real number. Let z € P. Then z = z1,z2,... is a
sequence of real numbers such that:

[e.e]
Z |$Z|p < 00
=1

Then the distance between x and y is defined as:

o= (S ut)
=1

In the special case where p = 2, we have the hilbert sequence space [2. In general (P is a metric space.
We will prove prove this using Hoélder’s and Minkowski’s inequality.

Lemma 1.1 (Hélder's Inequality)
Let = {z;} € P and y = {y;} € ¢4 be two sequences of complex numbers where p > 1 is a real
number and ¢ be the conjugate exponent of p i.e.
1 1
e | (1.1)
P q
Then the Holder’s inequality states that:
4 1
(o] (o) p o0 E
> eyl < D layl? (Z ka|q> (1.2)
i=1 j=1 k=1
Proof. From equation (1.1), we have
L _Pta
pq
= pg=p-+gq
= Pp—q+tpg+l=1
= plg—1)-1¢-1)=1
— (p-1)(g-1)=1 (1.3)
1
— —g—1 1.3b
e it (1.3b)
Let u = tP~1, then using equation (1.3b) we have
=1
1
— t = ur-1
= ¢t =u?! (1.4)
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Let a, 8 be any positive real numbers. Then «af is the area of the rectangle in the figures below.

Figure 1.1: In both figures, Area (1): [;t?~'dt, Area(2): féB ud~'dt (Indicated by dashed lines)

In both figures of (1.1),

Note that, this holds trivially for « =0 or g = 0.

Let & = {%;} and § = {g;} be two sequences of complex numbers such that,

oo oo
dMlElP=1, > |5l7=1 (1.6)
i=1 i=1

Setting a = |Z;|, 5 = |g;| for a given 7, the inequality (1.5) becomes,

|24 n |Gi|?

q
= Loy Lo
= [Z;7i < ];!3%\ + 5"%' (L.7)

| T3] <

Summing over all ¢ from 1 to oo in equation (1.7), and using equation (1.6) and (1.1), we get,
@] < (\fi|p + ’@i’q>
i=1 i=1 \P 1

= D @Gl < =D @+ =) |G
=1 L 1=
> 1 1
= Y |Eg|l<-+-=1 (1.8)
i=1 P q
Note that, we were able to take the sum to infinity since the series on the right hand side converges.
Hence, the series on the left converges by comparison test.

We now take nonzero x = {z;} and y = {y;} in ¢F and set,

~ T - ]
Fi=—— ) ji=—— (1.9)

(52 JalP)” (SR [l
It is immediate that (1.9) satisfies the conditions of (1.6). Substituting (1.9) in (1.8), we get,
(52 g lP) 7 (72 Ll e

1

<1

e o] [ee] p ] %
= > |z < | D Jayl? (Z kalq>
=1 7=1 k=1
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4 N
Corollary 1.2 (Cauchy-Schawrz Inequality)

Let 2 = {x;} € 1?> and y = {y;} € I? be two sequences of complex numbers. Then the Cauchy-
Schawrz inequality states that:

0o 2 00 s
<Z Iwiy¢|> < JZ ijw > luxl? (1.10)
i=1 k=1

Jj=1

Proof. Setting p = ¢ = 2 in the Hoélder’s inequality (1.2), we get the Cauchy-Schawrz inequality. W

Lemma 1.3 (Minkowski's Inequality)

Let © = {x;} € P and y = {y;} € (P be two sequences of complex numbers. Let p > 1 be a real
number. Then the Minkowski’s inequality states that:

(Zuﬁyiw)p < (Z |xj|p) + (Z |yk|p>p (1.11)
i=1 j=1 k=1

Proof. Let p =1, then from triangle inequality we have,
i + wil < |zl + |yl (1.12)

summing over all ¢ from 1 to a fixed n, we get,

n n n
Solwi il <D Jwil + > |yl
=1 =1 =1

If we take the limit as n — oo, both series on the right converges since x,y € ¢P. Hence, by comparison
test, infinite series on the left also converges and we get,

o0 o0 o0
(Z | +yz‘\> < (Z |xi’) + <Z|yi|>
i=1 i=1 i=1
Which is the Minkowski’s inequality for p = 1.
Let p > 1, and let z; = a; + y; for all 4. If z; is the zero sequence, then the inequality is trivially true.
Hence, we assume that z; is not the zero sequence. Then from triangle inequality we have,
5l = [zl ]!

= |z +yil - |l

< (|| + |wi]) - |z:/P~* (Using equation (1.12))

= Jai| - 2P+ Jyil - [zl (1.13)

Summing over all ¢ from 1 to a fixed n, we get,
n n n
Z’Zi’pSZ\xi"\Zi\p_lJFZ’yz"'\Zi\p_l (1.14)
i=1 i=1 i=1

Consider the finite sequnces (|z;|)?_;, which is an ¢? sequence and (|z;[P~1)"_;, which is an ¢4 sequence
with ¢ being the conjugate exponent of p. Hence,

11

- 1
p g
= pg=p+q
= pg—q=p
= (p—1g=p (1.15)
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Using Holder’s inequality (1.2) we get,

D il - =P < ZH%II”) (Zw“’l )
=1

|

e S el < (Y (zrzkrwq)
=1

k=1

= > lail a7 < Z!%\p) <212k|p> (1.16)
=1

Similarly, for finite sequence (|y;|)7_; and (|z|P~1)™,, we get,

1

Syl -zl < (Z |yj|p) (Z m) (1.17)
=1

j=1 k=1

Therefore, from equations (1.14), (1.16) and (1.17), we get,

ilzﬂp < (jilxglp> : <Z |zk\p> (]iyjp); (i |Zk|p>31

— D _lal’ < (Z fﬁglp) Zlyjlp Z Izkl” (1.18)

J=1

Since, zj is not the zero sequence, (> 1_; ]zk]p)a is nonzero. Therefore we can divide both side by
1
(3ok=1l2k[) 7 and get,

1 1
>y |zifP & ’ - ’
e DI E21 L B T
(k=1 lzk[P)q =1 j=1
1 1
Zn: ’Z‘p n p P
— % < Z|$i|p + Z‘yj’p
(Diz |zilP)e j=1 j=1
= (Z!Zi!p> <UDzl )+ D il
i=1 j=1 i=1
n 1 n ’ v -
— () < (Sr) + (Swp) snelelon
i=1 J=1 J=1 b

If we taking the limit as n — oo, both series on the right converges since x,y € fP. Hence, by
comparison test, infinite series on the left also converges and we get,

1 1 1
o0 D o0 P o0 P
(zw) A
i=1 =1 j=1
1 1

1
o0 P
— <Z\xi+yi]p> < Z]xj]p
i—1

A
]
S
]

3
b
+
VR
Nvgk
3
-
N———
3

j=1 j=1
1 L 1
00 P 00 p el P
— <lez +y¢|”> <D lzl” |+ (Z ka|”>
i=1 j=1 k=1
which is the Minkowski’s inequality for p > 1. |
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Now we will prove that ¢ is a metric space with the metric defined in example (1.7).

Proposition 1.4 (/7 is a metric space)

Let p > 1 be a fixed real number. Then the sequence space P is a metric space with the metric
define as,

S =

<Z |$2 yz ) (1'20)

Proof. We need to show that d satisfies all four properties in definition (1.1).
Since, >0 |x; — y;|P is a series of absolute values, it is non-negative. Hence, d(z,y) > 0.

Since y € P, —y = {—y;} € ¢P. Hence, using Minkowski’s inequality for sequences = and —y, we get,

(Zm )| )3’ < @ m\p); . (g—w);
(Z 22 — vl );’ < (f: |xz~\p>’l’ ; (fj |y¢|p);

The series on the right converges since x,y € fP. Hence, the series on the left also converges by
comparison test. Therefore 0 < d(z,y) < oo, hence d satisfies property (M1).

Property (M2) and (M3) are trivially satisfied by the definition of d. We need to prove property
(M4), i.e. the triangle inequality. Given x,y, z € P, we have,

B =

(Z lz; — 2| + |2 — wil )P )
=1

o0 P
< |zi — 2P ) (Z |zi — vyil? ) [Using Minkowski’s inequality]
=1
=d(z,z) +d(z,y)
Hence, d satisfies property (M4). Therefore, /P is a metric space. [ |



2 Normed Space and Banach Space

§2.1 Normed Space, Banach Space

Definition 2.1 (Normed Space, Banach Space). A Normed space (X, || -||) is a vector space X
with a norm || - || defined on it. A Banach space is a complete metric space. A norm on a real
or a complex vector spaceX is a real valued function on X whose value at x € X is denotes by

|||

and which has the flowing properties,

« (N1) [z]| >0
e (N2) ||z]|=0 = =0
« (N3) [Jaz|| = all«]]

« (N4) [l +y|| < [Ja]| + [ly|| ( Triangle inequality)

Here X and y are arbitrary vectors in X and « is any scalar.

A norm on (X, || -||) defines a metric on (X, d) which is defined by

d(z,y) = ||z — yl| (2.1)

and is called The metric induced by the norm. Thus the normed space (X, || -||) is a topological
space w.r.t the metric induced from the norm. For later use, we note that

2]l = llz =y +yll <l —yl[ +[lyl] by (N4)

So that
|| = [yl < [lz =yl (2.2)
also
yll = lly —z + 2| <|ly — z|| + [|z]| = ||z — yl| + |[z|| again by (N4)
Then,

=l =1yl < llz =yl = ]l = llyll = =z - yl| (2.3)
(2.2) and (2.3) together imply
—llz =yl < [l = lyll < == =yl (2.4)
equation (2.4) implies that
[zl = [lyll] < llz =yl (2.5)

Inequality (2.4) can be used to prove that the norm function
-1 (0 -) = R

i.e., x — ||z|| is a continuous mapping.

10



2 Normed Space and Banach Space

§2.1.i Examples of normed spaces

Example 2.1. Euclidean space R and the unitary space C are normed spaces. In fact, they are normed
space defined by

||]| = (Z !&P) = \/!§1l2 + ot [n]? (2.6)
j=1

Both of them are complete in the metric (2.1) defined by the norm given in (2.6):

d(z,y) = lle =yl = /161 = m[2 + o+ |60 — 70l? (2.7)

there, x = (&1, ...,&,) and y = (11, ..., M) are vectors of R or C, i.e., they are real or complex n-tuples
depending on if they are element of R™ or C™ , respectively. Note that here R™ or C" are treated as
vector spaces over the field of real numbers or complex numbers, respectively in contract to bare sets
(R™, dgyc) or (C™, dyni) . To reduce confusion, one can also denote the Banach space by (R™, || - ||guc)
to differentiate it from the metric space (R™, || ||guc). In the former case R™ is a real vector space

while in the latter case we require R™ to be a bare set of n-tuples by real numbers.
Example 2.2. (Normed space /P) The set £ was introduced in the 5" example of the first lecture. It
is the set of p-summable sequences of complex numbers, i.e., if x = (§;) € /P, then

> g1 < o0 (2.8)
j=1

£P has a complex vector space structure. Vector addition and scalar multiplication on ¢P is given by:

(517527 ) + ("71,7727 ) = (gl + "71752 + 12, )

a(&r,&a,..) = (alr, als, ...) (2.9)

where (&), (n;) € ¢P. You should verify that all the axioms of a vector space are fulfilled under definition
(2.9). It is actually a Banach space with the norm given by

=[] = (Z Ifj!p) (2.10)
j=1

where x = (§;) € /%. This norm induces the metric

1
p

d(z,y) = [lz =yl = (Z 1§ — le\p) (2.11)
7j=1

With z = (§;) and y = (1;) are both elements of ¢P. This metric given by equation (2.9) of the first
lecture while discussing the metric space structure of /2. Here, we see that it is not just a bare set. It
has the structure of a complex vector space and the norm given by (2.10) induces the already known
metric space structure on it. And we know that it is complete with respect to that already known
metric which indicates that ¢P is a Banach space.

Example 2.3. (Normed space ¢>°) The set has been introduced in example 2 of chapter 1. It
is the set of all bounded sequences of complex numbers, i.e., every element of it is a complex
sequencex = (£1,&2,...), briefly x = (§;), such that for all j =1,2,..., one has

&1 < Cu, (2.12)

11



2 Normed Space and Banach Space

where C,, is a positive real number. The set £*° can be endowed with the structure of a complex vector
space by introducing the vector addition and scalar multiplication using (2.9). Then one defines a
norm on the vector space £*° by

||z|| = sgg\ﬁjl (2.13)
J

for z = (&) € £°.
The norm given by (2.13) induces the metric

d(x,y) = sup [&; — nj (2.14)
jeN

for x = (&) € £*° and y = (n;) € £*° as introduced in example 2 of lecture 1 while discussing the
metric space structure of £°°. And of course ¢*° is complete with respect to the induced metric (2.15).
In other words, /*° is a Banach space.

§2.1.ii An Incomplete metric space and it’s completion

The set of all complex-valued continuous functions on the closed interval [a, b] can easily be endowed
with the structure of a complex vector space that we also denote by C[a, b]. The vector addition and
scalar multiplication on C|a, b] is pointwise:

(z +y)(t) = 2(t) +y(t)
(OZU)(t) =a- x(tiJ (2.15)

where z,y € Cla,bl, i.e., z,y : [a,b] — C and « is a complex number. One can define a norm on

Cla,b] by
il = ([ 1o ) 2.16)

The normed space (Cla, b], || - ||p) is not complete, as was seen in example 8 of lecture 1. The space
(Cla, b, - ||p) can be completed by Theorem 2.6.

The completed metric space is actually a normed space that will follow from a more general completion
theorem for normed spaces (to be discussed in a while). The norm completion of (C[a,bl, || - ||,) is
denoted by LP[a,b] and is called the normed space of p-integrable functions. The case p = 2 is even
more interesting and ¢2[a, b] has the structure of something called a Hilbert space to be discussed in
great detail later.

§2.1.iii Example of metric space (X, d) whose metric can not be induced from a norm

Suppose X is any vector space. Put the discrete metric dgjs on it so that (X, dgis) is a metric space.
We show that there exists no norm on the vector space X that will induce the discrete metric on it in
the sense of equation (2.1). Suppose the contrary, i.e., there exists a norm denoted by || - ||gis that will
induce dgis on X:

ddis(xay) = Hl’ - y”dis (2'17)

for all x,y € X. Choose z,y € X such that = # y and « is a nonzero scalar. Then ax # ay so that

dais(ax,ay) =1, [from the definition of discrete metric] (2.18)
But
dais (o, ay) = Jlax — ayllais = [z = y)lais (2.19)
= |afllz — yllais  [From (N3)] (2.20)
= |a|dais(,y) (2.21)
= |a] (2.22)

12



2 Normed Space and Banach Space

(2.18) and (2.19) are in contradiction with each other as || # 1, by hypothesis. Hence, there exists
no norm on the vector space X that will induce dgjs on X.

In the light of the discrete metric topology on any vector space, we thus see that there are metric
spaces that are not normed spaces. So far, we have found the following hierarchy:

Topological spaces

Metric spaces

Normed spaces

Lemma 2.1
(Translational invariance) A metric d induced by a norm on a normed space (X, || - ||) satisfies

(a) dx+a,y+a)=d(z,y),
(b) d(az,ay) = |ald(z,y),

for all z,y,a € X and for all scalars .

Proof.
Az +a,y+a) = |(z+a) = (y+a) By eq. (2.1)
= [lz = yll = d(z,y).
And
dazx,ay) = ||ax — ayl| again by eq. (2.1)
= lal||z — y|| by (N3) property of norm
= |ald(z, y).
§2.2 Finite dimensional normed spaces and their subspaces
Lemma 2.2 (Linear combinations)
Let {z1,...,2z,} be a linearly independent set of vectors in a normed space (X, || - ||). Then there
exists a real number ¢ > 0 such that for every choice of scalars ag, ..., a,, one has
leazs + -+ antall = c(|aa] + - - + an]) (2.23)

the left side is the lower bound of this norm.

Theorem 2.3 (Completeness)

Every finite dimensional subspace (Y, ||-||y) of a normed space (X, ||-||x) is complete. In particular,
every finite dimensional normed space is complete.

13



2 Normed Space and Banach Space

Theorem 2.4 (Closedness)

Every finite dimensional subspace (Y, || - ||y’) of a normed space (X, || - || x) is closed in (X, || - || x).

Example 2.4. Consider the vector space of all complex-valued continuous functions defined on the
closed interval [0, 1] of R and equip it with the sup norm:

[#]loc = sup |a(t)] (2.24)
te(0,1]
Then (C[0,1], || - |ls) is a Banach space. Let Y = span{xo, z1, 22, ...} where z;(t) = ¢/, so that Y is
the set of all polynomials. Then (Y, || - [|s|y) is not closed in (C[0, 1], || - ||oo)-

§2.3 Further Properties of a normed space

By a subspace of a normed space (X, || - |x), we mean a vector subspace Y of the vector space X,
with the norm obtained by restricting the norm | - || x to the subset Y. Let us denote this restriction
by || - [| x|y, and the corresponding normed subspace by the pair (Y, | - [ x|, ). The vector space X is
equipped with the metric topology with the metric induced from the norm || - |[x. When Y is closed in
X with respect to the above-mentioned metric topology, we say that (Y, || - ||X|Y) is a closed subspace
of the normed space (X, | - ||x).

Theorem 2.5

(Subspace of a Banach space) A subspace (Y, || - ||x, ) of a Banach space (X, || - ||x) is complete if

and only if (Y, - | x, ) is a closed subspace of the normed space (X, || - ||x).
Proof. This proof actually follows from analogous results on metric space. |

§2.3.i Convergence of sequences in normed spaces

Definition 2.2. A sequence (x,) in a normed space (X, | - ||) is convergent if X contains an z
such that
lim |z, —z| = lim dx(zn,z) =0 (2.25)
n—oo n—oo
In (2.25), dx is the metric induced from the norm || - || of the normed space (X, || - ||). One then

writes z, — x and calls « the limit of (zy,).

Definition 2.3. A sequence (z,,) in a normed space (X, | - ||) is Cauchy if for every € > 0, there
exists N € N such that

|zrn — Zm|| = dx (Tn, 2m) <€, VYm,n>N (2.26)

Sequences were available to us even in a general metric space. In a normed space, we have the
additional notion of series.

If (z1) is a sequence in a normed space (X, | - ||), then each zj is a vector in X, and we can associate
with (zj) the sequence (s,) of partial sums:

Sp =21+ To+---+xp (2.27)

Here, + denotes vector addition in (X, | - ).

14



2 Normed Space and Banach Space

If (s,,) is convergent, say
Sy — s, that is, ||s, — s|| = 0,

then the infinite series, or briefly, series
(o)
Z$k:$1+1’2+... (2.28)
k=1

is said to converge or to be convergent; s is called the sum of the series, and we write
o
S:Zxk:xl—i—xg—i—... (2.29)
k=1

If ||z1|| + |||l + - .. converges, the series (2.28) is said to be absolutely convergent.
The concept of convergence of series in a normed space (X, ||-||) helps us define a basis as follows.

Definition 2.4. If a normed space (X, || - ||) contains a sequence (e;,) with the property that for
every = € X, there exists a sequence of scalars (a,,) such that

lim ||z — (ane1 + -+ anen)|| =0 (2.30)

n—oo

then (ey,) is called a Schauder basis for (X, || - |)-

The series Y 72 ; axer, which has the sum z, is then called the expansion of x with respect to (e,),
and we write

o0
x = Z Qe (2.31)
k=1
For example, /P has a Schauder basis, namely (e,), where
€n = (571,]');
i.e., e, is the sequence whose n-th term is 1 and all other terms are zero. Thus,
e1 = (1,0,0,0,...),

es = (0,1,0,0,...),
es = (0,0,1,0,...),

etc.

Theorem 2.6 (Completion)
Let (X, | - [[x) be a normed space. Then there is a Banach space (X,|| - ||) and an isometry
(X - lx) = W[l x) of (X, |- [[x) to a dense subspace (W, || - [| x) of (X, |-

). The space

X) is unique up to isometries.

§2.4 Finite dimensional normed spaces and their subspaces

Lemma 2.7 (Linear combinations)

Let {x1,...,z,} be a linearly independent set of vectors in a normed space (X, || - ||). Then there
exists a real number ¢ > 0 such that for every choice of scalars aq, ..., ay, one has
loazs + - - + anzp|| > c(|ai] + - - + |an]), (2.32)

i.e. the right side is a lower bound of this norm.
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Theorem 2.8 (Completeness)

Every finite dimensional subspace (Y, ||-||y) of a normed space (X, ||-||x) is complete. In particular,
every finite dimensional normed space is complete.

Theorem 2.9 (Closedness)

Every finite dimensional subspace (Y, || - ||y) of a normed space (X, || - | x) is closed in (X, || - ||x)-

Example 2.5. Consider the vector space of all complex-valued continuous functions defined on the
closed interval [0, 1] of R and equip it with the sup norm:

[£]loc = sup_|a(t)] (2.33)
te(0,1]
Then (C[0,1], || - |ls) is a Banach space. Let Y = span{xo, z1, 22, ...} where z;(t) = ¢/, so that Y is
the set of all polynomials. Then (Y || - [|s|y) is not closed in (C[0, 1], || - ||oo)-

§2.5 Compactness and Finite Dimensions

Definition 2.5. A metric space (X, dx) is said to be compact if every sequence in (X, dx) has a
convergent subsequence.

Lemma 2.10

A compact subset M of a metric space (X, dx) is closed and bounded.

The converse of Lemma 2.10 is not true. Consider the metric space 2. Now, consider the sequence
(€n) in £2, where €, = (8nj) € £2, i.e., the n-th term e, of (ey) is itself a sequence that has 1 in the
n-th term and 0 elsewhere. The sequence (e,,) is bounded. We know that ¢2 is a normed space so that
the metric here is induced from the norm || - ||2 given by

. 1/2
||| = (Z !xk!2> (2.34)

k=1

with = (1) € £2. And ||e,|| = 1, for each n. Also, the point set for the sequence (e,) has its diameter
bounded by 1, and hence (e,,) is a bounded sequence in £2.
Distinct points of the sequence are separated by a distance of 1, i.e., if m # n, then

d(em,en) =1,

so that every point of (e,) has an e-neighborhood that contains no other points of (e, ) except for the
point itself, meaning that none of the points of (e,,) is an accumulation point so that the point set of
(en) is closed and bounded in ¢2. But it is not compact in £2, as (e,) itself, being a sequence in the
point set of (e,,), does not have a convergent subsequence.

For a finite dimensional normed space, we have the following nice result:

Theorem 2.11

In a finite dimensional normed space (X, || - || x), any subset M C X is compact if and only if it is
closed and bounded.

Another important result is due to Riesz:

16
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Lemma 2.12 (Riesz's Lemma)

Izl =1, llz—yll26 VyeY

Proof. Consider v € Z \'Y and denote its distance from Y by a,

— inf |lv —
a ;gﬂv yll

Since Y is closed, v can’t be in Y as v € Z \ Y. Hence, a > 0.
We now choose 6 € (0,1). By the definition of an infimum, Jyo € Y such that

a<llv—yo| < (note that 0 < 6 < 1, one has g > a)

| Q

Let z = ¢(v — yo) with ¢ = ———,
[l = yoll

so that ||z]] = 1, and we show that

Iz =yl = lle(v —yo) — yl|
=cllv—yo—vyl|>c-a

e

v — ol

Now, since yg, y € Y, yo + % €Y, ie., y1 €Y. Hence, by the definition (2.36) of a,

a < o=yl
Therefore, from (2.39), one obtains

Iz =yl =cllv—yoll 2 a=7—
[l = ol

Now, (2.37) yields,
a
o~ soll < &
1 S 1
lo—woll — §
a a
>4 =40
lo—woll ~ 5
Now, combining (2.43) with (2.44), one obtains,
Iz =yl > 0.

Since y € Y was arbitrary, it completes the proof.

Let (y,| - |ly) and (2, || - ||-) be subspaces of a normed space (X, | - ||x) of any dimension. And
suppose that Y C Z is closed. Then for every real number 6 € (0, 1), there exists z € Z such that

(2.35)

(2.36)

(2.37)

(2.38)

(2.39)
(2.40)

(2.41)

(2.42)

(2.43)

(2.44)

(2.45)

(2.46)

Now, if one has a closed unit ball in a finite dimensional normed space, then the closed unit ball, being
closed and bounded, is also compact by Theorem 2.11. The converse of this statement can be proved

using Riesz’s Lemma.

Theorem 2.13

If a normed space (X, || - ||x) has the property that the closed unit ball M = {z € X | ||z||x < 1}

is compact, then X is finite dimensional.

17



2 Normed Space and Banach Space

Proof. We assume that M is compact but X is infinite dimensional. Our goal would be to reach a
contradiction. First, take x1 from X of norm 1. This 1 then generates a 1-dimensional subspace
(X1, - [|x,) where X1 = {cz1 | ¢ is any scalar}. Now, by Theorem 2.9, X1, being finite dimensional, is
closed in (X, - ||x). Since X is infinite dimensional, the containment X; C X is proper. Then, by
Riesz’s Lemma, Jx2 € X of norm 1 such that

1
lz2 —@1llx = 3 (2.47)
Now, x1, zo generate a 2-dimensional proper closed subspace (Xa, || - ||x,) of (X, |- | x), i.e.,
Xo = {c1m1 + cowe € X | ¢1, ¢ are any scalars} (2.48)

Then, by Riesz’s Lemma, there is x3 € X with ||z3]| = 1 such that Vz € X3, one has

|3 — 2l|x > % (2.49)
In particular,

lzs — 21 x > % and |25 — 22x > % (2.50)
Now, proceeding by induction, we obtain a sequence (z;,) of elements x,, € M s.t.

1
|Tm — xnl| > 3 whenever m # n.

Obviously (x,) can’t have a convergent subsequence. This contradicts the compactness of M. Hence,
our assumption dim X = oo was false, and dim X < oo |

Remark 2.1. Theorem 2.13 has various applications. We’ll use it as a basic tool in the study of
compact operators.

Theorem 2.14

Let T : (X,dx) — (Y,dy) be a continuous mapping between metric spaces. Then the image of a
compact subset M of X under T is compact.

Corollary 2.15

(Maximum and minimum) A continuous mapping 7" of compact subset M of a metric space (X, dx)
to R assumes a maximum and a minimum at some points of M.

§2.6 Linear Operator

Definition 2.6 (Linear Operator). A linear operator T : D(T) — Y is a mapping between vector
spaces where D(T") C X is a vector subspace. The range R(T") of T is contained in the vector space
Y. All the vector spaces considered are defined over the same field. The mapping T': D(T) — Y
satisfies,

T(x+y)=Tx+Ty
T(ax) =aTx (2.51)

for all z,y € D(T") and scalars a.

Notation. D(T) denotes the domain of the linear operator T'. The domain R(7T") denotes the range.
The null space or the kernal of T is denoted by N (T). That is, N(T) = {x € D(T) : Tx = Oy }.

18



2 Normed Space and Banach Space

Theorem 2.16 (Range and Null Space)

If T is a linear operator then,
(a) The range R(T) is a vector space.

(b) If dim D(T') = n < oo, then dim R(T") < n.

(c) The null space N (T) is a vector space.

Proof. (a) Let y1,y2 € R(T). We want to show that ay; + fys € R(T) for any scalars a, .
Since y1,y2 € R(T), we have y; = Tz1,y2 = Txs for some x1,z9 € D(T). Since, D(T) is a vector
space (by definition of linear operator), ax; + fxo € D(T') Then by linearity of T we have,

T(azxy + Bxo) = aTxy + Tz,
= ay1 + By2

Therefore, ay; + By2 € R(T). Hence, R(T) is a vector space.

(b) Choose n + 1 arbitrary elements y1,y2, - ynt1 € R(T"). Then, y1 = Tx1,y2 = Tz, Ypt1 =
Tz for some x1,29, - xpy1 € D(T). Since dimension of R(T) is n, {x1,x2, - Tpy1} is
linearly dependent. Hence,

a1 + ex2 + -+ apgp1Tpge1 =0
for some scalars ag, ag, - - - any1, not all zero. Then,

T(a1z1 + agwo + -+ + apy1Zpt1) = Tz + aTxy + - -+ aTxp g
=ay1 tayz+--+ayp+1 =0

Therefore, {y1,y2, - Yn+1 is linearly dependent. Since, the choice of elements were arbitrary, we
see that R(7T') has no linearly indepent set of cardinality greater than n. Hence, dim R(T") < n.

(¢) Let z1,29 € N(T). We want to show that axy + Bze € N(T) for any scalars «, 3. Since
x1, 29 € N(T), we have Tzq = 0,Tzo = 0. Then,

T(axy + Pza) = aTzy + T2y =0

Therefore, axy + fx2 € N(T). Hence, N (T) is a vector space.

When, T': D(T) — Y is injective linear operator, that is
Tr1=Try — 1 = 29 (2.52)
then there exists an inverse map 71 : R(T) — D(T) defined by T~ 'y = x where y = T'x.

Theorem 2.17 (Inverse Operator)

Let X,Y be vector spaces, both real or both complex. Let T': D(T) — Y be a linear operator
with domain D(T") C X. Then:

(a) The inverse T~ : R(T) — D(T) exists if and only if Tx = Oy implies z = Ox.
(b) If T~! exists, then T~ is a linear operator.

(c) If dimD(T) = n < oo and T~ ! exists, then dim R(T) = dim DT.
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Proof. (a) Suppose that Tz = Oy implies z = Ox. Let x1,x9 € D(T') such that Tx; = T'zy. Then,

T(Qj‘l — 1‘2) = Ta:l — Tl‘Q = Oy
Hence, ©1 — 29 = 0x == x1 = 3. Therefore, T is injective. Hence, by equation (2.52), 71
exists.

Conversely, suppose that T~! exists. Then T is injective and equation (2.52) holds. Then
Tex =0y =T0x — x =0x.

(b) Assume that T~ exists. The domain of T-1, R(T) is a vector space by theorem (2.16)-(a). Let
y1,y2 € R(T) and « be any scalar. We want to show that T (ay; + y2) = aTty; + T 1ys.

Since, y1,y2 € R(T), we have y; = Tx1,y2 = Txy for some z1,29 € D(T). Then, x; =
Tflyl,aﬁg = T*Iyg. Hence, aT71y1 + Tflyg = ax1 + x2 € D(T). We have,

T(aT Yy + T ye) = Ty + 229)
=aolx; +Txo
=ay1 + Y2
=T(T (a1 + y2))

Since, T is injective, by equation (2.52), we have T~ !(ay; + y2) = oT 1y + T~ ys. Therefore,
T~ is a linear operator.

(c¢) Assume that dimD(T) = n < co. Then by theorem (2.16)-(b), dimR(T) < n . Let dimR(T) =
m. Then, m < n. Since T~! exists, and dimD(T~!) = dimR(T) = m < oo, we have
dim R(T~!) = dim D(T) < m. Hence n < m. Therefore, m = n and dim R(T") = dim D(T).

|

§2.7 Bounded and Continuous Linear Operator

Definition 2.7 (Bounded Linear Operator). Let (X, ||-[|x) and (Y, ||y') be normed spaces and
T :D(T) — Y be a linear operator where D(T') C X. The operator is said to be bounded if there
exists a real number ¢ such that for all x € D(T'), we have

1Tzlly < cllllx (2.53)

To emphasize that we are dealing with normed spaces, we write the map as T : (D(T), |||l p()) —
(Y, [||ly-)- When there is no source of confusion, we simply write T': D(T) — Y.

What is the smallest possible ¢ that satisfies (2.53)7This is precisely SUP,eD(T)\ {0} % Hence,
we define:

Definition 2.8 (Operator Norm). The operator norm of a bounded linear operator 7': D(T) — Y
is defined as

ke
7 = - (2.54)
zen(m\o} 17llx
Putting ¢ = ||T|| in equation (2.53), we get,
ITzlly < I =l x (2.55)
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Lemma 2.18 (Norm)
Let T': D(T) — Y be a bounded linear operator. Then:

(a)

Il = sup |Tzlly (2.56)

||| x =1

(b) |IT||| defined in 2.8 satisfies (N1) to (N4) in definition 2.1.

Proof. (a) Let x = 4—. Then |z||y = H

s llyll x = 1. Hence,

Iyl x llyll x

I Tylly
yeD(T)\{0} Hy”X

17l =

= sup —Ty
yeD(T)\{0} Hy”X

= sup [Tz
ol =1

Y

Tx
7l = sup IEly
sen(m\foy 17llx

> sup O

xeD(T)\{0}
>0

Hence, (N1) is satisfied.

Let Tx = 0 for all z. Then ||Tz||y, = 0 for all . Hence, ||T'|| = 0. Conversely, if ||T'|| = 0, then
supjjz|=1 ITz|y = 0. Hence, ||Tz|ly, = 0 for all z. Hence, Tx = 0 for all z. Hence, (N2) is satisfied.

Let a be any scalar. Then (N3) is satisfied because:

[T () [ly = sup [[z]|x = 1T (az)]y
= sup [|lz]|y = Lol |Tz]y
= lafsup [[z]|lx = L[| T=[ly
= [elI T
Let T1,T> both be bounded linear operators from D(T) — Y. Then,
1Ty + T2l = sup I(Ty + T2)x|y
z||=1

= sup ||Tiz+ Tox|y
llzll=1

< Sup, [Tizlly + [ T22lly
xll=

= sup [|[Thzlly + sup |Tozy
Jlel=1 Jell=1

= I 73/l + N7l

Hence, (N4) is satisfied. Therefore, ||7'|| defined in 2.8 satisfies (N1) to (N4) in Definition 2.1.
|
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§2.7.i Examples of Bounded Linear Operators

Example 2.6 (Identity Operator). Let (X, |-|[y) be a normed space. Then the identity operator
I: X — X defined by Iz = x is a bounded linear operator. If X # {0}, then |[Iz| x = sup|=1 |7/ x-
Hence, ||I]| = 1.

Example 2.7 (Zero Operator). The zero operator 0 : X — Y defined by 0z = 0,Vz € X is bounded
and [[|0[| = 0.

Example 2.8 (Differentiation Operator). Let (p[0, 1], ||, be the normed space of all complex valued
polynomials on J = [0, 1] and ||-|| , be the max norm given by,

[, = max [z (t)] (2.57)

A differentatioin operator D : (p[0,1], [|-[| )) — (p[0, 1], [|-|| ;) is defined by Dz(t) = 2'(t). Then D is
linear due to the linearity of differentiation. We claim that D is not bounded. Let z,(t) = t" with
n € N. Then,

— -
lznll, = max [¢7] = 1

and Dx,(t) = nt"~!. Hence,
Dz, = mae [t =

Then we have,
IDll = sup Dz,
llll,,=1
| Dxnll,

lzall,
n
1

=N

Hence, D is not bounded.

Example 2.9 (Matrix). A real matrix A = (oi)j=1,...r:k=1,..n With r rows and n columns defines an
operator A : R” — R" by means of

y=Ax (2.58)

where = (§5)j=1,.n and y = (Uj)jzl _____ » are column vectors with n and r components respectively.
In terms of components, 2.58 becomes,

m=> e (G=1,...,7) (2.59)
k=1

The operator A is linear because matrix multiplication is linear operation. Let us prove that A is
bounded. Recall that the norm on R” is given by,

n 1/2
%]/ gn = <Z §m\2> (2.60)
m=1

And the norm of y reads,
. 1/2
yllzr = (Z \77;'!2) (2.61)
j=1
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By applying the Cauchy-Schwarz inequality to 2.59, one obtains,

2 2
Az = NIyl

(Zer)

' n
= ol 323" 0%

j=1k=1

- 1/2
= ||lz||3n ¢ where ¢ = (ZZ&?,C)

j=1k=1
Hence, [|Az||g, < c||z||gn. Therefore, A is bounded linear operator.

Theorem 2.19 (Finite Dimension)

If a normed space X is finite dimensional, then every linear opeartor on X is bounded.

Proof. Let T : X — Y be any linear operator. Let dimX = n and {ey,...,e,} be a basis for X. Let
z € X, then z = 377 {je;. Then,

Then using Lemma 2.2 with «; = §; and z; = ej,

“ 1 || & 1
D161 == 24| == el
j=1 j=1
Let d = L max}_, || Tex||. Then we have,
[Tz|| < d ]
Hence, T' is bounded. n
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Theorem 2.20 (Continuity and Boundedness)
Let T: D(T) — Y be a linear operator where D(T) C X and X,Y are normed spaces. Then:

(a) T is continuous if and only if T" is bounded.

(b) If T is continuous at a single point, it is continuous everywhere.

Proof. (a) For T =0, T is both bounded and continuous. Let T' # 0 be bounded. Let ¢ € D(T)
and € > 0 be arbitrary. Let § = . Then for all z € D(T) such that ||z — z¢|| < I, we have,

[Tz — Tol| = IT(2 — o) |
< Tl = ol
<|Illo

=€
Therefore, T' is continuous at xg. Since, xo was arbitrary, T' is continuous everywhere.

Conversely, assume that 7" is continuous. Choose an arbitrary xop € D(T). Then for any
e > 0, there exists a 6 > 0 such that for all z € D(T) such that ||z — x| < 0, we have
|Tx — Txo| <e.

Let y € D(T) \ {0} and set = z¢ + ﬁy. Then, x — z¢ = ﬁy. Hence, ||z — x| = II%H llyl| = 4.
Therefore, | Tz — Txo|| < e. Hence,

| Tx — Txo| <€
— [|T(z — )| <e

5

= o [Tyl <e
lyll

€
= Tyl <5 Iyl
= [Tyl <cllyll

Where ¢ = 5. Therefore, T" is bounded.

(b) Let T be continuous at a point zp € D(T'). Then using the second argument of part (a), T is
bounded. Then using part(a) again, 7" is continuous everywhere.

|
4 N
Corollary 2.21 (Continuity, null space)
Let T be a bounded linear operator. Then:
(a) x, — x where z,, € D(T) implies Tz, — Tx.
(b) The null space N (T) is closed.
. J

Proof. (a) Since T is bounded, T is continuous by Theorem 2.20-(a). Hence, x,, — = implies
Tx, — Tx.
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(b) Let (z,,) be a sequence in N(T') such that x,, — x. Then Tz, = 0 for all n. Hence T'z,, — 0.
Since T is continuous, T'x, — Tx. Hence, Tx = 0. Therefore, x € N(T). Hence, N'(T) is closed.
|

Lemma 2.22

Let Ty : (X, |-lx) = ¥ llly), T1 = (Y [llly) = (Z,]]ll2) and T« (X, [l x) — (X, []-l|lx) be
bounded linear operators. Show that

(@) Ml < Tl - 72

(b) 1T < IT||™ for any positive integer n

Proof. (a) Let x € X, then

VT = sup 1FiT27ollz
S ol
ITiToell

B
ITll - | Ty
EP
UTl- Wl - el
< el
— Tl - Tl

(b) For n =1, the claim is trivially true. Let us assume that the claim is true for some n = k € N
where k£ > 1. Then,

5] - )
<[z by part @
< I - i)
= H|T“|k+1

Therefore, by induction, the claim is true for all positive n € N.
[ |

Definition 2.9 (Equality, Restriction and Extension). Two operators 77 and T» are said to be equal,
written as T = T; if they have the same domain, D(T}) = D(T%) and for all z € D(T}), we have
Tl.’E = TQ[E.

The restriction of an operator T : D(T) — Y to a subset B C D(T) is denoted by T'|p
and is the operator defined by,

Tp:B—=Y, T|lpt=Tx, VYxeB
An extension of T to a set M D D(T) is an operator,

T:M —Y, such that T|D(T) =T

Theorem 2.23 (Bounded Linear Extension)
Let T : D(T) — Y be a bounded linear operator where D(7') C X and (X, ||-||x) and (Y, ||-]ly)
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are normed spaces. Then T has an extension

which is bounded and H‘T‘H = [I7]|

Proof. Let x € D(T). Then there exists a sequence (z,,) in D(T") such that x,, — z. Since T is bounded
and linear,

|Txn — Tam|| = |T(xn — zm)||
< T [zn — @mll

Since, ||y — Zm|| — 0 as n,m — oo, the sequence (T'z;,) is a Cauchy sequence in Y. Since Y is banach,
it is complete, hence (T'z,) converges to some y € Y. Define T': D(T) — Y by Tz = y. We need to
check well definedness of T'.

Let (z;,) be another sequence in D(T') such that z,, — x. Consider (v,) be the sequence (x1, 21, 2, 22, . . .).
Then (vy,) converges to x. Hence, the sequence Tv,, converges to some 3’ € Y. Since, every subsequences
of a convergent sequence converges to the same limit, and T'z,, is a subsequence of T'v,,, we have y = 1.
Since, T'z, is also a subsequence of Twv,, Tz, also converges to y. Hence, T is well defined.

Let 1,22 € D(T) and « be any scalar. Then,

A

T(oxy + x2) = nh_)rgo T(azxy + x2)
= lim aTz1 + Txo
n—oo
=« lim Tz, 4+ lim Tzo
n—0o0 n—0o0
= aTxl + T.TQ

Therefore, T is linear. For every = € D(T), we have T = Tz. Hence, T'is an extension of 7.

|Tzn| < |7 |zn|l for all n. Since, |.|| is a continuous mapping, we have after taking limit on
both sides as n — oo,

| 2| < i 1

= sw |Te] < |7

llzll=

— ||| <nm

Hence, 7" is bounded. Moreover, ’ ’T’H =

(EAp

‘T‘H > ||IT ||l because 7' is an extension of T'. Therefore,

§2.8 Linear Functional

Definition 2.10 (Linear Functional). A linear functional f is a linear operator with domain in a
vector space X and codomain in the field K of X, that is

f: X—->K

where K = R or C.
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Definition 2.11 (Bounded Linear Functional). A bounded linear functional f is a bounded linear
operator with domain in a normed space (X, ||-||) and codomain in the field K of X, such that
there exists a real number ¢ such that for all x € X,

|f(@) < cll=ll
Furthermore, the norm of f is defined as in 2.8,

|/ ()]

Iflll = sup === = sup [f(z)] (2.62)
z20 ||zl )=t
And using 2.55, we can write
[f @) < (£l (2.63)

Theorem 2.24 (Countinuity and Boundedness)

A linear functional f is continuous if and only if it is bounded.

Proof. This is a special case of 2.20. |
Example 2.10. Consider the normed space (Cfa,b], ||| ,,.x) With respect to the max norm
= t
] e = mac 2 (0)

with x : [a,b] — C being a complex valued continuous function on [a,b]. Fix ¢ty € J = [a, b] and define
a linear functional f on all of (Cla,b], ||| yax)s 1-€ f 1 (Cla, b, [||l;,ax) — C as,

f(z) = x(to)
where = € Cla,b]. We will show that f is a bounded linear functional. Let z,y € C|a,b] and a € C,
then
flax +y) = (ax +y)(to) = ax(to) + y(to) = af(z) + f(y)

Hence, f is linear. ||f(x)|| = ||z (to)|| < ||z|,,.- Therefore, f is bounded. Moreover,

max

1S ()l

]

<1

max

= suwp [[f(z)][ <1
ol amax=1

max~

— IFll <1
Let 2 € Cla,b] be the constant function such that xo(t) =1 for all ¢ € [a,b]. Then,
WA= 11 (o)l = llzo(to)l] = 1

Therefore, ||| f|| = 1.

Example 2.11. Consider the hilbert space £2 (see 1.7). We define a linear functional f on ¢? by fixing
a = (ay) € 12 and defining f as,

f(z) = i anén (2.64)
n=1
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2 Normed Space and Banach Space

where z = (£,) € I2. The series in (2.64) converges absolutely. Then using the Cauchy-Schwarz
inequality, we have

Z a’l’bgﬂ

1 (@)|l =
n=1
<D ol
n=1
o 1/2 / oo 1/2
< (Z |an|2> <Z |§n|2>
n=1 n=1
= lla] [l

Therefore, f is a bounded linear functional on ¢2.

Definition 2.12 (Algebraic Dual Space). The algebraic dual space of a vector space X is the set of
all linear functionals on X and is denoted by X*. That is,

X*={f:X —> K| f is linear}
Let f,g € X* and a € K, then f + ¢g and af are defined as,

(f +9)(z) = f(z) + g(z)
(af)(x) = af(x)

The algebraic dual space (X*)* of X*, denoted as X**, is called the second algebraic dual space of X.
We can define an element of X**, g for a fixed x € X as,

g: X" =K
9(f) = 9(f) = f(z) Vfe X"
The linearity of g can be seen from,
ga(af +9) = (af +9)(x) = af(x) + g(x) = aga(f) + g2(9)

for all f,g € X* and a € K. Hence, each x € X corresponds to a g, € X**. This defined the following
mapping;:

Definition 2.13 (Cannonical mapping or Cannonical Embedding). The cannonical mapping or
cannonical embedding of a vector space X into its second algebraic dual space X** is defined as,

C: X — X" Clz)=g, YVreX

Let x,y € X and o € K, then for all f € X*,
Clax +y)(f) = flax +y) = af(x) + f(y) = aC(z)(f) + C(y)(f)
Therefore, C' is linear. Assume that C(z) = C(y) then for all f € X*,

C(z) = C(y)

= 9z = Gy

= g2(f) = gy(f)
= [f(x) = f(y)

Since, this is true for all f, we have x = y. Therefore, C' is injective.
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2 Normed Space and Banach Space

Definition 2.14 (Isomorphism of Normed Space). Two normed spaces X and Y are said to be
isomorphic if there exists a bijective linear operator T': X — Y such that both 7" and T~ are
isometric. That is,

T:X—=Y and T7':Y =X
Tx+y)=Tx+Ty Vr,yeX
T(ax)=aT(z) Vre X,aekK
ITally = zly Vo e X

[T, = Iwlx wwev

Definition 2.15 (Embeddable). A vector space X is said to be embeddable in a vector space Y if
X is (vector space) isomorphic to a subspace of Y.

Since, the cannonical map C' is injective, X is (vector space) isomorphic to the range of C' in X™**.
Therefore, X is embeddable in X**. If X is such a space so that C is also surjective, that is Cc is
bijective linear operator, then X is isomorphic to X**.

Definition 2.16 (Algebraic Reflexivity). A vector space X is said to be algebraically reflexive if it is
(vector space) isomorphic to its second algebraic dual space X**.

Theorem 2.25 (Dimension of X*)

Let X be an n-dimensional vector space and E = {ej,es,...,e,} be a basis of X. Then,
F={f1, fo,..., fn} defined as,

1 ifi=j

MW:%:%iﬁ#j

is a basis of X* and dim X* = dim X = n.

Proof. Let B; be a set of scalars such that,
> Bifi(z) =0
i=1
Then, for a fixed j € {1,2,...,n},
> Bifile)) = Bibij =B =0
i=1 i=1
Therefore, 5; =0 for all i € {1,2,...,n}. Hence, F is linearly independent.

Let f € X*. Since f is linear, we can write f(e;) = a; for some «; € K. Then,
o) =36
Also, :
filz) = fi (2: &ei) = ifz’fi(ei) =&

Hence, we have f(x) = >i"; a;fi(x). Therefore, F' spans X*, hence F' is a basis of X*. Therefore,
dim X* =n =dim X. |
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2 Normed Space and Banach Space

Lemma 2.26 (Zero Vector)

Let X be a finite dimensional vector space. Let zp € X such that f(z¢) =0 for all f € X*. Then,
o = 0.

Proof. Let {e1,e2,...,e,} be a basis of X. Then xg = Y ;" &e;. Let f € X*, then

fmo) =D &iai =0
i=1

This is 0 by assumption for all f, hence also for every choice of «;. Therefore, & must be 0 for all 3.
Hence, zg = 0. |

Theorem 2.27 (Algebraic Reflexivity of Finite Dimensional Space)

A finite dimensional vector space X is algebraically reflexive.

Proof. Consider the cannonical mapping C' : X — X** defined in 2.13. Assume that C(zp) = 0 for
some zg € X. Then for all f € X*,

(Czo)(f) = 9= (f) = f(z0) =0
Then by lemma 2.26, zg = 0. Hence, by theorem 2.17, C has an inverse C~! : R(C) — X and
dim R(C) = dim X. By theorem 2.25, dim X** = dim X = dimR(C'). Hence, R(C) is not a proper
subspace of X**. Therefore C' is surjective and X is algebraically reflexive. |
§2.9 Normed spaces of operators
Take any two normed spaces X and Y (both over real or complex numbers) and consider the set
B(X,Y)

consisting of all bounded linear operators from X to Y. Each such operator is defined over all of X and
its range is contained in Y. We first want to see that B(X,Y") itself can be made into a normed space.

Definition 2.17 (Vector Space Structure). Vector addition is defined as
(T1 + Tg)l’ =Tix +Thx (265)

where T1,T5 € B(X,Y).
For any scalar «, the scalar multiplication is defined by

(aT)x = a(Tx) (2.66)

VT € B(X,Y).

Definition 2.18 (Bounded Linear Operators form a Normed Space). The Vector Space B(X,Y) of
all bounded linear operators from a normed space (X, || - || x) to a normed space (Y, || - ||y) is itself
a normed space with norm defined by

Tx Y
IT|| = sup |7 = sup ||Tz|y (2.67)
w0 ||z x |lz||=1

In what case B(X,Y) will be a Banach space? The question is answered in the following theorem:
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2 Normed Space and Banach Space

Theorem 2.28 (The Space of Bounded Linear Operator is Banach)
If (Y,| - |ly) is a Banach space, then (B(X,Y),||| - |||) is a Banach space.

Proof. Consider an arbitrary Cauchy sequence (7},) in B(X,Y) and show that 7,, — 7" in B(X,Y).
Since (T},) is Cauchy, Ve > 0, 3N € N such that

T — Tl <€, whenever m,n > N (2.68)
Then for all x € X and m,n > N, one has
1Tz — Tmz|ly = [[(Th — Tr)zlly

< T = Tl 1]
<elzlx [By (2:68) (2.69)

Thx —Typr €Y Vn e N,
Now, fix x € X. Given € > 0, we may choose € = m in (2.68) so that

ezl x < ¢ (2.70)

Then from (2.69), one obtains, ||T,x — Trnz|ly < € and from (2.68), one finds that (7;,x) is a Cauchy
sequence in (Y| - |ly). Since (Y,|| - ||y) is complete, (T,x) converges in Y, say, T,z — y. We thus find
a vector y € Y from a vector x € X with the help of the Cauchy sequence (7},) in B(X,Y’). In other
words, one has an operator T : X — Y defined by

y= nh_)rgo Thx =:Tx (2.71)
The operator T': X — Y is linear since
T(ax+ Bz) = Jim Ty (ax + Bz) = a lim Tox+ f lim T,z
=aolz+ BTz

Vz,z € X and «, § scalars.
Now, let us prove that T': X — Y defined in (2.71) is bounded. In (2.68), we saw that Ve > 03n € N
such that Vz € X and m,n > N,
| Thx — Thnzlly < €|z]x (2.72)

From the above, we see that for every n > N and all z € X
| Thr — Tx|ly = ||Thr — lim Tpx|y
m—0o0
= lim ||Thx — Tnxlly [ - |ly is a continuous function on Y|
m—o0

<ellzllx [By (2.72)]

One, therefore, finds that for all z € X with n > N
(T = T)zlly < ellzlx (2.73)

which shows that T, — T is a bounded linear operator for n > N. Since T}, is bounded for Vn € N
[T, € B(X,Y)], one must have T,, — (T;, —T') = T is also bounded. In other words, T is a bounded
linear operator, i.e., T € B(X,Y). Take supremum over all x € X with ||z||x = 1 on both sides of
(2.73) to obtain the following

sup [[(Tn, — T)xlly < e
zeX
lzllx =1
= [|T. - Tl < (2.74)
(2.74) means that for all € > 0, there exists N € N, such that for all n > N, one has ||T,, — T < e.
Hence, ||T}, — T'|| — 0. In other words, T,, — T in B(X,Y). [ |
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2 Normed Space and Banach Space

Definition 2.19 (Dual Space). Let (X, || - ||x) be a normed space. Then the set of all bounded
linear functionals on X constitutes a normed space with norm defined by

p @I _ o 15 (2.75)

vex lallx lzll=1
220

IfIF =

which is called the dual space of X and is denoted by X”.

Since a linear functional on a normed space (X, || - ||x) is a map from (X, ||| x) to R or C (depending
on if X is a real or a complex vector space), we see that X’ is simply B(X,K) with the complete space
K =R or C (with the Euclidean or unitary metric). Hence, Theorem 2.28 applies and we have the
following:

Theorem 2.29 (Dual of a Normed Space is a Banach Space)
The dual space X’ of a normed space (X, | - ||x) is a Banach space (whether or not X is).
Definition 2.20. An isomorphism of a normed space (X, || - || x) to a normed space (X, 0 - ll5) is
a bijective linear operator 7" : (X, || - ||x) = (X, || - || ) which preserves the norm, i.e., Vo € X,
one has

ITollz = llzllx (2.76)

If dx is the metric on X induced by | - [|x and dy is the metric on X induced by || - || ¢, then it is
easy to verify that the following holds

dg(Tz,Ty) = dx(z,y) (2.77)

Vz,y € X. In other words, T : (X,dx) — (X,dg) is actually an isometry in the respective induced
metrics. Also, (2.76) tells us that the bijective linear operator T": (X, || - ||x) — (X, || - || ) is actually
bounded and hence continuous by Theorem 4.2.

Example 2.12 (Dual of R™). The dual space of (R™, | - ||2) is (R™, | - [|2)

Proof. By Theorem 4.1, if a normed space (X, || - ||x) is finite-dimensional, then every linear operator
on (X, -|lx) is bounded. Hence on R", the dual R™ coincides with the dual R", i.e., R™ = R".
Given a basis {e1,...,e,} of R” and f, for f € R", one has

n

T = Zékek

f <Z gkek> = ¢uf(ex) [By lineasity of f € R]

zn:ﬁm, Yk = f(ex) (2.78)

By Cauchy-Schwarz,

2| = (Z W) " (; rw?) "

1/2
= [l]2 <Z !7m|2> (2.79)
m=1
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Taking supremum over all z € R” with ||z||2 = 1 on both sides of (2.79), one obtains,

1/2
S (z w)
rER"™
lz]l2=1

n 1/2
= [If]l < (Z !%\2)
m=1

When & = vy, Yk € {1,...,n}, (2.79) reads as

n

F@)] =Y wl>=>Y_&=IzI53 whenz=(y,...,m)

k=1 k=1

In other words,

n 1/2
|f ()] _ (Zﬁ) when z = (v1,...,7n)

And, from (2.79),

n 1/2
| f(z)] < (Z'V’%> , VeeR"and x #0

(2.81) together with (2.82) imply
n 1/2
su
zeR” ||93|!2 (Z )
#

z#0 =

n 1/2
171 = (Zvi)
k=1

(2.83) shows that the norm of f is equal to the Euclidean norm ||c||2, where ¢ = (7%) € R™, i.e

1P = liell2

(2.80)

(2.81)

(2.82)

(2.83)

(2.84)

with ¢ = (y4)}_; € R". Hence, the mapping g : R" — R™ defined by g(f) = ¢ = (1), with vz = f(ex),

{e1,...,en} being a basis of R™ is norm preserving. Indeed, (2.84) tells us that

lg(Hllz =111
In fact, the isomorphism is g : (R, || - ||) = (R, ]| - ||2).
Example 2.13 (Other examples of Dual Spaces). 1. The dual space of ¢! is £>°.

2. The dual space of /P is £4; here, 1 < p < oo and ¢ is the conjugate of p, i.e., = +

Sl
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3 Inner Product Space and Hilbert Space

§3.1 Inner Product Space

Definition 3.1 (Inner product spaces and Hilbert spaces). An inner product space (X, (-,-)) is a
vector space X with an inner product (-,-) defined on X. A Hilbert space is a complete inner
product space (complete in the metric induced by the inner product as mentioned below). Suppose
X is a vector space over K = R or C. Then (-,-) is a mapping (-,-) : X x X — K such that
Vz,y,z € X and a € K, one has

IP1) (z +y,2) = (x,2) + (y,2)

IP2) (ax,y) = afz,y)

\/

(

(IP2)
(IP3)
(IP4)

(

(
(z,y) =
(z,2) >
(z,2) =

9B, 08 S r=0x

An inner product (-,-) on X defines a norm on X given by

[ellin =/ {z, x) (3.1)

and a metric on X by
din(z,y) = |z = yllin = \/{z —y,2 = y) (3-2)
so that (X, | - |lin) becomes a normed space and (X, d;,) becomes a metric space. Hence, we easily see

that an inner product space is a normed space and thereby a metric space.

Remark 3.1. In IP3, the overbar denotes complex conjugation. Consequently, if X is a real vector
space, we simply have

(z,y) = (y,z) (symmetry).
IP1 - TIP3 imply

(a) <asc + By, Z> = a<x7 Z> + 6<y7 Z)} (33)

(b) {z,ay + Bz) = alz,y) + Bz, 2)
(a) tells us that the inner product is linear in the first factor and conjugate linear in the second factor.
Expressing them together, we say that the “inner product” is sesquilinear.

Now, if z,y € X and (X, (-,-)) is an inner product space, then the induced norm || - ||, on X satisfies
the following

(z—y,x—y)+ (x+y,x+y)
= (2, 2) + (¥, y) + (z,2) + (y,9)
=2(||z[I7, + [lyl1Z,) (3.4)

lz = ylF + llo + w5, =

The equality (3.4) is called the Parallelogram equality.

Definition 3.2 (Orthogonality). An element x of an inner product space (X, (-,-)) is said to be
orthogonal to an element y € X if (x,y) = 0. We write it as L y. Similarly, for subsets A, B C X
we write x L Aifx L a,Vae A,and A L Bifa L b, Va€e A and Vb € B.
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3 Inner Product Space and Hilbert Space

Example 3.1 (Some examples of Inner Product Spaces). 1. Euclidean space (R”, (-, ) guc) is a Hilbert
space with inner product defined by

(x,y) =&m+ -+ &unn (3-5)
where z = (&) = (&1,...,&,) and y = (n;) = (m, ..., 7n) are vectors in R”.
2. Unitary space (C™, (-, -)uni) is a Hilbert space with inner product given by
(z,w) = &y + -+ + &nlly (3.6)
where z = (&) = (&1,...,&,) and w = (n;) = (M, ..., M) are vectors in C™.

3. Square integrable function space L?[a,b]. The norm

b 1/2
nﬂb:<L\am%Q (37

has been introduced before which can be induced from the inner product

b
()2 = [ oty (338)
a
It can be shown that (L?[a,b], (-, )2) is complete with respect to the metric induced from the

inner product (3.8). In other words, L?[a,b] is a Hilbert space.

4. The p-summable sequence space £ with p # 2 is not an inner product space, hence not a Hilbert
space.
The last one is a quite illuminating and hence, its proof is given below.

Proof. The statement under tells us that the norm of /7 with p # 2 can’t be induced from an inner
product. Had the norm been induced from the inner product, it would satisfy the parallelogram
equality. Recall the ¢ norm

00 1/p
lllp = (Z !&p> (3.9)
k=1

for = (&) € ’. Now take y = (1,1,0,0,...) € ## and z = (1,-1,0,0,...) € 7. Then one has,

lyllp = ll2ll, = 277 (3.10)
And y+2=(2,0,0,...) and y — z = (0,2,0,...), so that

Iy -+ 2l = (27) /7 =2

ly — 2llp = (27)!/7 =2 (3.11)

(3.10) and (3.11) imply that
ly+ 22+ ly—z2=4+4=38 (3.12)

while
2(||yll2 + [|2]12) = 2 [(21/19)2 n (21/19)2}
—9.9.92/p
-4 (3.13)
From (3.12) and (3.13), one concludes that

ly + =I5 + Iy — =115 # 20yl + ll=15)  if p # 2

Hence, the ¢ norm || - ||, on the space of p-summable sequences is not induced from an inner product
for p # 2. Hence, although (¢7, || - ||,) for p # 2 is a Banach space, it is not an inner product space and
hence not a Hilbert space. |
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§3.2 Further properties of inner product spaces

Lemma 3.1 (Schwarz inequality, triangle inequality)

An inner product (-, -) and the corresponding norm || - ||;, associated with the inner product space
(X, (-,)) satisfy the Schwarz inequality and the triangle inequality as follows.

(a) (Schwarz inequality) We have
{2, 9)| < [l2lnlylln (3.14)

where the equality sign holds if and only if {z,y} is a linearly dependent set.

(b) (Triangle inequality) The norm || - ||;n also satisfies

where the equality sign holds if and only if y = 0 or x = cy (¢ > 0).

Proof. (a) If y =0, then (3.14) automatically holds. Let y # 0,. For every scalar «, one has

0< lz— ayllf, =
z) — (z,ay) — {ay, x) + (ay, ay)
,x) —a(z,y) — aly,z) + ad(y,y)

z,r) — afz,y) — alr,y) + aaly,y)

Now, if we choose & = <z’zg, then the term in the square bracket on the right side above vanishes.

The remaining inequality then is

'~

(z,y)
Nz, y)|?
lyllZ,
= [z, ) < [lzl5llyl5
[z, 9)] < |2 /linl|¥llin (3.16)

0<(z,z)—

= |lzlI% -

One, therefore, finds:

(2, y)|?
lyllz,
= (0 < ||a:|]12n||yH12n — |<m,y)|2 [By multiplying both sides of the above by ||yHlQn]

= [z, 9)1* < 2l Iyl

0 < [lzf|F —

Equality holds in this derivation if and only if y = 0 or 0 = ||z — ay||?,, so that x — ay = 0, i.e.,

x = ay or in other words, {x,y} is a linearly dependent set in X. (any set consisting of a zero
vector is always linearly dependent)

(b) One has

lz+yllf = (z+y,z+y)
= (z,2) + (z,y) + (v, 2) + (y,9) (3.17)

Now, by the Cauchy-Schwarz inequality,

[z, 9)| = [{y, )] < l|2/[inllyllin (3.18)
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y (3.17) and (3.18), one, therefore, obtains,

lz + gl = (@, 2) + (@, 9) + (y,2) + (y,9)
< |lz||Z, + [{z,v)| + [{y, )| + |y||2, [By triangle inequality of numbers]
< lzl3 + 2l llnllyllin + ly17,
= (lzlln + llylin)? (3.19)
Taking square root on both sides of (3.19), one obtains,
[+ yllin < [[z]lin + lyllin (3.20)

Equality holds in (3.20) if and only if

(z,9) + (v, 2) = 2[|x/lin[ly[lin (3.21)

But

(z,y) + (Y, ) = (z,9) + (z,9)
= 2Re(x,y)

Hence, the condition (3.21) reduces to

2Re(z,y) = 2| z(inlly/in

— Re(z,y) = lzlluwllylin = [(z,y)| [By part (a)] (3.22)
Since the real part of a complex number can’t exceed the modulus of it, one must have an equality
n (3.22):
[z]linllyllin = [(z, )] (3.23)
Then, by part (a), one has y =0 or x = cy.
|
Lemma 3.2
If in an inner product space (X, (-,-)), one has =, — x and y,, — y, then (x,,yn) — (z,y).
Proof.
(@ns yn) — (@, 9)| = (@0, yn) — (T, y) + (20, y) — (2, 9)]
= (@0, Yn — y) + (20 — 2,9)|
< Kxn,yn —y)| + |[(zn — z,y)| [Triangle inequality of numbers]
< |znllinllyn — yllin + ||zn — |linllyllin  [By Schwarz inequality] (3.24)

Now, since z,, — = and y,, — y so that ||z, — z|in — 0 and ||yn — y||in — 0, one obtains from (3.24),

‘(xmyn> - (x,y)] —0
]

Remark 3.2. Recall Theorem 2.28 in the context of the inner product map (-,-) : X x X — C
(considering X is a complex vector space). dj, is the metric on X induced by the inner product.
Then Lemma 2 tells us that (-,-) : (X X X,din X din) — (C,dyn;) is sequentially continuous at
(z,y) € X x X. Indeed, one shows that for (z,,yy,) converging to (z,y) in (X x X,di, X di,), one
has (-, ) (zn, yn) = (Tn, yn) converging to (-, -)(z,y) = (z,y) in (C,dyy;). But in the context of metric
spaces sequential continuity at (z,y) € X x X is equivalent to continuity of a given map at that
point. Hence, the inner product map (-,-) : (X X X,din X din) — (C,dun;) is continuous at a given
(x,y) € X x X.
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An isomorphism T : (X, (,-)x) — (X, (-,-) ¢) between inner product spaces (both X and X are
vector spaces over the same field) is a bijective linear operator which preserves the inner product, i.e.,
Ve,y € X,

<Tx7Ty>)~( = <x7y>X (3'25)

In fact, by (3.25), one sees that

<Tva$>)Z' = <‘T’x>X
1T 3 = % x,n (3.26)

where | - || x,in is the norm induced from the inner product on X and || - || ¢ ;, is the norm induced from
the inner product on X. Then (3.26) tells us that

T: (X, xm) = (X, |- 1% in)

is actually a bounded linear operator defined by (3.25) and hence continuous by Theorem 4.2.

§3.3 Orthonormality

Definition 3.3 (Orthonormal Set). An orthonormal set M in an inner product space (X, (-,-)) is a
subset M C X whose elements are pairwise orthogonal. An orthonormal set is an orthogonal set
whose elements have a unit norm, i.e., Vx,y € M

)1 ifz=y
<x,y>—{0 o2y (3.27)

If an orthogonal/orthonormal set M is countable, we can arrange it in a sequence (x,) and call
it orthogonal/orthonormal sequence.

More generally, an indexed family (24 )aer is called orthogonal if z, L xg for all o, B € I, ae # .
The family (z4)aer is called orthonormal if it is orthogonal and |zo| =1, a € I, i.e.,

<£L'a,x5> = 5(15 (3.28)

For orthogonal elements x,y,z # y in the inner product space (X, (-, -)), one has (z,y) = 0 so that

lz +yl* = (z +y, 2 +y)

= <:L‘,$> + <y,y> [ <a:,y> = <y7x> = 0]
= Jlz)* + [ly|? (3.29)
More generally, if {z1,...,x,} is an orthogonal set, then
21 + -+ 2l = Nl + a2l + -+ zallf (3.30)

Infact (z;, ;) = 0 if i # j; consequently,

n

>

=1

n

- <i% iwk> =2 (v, m) = i Il

in j=1 k=1 j=1

Lemma 1 (Linear independence) An orthonormal set is linearly independent.

Proof. Let {ei1,...,e,} be an orthonormal set in the inner product space (X, (-,-)). Consider the
equation
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n
Z AReL = 0$ (3.31)
k=1

Taking inner product with a fixed e; € {e1,...,e,} on both sides of (3.31) yields,

<Z akek,ej> = <0,€j> =0
k=1

n
— Zak(ek,ej> =0

k=1
= aj(ej,e;) =0 [using orthogonality of {e1,...,en}]
— ;=0 - lejllin =1]
Since e; was arbitrarily chosen from {ei, ..., ey}, one has a; = 0 for all j € {1,...,n}, proving linear

independence for any finite orthonormal set.

If the orthonormal set that one starts with is infinite, by choosing any finite subcollection, one can
prove that this finite subcollection is linearly independent as done above. In other words, one proves
that the infinite orthonormal set is also linearly independent (any arbitrary subset of a vector space is
linearly independent if every nonempty finite subset of it is linearly independent). |

Example 3.2 (Unit Vectors of Euclidean Space). Euclidean space (R3, (-, )guc). Here, the three unit
vectors {(1,0,0),(0,1,0),(0,0,1)} form an orthonormal set.

Example 3.3 (Schauder Basis of an Orthonormal Sequence). The Schauder basis for the inner product
space £? is an orthonormal sequence (e,), where e, = (0nj) is a sequence whose n-th element is 1 and
all others are zero.

Example 3.4 (Prelude to Fourier Series). Real-valued continuous functions C[0, 27| on [0, 27| with
inner product defined by

21
@) = [ attultd (3:32)
is an inner product space, as earlier (although incomplete).

An orthogonal sequence in (C[0, 27, (-,-)) is (uy), where

un(t) =cosnt, n=0,1,2,...

Another orthogonal sequence in (C[0, 27], (-, -)) is

up(t) =sinnt, n=1,2,...

Explicit computation of inner product leads us to the following when m # n:

1 2w
(Umy Up) = 5 / [cos(m + n)t + cos(m — n)t]dt
0
1 [sin(m +n)t N sin(m — n)t]*"
2 m+n m-—n 0
0 (3.33)

when m = n, one has
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3 Inner Product Space and Hilbert Space

1 2m
(Upny Up) = f/ cos® mtdt
2 Jo

1 27 /1
_ 1 / ( + cos 2mt> &t
2 Jo 2

+ L [sin 2me2n
=T _— 1mn zm
4ms 0
=T

For m = n =0, one has

2
(U, Up) = / 1dt = 2nt
0
Combining (3.33), (3.34) and (3.35), one has
0 ifm#n

(Um,un) =47 ifm=n#0

2r ifm=n=0
Similarly, one can go on to show that
0 ifm#n
(Um, vp) = .
T ifm=n#0mn=12,...

Hence, from wu,,, one can construct an orthonormal sequence (e;,) where

1 1
eo(t) = —cos 0t =

1
— up = ——
V2T \ 2T 0 \ 27

From (vy,), one obtains the orthonormal sequence (é,) where

1 n(t
én(t) = —=sinnt = Un(t)

o =1,2,. ..
VT [[vnll

When m # n
1 2w
(U, Up) = 5/ sin mt sin ntdt
0
1 2w
=3 / [cos(m — n)t — cos(m + n)t] dt
0
1 {Sin(m —n)t  sin(m+n)t 2m _o
2 m—n m-+n 0
When m =n
1 2w
(U, Um) = f/ sin? mtdt
2.Jo
1 2m
= 7/ (1 — cos2mt)dt
2 Jo
1 1 2=
=35 (2m) — 3 ), cos 2mitdt

L rsin 2mi)2”
= 7T — — |SIn zm =T
4m 0

Exercise: Show that
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U L uy, form#n

A great advantage of orthonormal sequences over arbitrary linearly independent sequences is the
following:

If (e1,e2,...,e,) is an orthonormal sequence in an inner product space (X, (-,-)) and we have
x € span{ey,...,e,} with n fixed, then one has
n
T = Z ager (3.41)
k=1
for some scalars aj. Now, take inner product of x with e; for some fixed j € {1,...,n} on both

sides of (3.41) to obtain

n
a: 6] <Z kek,6]>
k
n

Z 6k, 6]

k=
=, [using orthonormality of {ei,..., e} (3.42)

With «a; determined by (3.41), (3.42) now takes the following form:

2”: (x,er)e (3.43)

This shows that determination of the unknown coefficients «y’s is simpler for z € span{ey,...,e,}
given by (3.41). Another usefulness for orthonormality becomes apparent if in (3.41) or in (3.43), we
want to add another term oy, 416,41 to take care of an = € span{ey,...,e,+1}. In this case, one just
needs to compute a1 as ay, ..., q, remain unchanged.

More generally, if we consider z € X, not necessarily contained in Y,, = span{ey,...,e,}, one can
define a new y € Y,, by setting

n
Z X, ek) x ek (3.44)
k=1
and then define z € X by setting
r=y+z (3.45)
i.e.,
z=x—y (3.46)

We, first of all, want to show that z given by (3.46) satisfies z L y.
First, note that by orthonormality, one has
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Iy = (,9)
n n
= Zﬂfekek,z xemem>
k=1 m=1 X

Il
M=
M=

(x, ex)x (T, em) x (€, em) x
1

=
Il
—

m

Il
NE
NE

(@, er) x (T, em) x Okm
1

e
Il
MR

m

Il
M=

(r,er)x{x,er)x

e
Il
—

Il
Dj:

<l‘,6k>xy2 (347)

i

—_

Now,

—~

. y)x = llylk

n
x> (w,ex) X6k> — lyllz
k=1 X

() x =(z—y,y)x =

Il
—

Il
M=

(z,ex)x (z,ex)x — |lyl|A
1

[by (3.47)]

I
=0

Now, since z L y by Pythagorean relation on (3.45),

21 = Iy + 213 = lylE + Il
21 = Nl = lyl3,

n
= |lzllf — Y Kz, er) x| (3.48)
k=1
Since ||z||2, > 0 for every n = 1,2, ..., one has from (3.48),
n
)3 > > [, ex) x| (3.49)
k=1

Now, (Xh—1 [{z,ex)x|?) is a monotone non-decreasing sequence that is bounded by ||z[|% given in
(3.49). Hence, the sequence of the partial sum of the series Y32, |(x, ex)x|? converges and

w (Yl exl?) =51 eulxl < ol (3.50

k=1 = =
which is formally known as Bessel inequality.

Theorem 3.3 (Bessel Inequality)

Let (ex) be an orthonormal sequence in an inner product space (X, (-,-)x). Then for every z € X,
one has

Z zer) x)? < ||z||% (Bessel inequality) (3.51)
k=1

The inner products (z,ex)x in (3.51) are called Fourier coefficients of x € X with the
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I orthonormal sequence (ey).

¢ How to obtain an orthonormal sequence from an arbitrary linearly independent
sequence in an inner product space: This is accomplished by a constructive procedure, called the

Gram-Schmidt orthonormalization process.

Let (z;) be a given linearly independent sequence in an inner product space (X, (-, ) x). The resulting

orthonormal sequence (e;) will have the property that for every n € N,

span{ei,...,e,} =span{zy,...,x,}

The process is as follows:
Step 1. The first element of the sequence (e,) is

x1

EA™

€1

2nd Step
Write x9 as:
x9 = (x2,e1)xer + V2
So that
v = T — (w2, e1)xe€1

Now, (3.55) tells us that

< in|| X >X 11 m
U xr X

(3.52)

(3.53)

(3.54)

(3.55)

(3.56)

The right side of (3.56) is a nonzero linear combination of z; and z3, i.e., the coefficients of the
linear combination above are not all zero. Hence, by linear independence of {x1,x2}, the right side of

(27), i.e., v2 can’t be zero, so that we can take

V2
ey = ——
llvzlx

Of course, |ez2|lin = 1, and

1

€2,€1) = (U2, €1)X
(€2,€1) = T, 2 o)
1
- Tl (x2 — (w2,e1)xe1,e1) x
1
= o2l [(z2,€1)x — (@2, e1)x (€1, €1) x]
m
1 . .
= HUQ” [<$2,€1>X - <-’I;2761>X] [ HelHiQn =1 by construction in (353)]

=0

3rd Step Construct the vector

vz = x3 — (3,e1)xe1 — (T3, €2) x€2

(3.57)

(3.58)

Then vs # Ox follows from linear independence of {x;} and that v3 L e; and vs L ey (verify!). Then

U3

~ vslin

€3

4th Step
Construct the vector

Up = Tn — <xn761>X€1 — <xnaen—1>Xen—1
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using the orthonormal set {eq,...
compactly as,

,en—1} obtained in the previous (n — 1) steps. Rewrite the above

n—1

Up = Ty, — Z<l’n, ek) x ek (3.60)
k=1

It is immediately seen that v, # Ox and v, is orthogonal to e for all k constructed up to (n — 1)
steps. Then, we take

Un
en = 3.61
"= Toullx 361
Series Related to Orthonormal Sequences
Example 3.5 (Fourier series). A trigonometric series is a series of the form
(0.)
ap + Z (ay cos kt + by, sin kt) (3.62)

k=1

A real-valued function z on R is said to be periodic if there is a positive number p (called a period
of x) such that

z(t+p) =x(t) (3.63)

Now, let « be of period 27 and continuous. By definition, the Fourier series of x is the trigonometric
series (3.62) with coefficients aj and by given by the Euler formula:

1 27
a0 = 5 x(t)dt
1 2m
ap = —/ x(t) cosktdt, k=1,2,... (3.64)
™ Jo
1 2
bk:—/ x(t)sinktdt, k=1,2,...
™ Jo

The coefficients a; and by are called Fourier coefficients of x. If the Fourier series of x converges
for each ¢ and has the sum z(¢), then we write

z(t) = ao + Z(ak cos kt + by sin kt) (3.65)
k=0

Since z is periodic of period 27, in (3.64), we may replace the interval of integration [0, 27| by any
other interval of length 2, for instance [—m, 7).

Now, consider the orthogonal sequences (ux)3, and (vi)32; studied in example 7.3. Using these
orthogonal sequences, (3.65) can be rewritten as

z(t) = aguo(t) + Z apug(t) + brog(t)] (3.66)

Using the orthogonality of (uy) and (v,) and the fact that (uj, ux) = (vj,vg) = 0if j # k,

[ee]
(@, uj) = aog(uo, uj) Z aj (up, uj) + by (vk, uj)]

= a;(uj, uj)

B 9 J2map ifj=0
= ajluy]|” =

o [follows from (3.33) and (3.34)] (3.67)
ma; ifj=1,2,...
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Similarly, if we multiply (3.66) with v;(¢) on both sides and integrate over [0,2n] and apply
orthogonality of (uy) and (vy) as well as u; L v;, V7, k,

o0

(x,v;) = Z [ak(uj,vk> + i (g, v5)
k=1
— b oy (3.65)
=nwb; [By the fact that (u;,v;) = 7 when m = n as was shown earlier] (3.69)

Here, (3.67) and (3.69) hold true for j = 0,1,2,.... Now, recall the orthonormal sequences (e;) and
(€):

() Uj

ey = ej = j=12,... (3.70)
[[uol| T gl
and
G =1 j=12... (3.71)
ol
Using (3.70) in (3.67) and (3.69), one obtains,
aj = {e) o g9
] -
L)
S CA| o
Therefore, in (3.72), one has
1
aru(t) = m(x, ep)ui(t) = (z,er)er(t) [By (3.69) and (3.70)] (3.73)
for k=0,1,2,... and
1 - N .
brug(t) = m(x,ek)vk(t) = (x,ér)ér(t) [Again by (3.69) and (3.70)] (3.74)

for k=1,2,...
Hence, using these orthonormal sequences, (3.66) can be written as

[e.9]

x = (x,eq)eq + Z [(x,er)er + (x, éx)ér] (3.75)
k=1

The Fourier series expansion of x given by (3.75) explains why the inner products (z, ex) are called
Fourier coefficients w.r.t. the orthonormal sequence {z}.

Convergence of Fourier Series: Given any orthonormal sequence (e,) in a Hilbert space H, we
may consider infinite series of the form

> aker (3.76)
k=1

where aq, ag,... are any scalars. We say that the series (3.76) converges and has the sum

(o)
S = Z o€
k=1

if there exists an S € H such that the sequence (.S,,) of the partial sums
Sn, = ajel + -+ apen (3.77)

converges to S, i.e., ||S, — S| — 0 as n — oc.
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Theorem 3.4 (Convergence of Fourier Series)

Let (ex) be an orthonormal sequence in a Hilbert space . Then:

(a) The series (45) converges (in the norm on ) if and only if the following series converges:
oo
3 Jouf? (3.78)
k=1

(b) If the series (3.76) converges, then the coefficients oy are the Fourier coefficients (z, ey)
where

o
B = Z agek (3.79)
k=1

Hence, in this case the finite sum (3.76) can be written as
o0
5 = Z<$, k) ek (3.80)
k=1
with z = (x, eg).

(c) Convergence of (b): For any x € H, the series (3.76) with aj = (z,ej) converges (in the
norm of H).

Proof. (a) Let S, = ate; + --- + aney, and o, = |ay|? + - - 4 |an|2. Then due to orthonormality for
any m and n > m,
HSn - SmH2 = Ham—l—lem—f—l + -+ OénenH2

= |04m+1|2||€m—i-1||2 ot |0‘n‘2HenH2

= |O‘m+1|2 +o ‘an|2

=0p—0n (3.81)
From (3.81), it’s clear that (.S,) is Cauchy in # if and only if (o,,) is Cauchy in R. Since both H
and R are complete, it follows that the sequence (.S,,) of the partial sums converges if and only

if the sequence (o) converges. In other words, Y32, aie) converges if and only if 352 |ay|?
converges.

(b) Let Y72, arer converges. Set

o0
r = Z Qe
k=1

We know Y 72 agey is the limit of the sequence (S,,) of partial sums, where
n
Sy = Zakek = el + -+ apen
k=1

And
(Sn,ej) =aj, forj=1,....k (k fixed) (3.82)

By assumption, S,, — z, i.e., lim, o Sy, = z. Then (k fixed)
nan;O<Sn, ej) = Qgrgo Sn,ej) [From the continuity of the inner product]
= <$7 ej>
ie., lim, o aj = (2, €5)

= o = (z,¢5) (J<k)
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The crux of the matter is that one can take k(n) as large as one pleases because n — co. Hence,
k can be taken as large as possible and one has

a; = (z,e;), forevery j=1,2,... (3.83)

(c) From Bessel inequality, for = € H, one knows that
[e.e]
Z z, ex)|* < ||z,
which tells us that the series 352 |(z, ex)|? is convergent. Then by part (a), one has

o0
= Y wee
k=1
to be convergent, as well.
Lemma 3.5
Any z in an inner product space (z, (-, -),) can have at most countably many non-zero Fourier

coefficients (z,ex) with respect to an orthonormal family (possibly uncountable) (ex)xer in X.

Remark 3.3. Lemma 3.5 will enable us to write (3.80) even when we have an uncountable orthonormal
sequence (ex)xer in X.
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§4.1 Zorn's Lemma

Definition 4.1. A partial ordering on a partially ordered set M is a binary relation < that satisfies
the following conditions:

(P01) a < a for all a € M (reflexivity)

(P02) If @ < b and b < a, then a = b (antisymmetry)

(P03) If @ < b and b < ¢, then a < ¢ (transitivity)

Remark 4.1. (P02) means that two unequal or distinct elements a and b can’t both satisfy a < b and
b < a. Note that there can be elements in a partially ordered set that are not comparable. To phrase
differently, M can contain elements a and b for which neither a < b nor b < a holds. In such situation,
we say that a and b are incomparable. On the contrary, 2 element a and b of M are called comparable
elements if they satisfy a < b or b < a (or both, which are the same thing according to antisymmetry).

Definition 4.2 (Totally ordered set or Chain). A Totally ordered set or Chain is a partially
ordered set such that every 2 elements of the set are comparable. In other words, a chain is a
partially ordered set that has no incomparable elements.

Definition 4.3 (Upper bound). An upper bound of a subset W of a partially ordered set M is an
element v € M such that

x<u forall zeW (4.1)

Definition 4.4 (Maximal element). A maximal element of a partially ordered set M is an element
m € M such that

m<zr = m=xc (4.2)

i.e, there is no x in M different from m satisfying m < x. In other words, if x and m are distinct
in M, then either x < m or x and m are incomparable.

Axiom 1 (Zorn’s Lemma). Let M be a partially ordered set in which every chain has an upper bound.
Then M has a maximal element.

Theorem 4.1 (Hamel Basis)
Every vector space X # {0} has a Hamel basis.

Proof. We take M to be the set of all linearly independent subsets of X. Since X # {0}, there
exists  # 0 such that € X so that {} € M and hence M # &. Set inclusion defines a partial
ordering on M. Note that there may be pair of elements of M that are incomparable under set
inclusion. Now, every chain C' C M has an upper bound, namely, the union of elements of C. By
zorn’s lemma M has a maximal element that we denote by B. We now show that B is a Hamel basis of X.
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Let Y = span B. Then Y is a subspace of X. In fact Y = X. Suppose the contrary, i.e, Y is
a proper subspace of X so that there exists a z € X such that z ¢ Y = span B. Since z is not in span
B, B U{z} is linearly independent subset of X so that {z} U B belongs to M. One, therefore, has
B C {z} UB with B # {z} U B. This is a contradiction to the maximality of B. Hence span B = X,
proving that B is a Hamel basis of X. |

Theorem 4.2 (Total Orthonormal Set)
In every Hilbert space H # {0}, there exists a total orthonormal set.

Proof. Let M be the set of all orthonormal subsets of H. Since H # {0}, there exists x € H with
x#0. Let y = Hfﬁ—” Then {y} € M so that M # @. Set inclusion defines a partial ordering on M.
Every chain C' C M has an upper bound, namely, the union of all elements of C'. Then by Zorn’s
lemma, M has a maximal element that we denote by F'. We prove that F' is total in H.

Assume for contradiction that F' is not total in H. Since F' is not total in H, there exists a noonzero
vector z € H such that z L F. Take e = = so that F} = F'U {e} is an orthonormal set in H. Since
F C Fy with F # Fy, F is not maximal, which is a contradiction. Hence F' is total in H. [ |

§4.2 Hahn-Banach Theorem

Definition 4.5 (Real Sublinear Functional). Let X be a real vector space. A function p: X — R is
called a sublinear functional if it satisfies the following properties:

L. p(z+y) <p(z)+p(y) for all z,y € X.

2. p(ax) = ap(zx) for all z € X and a > 0.

Theorem 4.3 (Hahn-Banach Theorem for Real Vector Spaces)

Let X be a real vector space and p be a sublinear functional. Let f : Z — R be a linear functional
defined on subspace Z of X and satisfies,

f(z) <p(z) VxelZ

Then, f has a linear extension f : X — R such that,

flx) <p(z) VzelX.

Proof. Let E be the set of all linear extensions g of f satisfying g(x) < p(zx) for all z € D(g) Since
f € E, E is non-empty. Define a partial order on E by g; < g2 iff D(g1) C D(g2) and g2(x) = g1(x)
for all x € D(g1). Let C C E be any chain in E.

Define § : UyecP(9) — R by g(z) = g(x) for all z € D(g) for some g € C If g1,92 € C such
that D(g1) N D(g2) # @. Since C is totally ordered, either g; < g2 or go < g1. In any of these cases,
g1(x) = g2(x)Vx € D(g1) N D(g2). Thus, § is well-defined. The domain of § is a vector space since C'is
a chain. Let x,y € D(g) and « be any scalar. Then,

glax +y) = glax +y) for some g € C
=ag(z) +g(y)
=ag(z) +3(y)-

Therefore, g is a linear functional such that g < gvg € C. Therefore C' has an upper bound in E.
Since, C' was arbitrary chain, by Zorn’s Lemma, £ has a maximal element f. By definition of F, f is
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a linear extension of f and f(z) < p(z),Vz € D(f).

We want to show that D( f) = X. Suppose the contrary. Then, D( f is a proper subspace of X.
Let y1 € X —D(f). y1 # 0 since 0 € D(f). Let Y1 = span{y1, D(f)}. Let = € Y;. Then, x can be
uniquely written as,

r=y+ay for someyED(f) and « € R.

Define g : Y1 — R by
gly +ay) = f(y) +ac (4.3)

For some real constant c¢. Since f is linear and «c can also be seen as a linear functional, g is a also
linear. For all y € D(f), g(y +0-y1) = f(y) = g(y). Therefore, g is a linear extension of f on Yj.

Let y, z € D(f). We have,

A

Ff) = f(2) = fly—=2) <ply—=2)
ply+y1—vy1—2)
<p(y+y1) +p(-y1 — 2)

Hence, we have,

—p(—11 —2) — f(2) <ply+1) — f(¥) (4.4)

Left hand side of (4.4) does not depend on y and right hand side does not depend on z. Let m; be the
supremum of Left Hand side over z and mgy be the infimum of Right Hand side over y. Then, we have,

—p(—y1 —2) — f(z) < ¢ VzeD(f) (4.5)
p(y+y1) — fly) > c VyeD(f) (4.6)

where m; < ¢ < my. Let g be a linear extension of f defined in (4.3) using this particular ¢. We now
show that g(z) < p(z) for all x € ¥;. Let x = y + ay; € Y1 where a € R.

Case 1: o < 0. Let z = £. Then, from equation (4.5), we have,

—p<—y1—y> —f(y) <c
e o
Multiplying by —a > 0 on both sides, we get,
ap (—yl - y) - fly) < -
o
—> f(y) + ac < —ap (—yl - g)

= g(y +ay1) < p(y + ay1)
= g(v) < p(a).

ac

Case 2: a =0. Then z = y.
9(x) = 9(y) = f(y) < p(y) = p(=).

Case 3: o> 0. Let y = £. Then, from equation (4.6), we have,
ar(zom) ()
a a

50



4 Fundamental Theorems of Normed Spaces

Multiplying by a > 0 on both sides, we get

A

aCSaP<Z+y1> - f(y)

= f(y) + ac < ap <Z +y1>
= g(y +ay1) < ply + ay1)
= g(z) < p(x).

Therefore, g(x) < p(x) for all x € Y;. Hence, g € E and f < g. This contradicts the maximality of f.
Therefore, D(f) = X. Hence f is the desired linear extension of f. [ |

Definition 4.6 (Sublinear Functional). Let X be a real or a complex vector space. A function
p: X — R is called a sublinear functional if it satisfies the following properties:

p(x+y) <px)+ply) VryeX
plazx) = |alp(z) Vr e X and o € R.

Theorem 4.4 (Generalized Hann-Banach Theorem)

Let X be a real or complex vector space and p be sublinear functional on X as defined in 4.6. Let
f:Z — K be a linear functional defined on subspace Z of X and satisfies,

[f(@)| <p(z) VaeZ
There there exists a linear extension f : X — K of f such that,

1f(z)] <p(z) VzeX.

Proof. Let X be a real vector space. Then |f(z)| < p(x) = f(z) < p(z) for all z € Z. By Theorem
4.3, there exists a linear extension f : X — R of f such that f(z) < p(x) for all z € X.

A

—f(z) = f(—$) <p(—z)=p(z) VrelX.
Hence, |f(z)| < p(z) for all z € X.

Let X be a complex vector space. Then Z is also a complex vector space. Hence f(z) can be
written as,

f(z) = fi(z) +ifa(x) where fi, fo:Z =R

Let X, and Z, be real vector spaces by restricting scalar multiplication of X and Z to real scalars.
Hence, X and X, are same as sets and addition, but different only in scalar multiplication, and same
goes for Z and Z,. Since, f is linear in Z, f; and fo are real valued linear functionals on Z,.. Also,
fi(z) < |f(x)|. Hence, we have

filz) <p(x) Vre Z,.

Therefore, by Hann-Banach theorem of Real vector space, there exists a linear extension fl of f such
that,

A

fi(z) <p(z) VreX,.
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4 Fundamental Theorems of Normed Spaces

For every = € Z, we have,

i(fi(z) +ifo(2) = if (x) = fliz) = fi(iz) +ifa(iz)
= ifi(x) = fa(x) = fi(iz) + ifz(iz)

Taking real part on both sides, we get fi(ix) = — fa(x) for all x € Z. Hence, we can define f:X—>cC
by

F@) = fi(x) —ifi(iz) VzeX.

So that, f(z) = f(z) for all z € Z. Since, fi is linear, f is linear on additivity, that is f(z +y) =
f(x) + f(y) for all z,y € X. Let a + ib be any scalar. Then,

f((a+ib)x) = fi((a +ib)x) — ifi((a + ib)iz)
= (a+ib)fi(z) — (a+ib)f1(i:v)

Therefore, f is linear. Hence f is a linear extension of f.

If f(z) =0, then f(z) = 0 = |f1(0)] < p(0). Let # € X such that f(z) # 0. Then, writting in
polar form, we have,

Hence, we have,

Therefore, |f(z)| < p(z) for all z € X. Hence f is the desired linear extension of f. [ |

Theorem 4.5 (Hann-Banach Theorem for Normed Spaces)

Let f be a bounded linear functional on a subspace Z of a normed space X. Then there exists a
bounded linear functional f on X, which is a linear extension of f and

I, = 1712

Proof. Let Z = {0}. Then f must be the zero function on Z. Hence, the zero function on X is a
bounded linear functional on X with same norm as f that is a linear extension of f. Hence, the
theorem holds.

Assume that Z # {0}. Define p : X — K by,

p(x) = [ fllz [l]-
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4 Fundamental Theorems of Normed Spaces

Then, |f(z)| < p(z) for all z € Z. We want to show that p is a sublinear functional. Let z,y € X and
a be any scalar. Then we have,
p(x+y) = [Ifllz [z +yl
< Ifllz (el + Tyl
= [[£llz [l + 1171 z 1y
= p(z) +p(y)-
And,
plax) = || fll 7 [le]]
= [ I £l [l
= |alp(z).

Hence, p is a sublinear functional and |f(z)| < p(z) for all z € Z. By Theorem 4.4, there exists a
linear extension f of f such that |f(z)| < p(x) for all z € X.

|7l = sw 1@ < p@) = 1£lz ] = 1£]-

l[zll=1
Hence, ‘fHX < ||fll,. Also, fHX > ||fll, since f is a linear extension of f. Hence, ’fHX = |fll,-
Therefore, f is the desired linear extension of f. |

Theorem 4.6 (Bounded Linear Functionals)

Let X be a non-trivial normed space and let xg # 0 be any element of X. Then there exists a
bounded linear functional f on X such that

f
f (o) = llzoll -

=1,

Proof. Let Z = span {zo} be a subspace of X. Then any = € Z can be written as z = axg for some
scalar a. Define f: Z — K by,

flazg) = a||lzg]| VaeK.
Then, f is a linear functional on Z.
|f(@)| = |f(axo)| = |af [lzoll = llaxol| = [lz]|  Va € Z.
Therefore, || f||, = 1. By Theorem 4.5, there exists a bounded linear functional f on X such that

‘ f = 1. Since x¢ € Z, we have,

N

f(zo) = flxo) = f(1-20) =1 [xo]l = [|zoll-

Hence, f is the desired bounded linear functional. |

Corollary 4.7 (Norm, Zero vector)

For every z in a non-trivial normed space X,

e = sup DL
rex=f20 £

If for some xg € X, f(z9) =0 for all f € X*, then z¢y = 0.
. 4
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4 Fundamental Theorems of Normed Spaces

Proof. Let x € X. If z = 0, then it trivially holds. Asume that x # 0. By Theorem 4.6, there exists a
bounded linear functional f on X such that Hf” =1 and f(zo) = ||xo||. Then,

@)l /()]

sup

A

rex=f+0 |/ f
_ ll=ll
1
=1
Also, | f(z)] < ||| [[z]. Hence,
flz
sup DLy
rex= g0 ISl
Hence, sup e x« fo “ﬂ(fx“)' = ||z]|.
Let 29 € X such that f(zg) =0 for all f € X*. Then,
ool = sup L0 _g
rex= g0 |
Therefore, g = 0. |

§4.3 The Adjoint Operator

Definition of the adjoint operator. Suppose we pick any bounded linear functional g on Y (that
is, g € Y’'). We can define a linear functional f on X by

fx) = g(Tx), zelX. (4.7)

Clearly, f is linear because it is the composition of the linear map 71" with the linear functional g.
Moreover, f is bounded since

[f@)] = |g(Tx)| < llgl 1Tzl < llgll 1Tl (|l

By taking the supremum over all x with |z| = 1, we find

A< gl N7 i- (4.8)

Hence f belongs to X’. Because g € Y/ was arbitrary, the formula (4.7) actually defines an operator
T :Y — X/,
called the adjoint operator of T'. Thus we have the diagram:

T: X — Y,
T : Y — X

Note that T acts on elements of Y’, whereas T itself is defined on X.

Definition 4.7 (Adjoint operator 7). If T': X — Y is a bounded linear operator between normed
spaces X and Y, then the adjoint operator T> : Y’ — X' is given by

(T*g)(z) = g(Tx), geY' zeX. (4.9)

Our main objective is to show that T is itself linear and bounded, and has the same norm as 7.
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4 Fundamental Theorems of Normed Spaces

Theorem 4.8 (Norm of the adjoint)

For the adjoint operator T from Definition 4.7, we have:

> = N

Proof. First, it is straightforward to check that T is linear: if ¢g1,92 € Y/ and «, 3 are scalars, then

(T (g1 + Bg2)) (@) = (agr+B92)(Tx) = agi(Tz) +BgTx) = a(T*g)(x) + B(T7g2)().

Next, from (4.8) we know that for any g € Y, if we set f = T*g, then

A< gl
Taking the supremum over all g with ||g|| = 1 shows that
[ s a1 (4.10)

To prove the reverse inequality, |7 > ||T]||, we use Theorem 4.6: given any nonzero xzy € X, there
exists a functional go € Y’ with ||go|| = 1 such that

90(Two) = [[Tol.
Define fo = T*go, so fo(xo) = go(Txo) = ||Tzo||. It follows that

ITzoll = |folxo)] < foll lzoll = ITgoll llzoll < [T llgoll lzoll = [T [loll-

Since ||T'zo|| < ||T||| ||zo|| always, we deduce

[T
I} = sup < [z
z0#0 [|Zoll
Combining this with (4.10) yields ||T]| = [|77*|||, as desired. [ |

§4.4 Additional Properties of the Adjoint Operator

Let T : X — Y be a bounded linear operator between normed spaces X and Y. Recall from earlier
that the adjoint operator
T°:Y — X’

is defined by
(T*g)(x) = g(Tx), forallgeY’' e X.

In finite dimensions (over R), this corresponds to taking the transpose of the matrix that represents
T. Over C, one must distinguish 7% from the usual “conjugate transpose” (the Hilbert-adjoint), as
explained below.

Linear Operations on the Adjoint

If S,T € B(X,Y) (the space of bounded linear maps X — Y), then:

(S+T) =8*+T%, 9)
(aT)* =aT”, (10)

for any scalar «. These properties mirror the usual linearity of the adjoint.
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4 Fundamental Theorems of Normed Spaces

Product of Operators

Suppose T' € B(X,Y) and S € B(Y, Z) for normed spaces X, Y, Z. Then their product ST € B(X, Z)
has adjoint satisfying
(ST)* = T* S, (11)

as shown below:
xLysz s xZvE g
Inverse of the Adjoint

If T is invertible, i.e. T € B(X,Y) and T—! € B(Y, X), then the adjoint T is invertible too, and
(1)~ = (T7H", (12)

meaning invertibility of 7" carries over to its adjoint on dual spaces.

Adjoint vs. Hilbert-Adjoint

In the special case where X = Hy and Y = Hy are Hilbert spaces, the operator T™* defined in Section 3.9
is the Hilbert-adjoint of T. Meanwhile, T* is again the map Y’ — X’. Via the Riesz representation
theorem, each bounded functional on a Hilbert space corresponds to a unique vector, and one can show
that

T = A T* A%,

where Ay and A are conjugate-linear isometries implementing the Riesz representation on H| and H
respectively. Thus for all z € Hy and yg € Ho,

(Tx, yo)u, = (v, T"yo)u,-

Since T* is essentially T composed with conjugate-linear isomorphisms, in a complex Hilbert space we
get the usual formula (a7)* = @T™, whereas in the adjoint on normed spaces we have (aT)* = aT*.
Moreover, ||T*|| = ||T|| follows immediately (Theorem 3.9-2) by combining || 7| = ||T'|| with the
isometric nature of the Riesz maps A; and As.
Remarks

o T acts on the dual space Y’ (the space of functionals on Y') rather than on Y itself.

o T* in a Hilbert space is the “usual” adjoint that satisfies (T'z, y) = (x, T*y).

e In finite dimensions over R, T is represented by the transpose of the matrix of T, whereas in
the complex case, T* is given by the conjugate transpose (also called the Hermitian adjoint).

§4.5 Reflexive Spaces

We previously examined the notion of algebraic reflexivity in Section 2.8, where we introduced the
second algebraic dual space X** = (X*)* of a vector space X. There, X was called algebraically reflexive
if the canonical map

c: X — X*

is surjective. This map is defined by sending each x € X to the functional g, € X** given by

g:v(f):f(x)a (fGX*)

Hence for each x € X, g, is the linear functional that evaluates any f € X* at z. In the finite-
dimensional case, X is indeed algebraically reflexive (Theorem 2.27).
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4 Fundamental Theorems of Normed Spaces

Here, we focus on normed spaces. Let X be a normed space with dual X', as defined in Section 2.10-3,
and let (X’)" (the dual of X’) be denoted by X”. We call X" the second dual or bidual of X. For each
fixed r € X, define g, on X’ by

g9:(f) = f(x), (f€X).

Although this resembles the algebraic version (1), here f is necessarily a bounded functional. That g,
is itself a bounded linear functional follows from the next lemma.

Lemma 4.9 (Norm of g,)

If x is any element of a normed space X, the map g, defined by (2) is in X” and satisfies
lgell = ll]l-

Proof. Linearity of g, can be verified by the same argument used in Section 2.8. Observe that

9:(0)| _ £(@)]
sexirzo 1~ sexigzo IS

9|l = = ll=ll,

where the last equality follows from a standard dual-norm argument (Corollary 4.7). |

From each z € X, we thus get a unique g, € X”, and we can define the canonical map
C:X — X", = g, (4.11)
Since it is injective and preserves norms (as seen below), C' is an isometric embedding.

Lemma 4.10 (Canonical mapping)

The map C from (4.11) is an isomorphism of X onto its image R(C) C X", meaning it is linear,
norm-preserving (isometric), and bijective onto R(C).

Proof. Linearity follows by checking
Gaatpy(f) = flax + By) = af(x) + Bf(y) = aga(f) + B 9y(f),
implying goaz+gy = @ gz + B gy. Furthermore,

192 = 9yl = lgz—yll = || 2 =y,

so C'is an isometry, which forces injectivity. Surjectivity onto R(C) is clear by definition of “range,”
so C' is indeed an isomorphism onto its image. |

In other words, X can be embedded into X”. However, C' need not be surjective onto all of X”. We
call X reflexive precisely when C is onto X”:

Definition 4.8 (Reflexivity). A normed space X is called reflezive if its canonical map
C: X - X" zw— g

is onto, i.e. R(C) = X".
This concept dates back to H. Hahn (1927) and was named “reflexivity” by E. R. Lorch (1939). If X
is reflexive, then by Lemma 4.10, X and X" are isomorphic and isometric. However, the converse does

not hold in full generality, as shown by R. C. James.
Moreover, reflexivity does not simply follow from completeness, although there is a partial converse:
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4 Fundamental Theorems of Normed Spaces

Theorem 4.11 (Completeness implies Banach)

If a normed space X is reflexive, then X must be complete (hence is a Banach space).

Proof. Since X" is the dual of X', it is known (Theorem 2.10-4) to be complete. If X is reflexive, we
have X” = R(C), and the isomorphism then yields completeness of X from that of X”. [ |

Examples and Non-Examples. Every finite-dimensional normed space is reflexive (Theorem 2.27),
since all linear functionals are bounded in finite dimensions, and the algebraic reflexivity implies the
normed version. In particular, R™ is reflexive.

For 1 < p < oo, the spaces ¢ and LP[a,b] can also be shown to be reflexive. By contrast, many
classical Banach spaces fail to be reflexive, e.g. Cla,b], L'[a,b], and £>°. Nonetheless, every Hilbert
space is reflexive:

Theorem 4.12 (Hilbert spaces are reflexive)

Every Hilbert space H is reflexive.

Sketch of proof. We show the canonical map C : H — H” is onto. For any g € H”, one wants an
x € H so that g = Cz. A key step uses the Riesz representation theorem to construct a conjugate-linear
isometric map A : H' — H and then carry out a second representation argument to identify g with
evaluation at some z € H. Thus each ¢ is in the range of C. |

Remark 4.2. A normed space X that is separable but has a nonseparable dual X’ cannot be reflexive.
Indeed, if X were reflexive, then X” = X by Lemma 4.10, and thus the separability of X would force
X" (and hence X') to be separable as well, which is a contradiction.

Example 4.1. ¢ is not reflexive.

Proof. ¢ is separable, but its dual > is not separable. Hence ¢! fails to be reflexive. |

We next prove a lemma (often illustrated by a geometric argument in R3) that enables us to construct
a functional with norm 1 that vanishes on a given closed subspace.

Lemma 4.13 (Existence of a functional)

Suppose Y is a proper closed subspace of a normed space X, and let zp € X \ Y. Define

§ = inf |y — zol.-
inf Jly — 2o

Then there is an f € X’ with || f|| = 1, such that f(y) =0 for all y € Y and f(zg) = .

Sketch of proof. Let Z be the linear span of Y and zg. One first defines a linear functional f on Z by
fly +ax) =ai,

and checks f is bounded with norm at most 1, and that f attains the value § at xg while vanishing on
Y. A standard argument shows || f|| > 1, so in fact || f|| = 1 on Z. Finally, the Hann-Banach Theorem
for Normed Spaces extends f from Z to all of X without increasing its norm, giving the required
functional. |

With Lemma 4.13 in place, we can establish a well-known separability criterion:

Theorem 4.14 (Separability)
If the dual X’ of a normed space X is separable, then X itself must also be separable.
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4 Fundamental Theorems of Normed Spaces

Proof. Assume X' is separable. Consider its unit sphere
U= {feX":|fll=1}

This set inherits a countable dense subset, say {f,}72, because X’ is separable. Each f,, has norm 1,
so by definition of the supremum that yields || f,|| = 1, we can choose z,, € X with ||z,| = 1 and
[ fa(n)| > 5.

Let Y be the closure of the linear span of {z,}. This subspace Y is separable because it has a
countable dense set (rational combinations of the x,). If Y were strictly smaller than X, then by
Lemma 4.13 there would be some f € X’ with || f|] = 1 that is zero on Y but nonzero at a point outside
Y. In particular, f(z,) = 0 for every n, while |f,(z,)| > 3. Hence

[u—

[\)

So ||fo — f|l = % for all n. But this contradicts the assumption that {f,} is dense in the unit sphere
(since f is also on that sphere with ||f|| = 1). Therefore, our assumption ¥ # X must fail, so Y = X.
Hence X is generated (densely) by the countable set {x,}, proving that X is separable. [ |

§4.6 Baire’s Category Theorem in Complete Metric Spaces

Definition 4.9 (Category in a Metric Space). Let X be a metric space. A subset M C X is called

« nowhere dense (or rare) in X if the closure of M, denoted M, has empty interior (see also
Sec. 1.3);

o meager (or of first category) in X if it can be expressed as a countable union of nowhere
dense sets;

o nonmeager (or of second category) in X if it is not meager in X.

Theorem 4.15 (Baire's Category Theorem for Complete Metric Spaces)

Suppose X is a nonempty, complete metric space. Then X cannot be meager in itself (i.e. X is of
second category in X).
Consequently, if X # @ is complete and can be written as

X = U A (each Ag closed in X),
k=1

then at least one of the closed sets Aj contains a nonempty open subset of X.

Proof. Contradiction argument. Assume instead that X is meager in itself, despite being nonempty
and complete. Then there exist sets M}, each nowhere dense in X, such that

o
X = | M.
k=1

We will construct a Cauchy sequence (py) within X converging to some p € X that does not lie in any
My, contradicting X = |J M.
Step 1: Choosing a point and ball outside each Mj,. Since M; is nowhere dense, its closure M; has no
interior, so there is an open set in X that stays entirely outside M;. Call that open set M{, and pick
p1 € MY along with a small ball

By = B(pl;e’fl) C Mlc
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4 Fundamental Theorems of Normed Spaces

For Ms, again its closure Ms lacks any nonempty open set, so it cannot include B(ps; %51) in its
entirety. Hence there is a point po and a ball

By = B(py;e2) C M5 N B(py; 3e1),

with g9 < %81.

Step 2: Inductive construction. Continuing inductively, we obtain a sequence of balls
By, = B(pk; €k)
where each By, stays outside M} and also lies inside the previous ball (shrunk by half),
By C M and By C B(pr_1;3ck-1)-

Additionally, choose ¢, so that e, < 27*.

Step 8: Cauchy sequence and limit point. Because ¢}, tends to zero (faster than 27%), the centers py
form a Cauchy sequence in the complete space X. Let pp. — p € X. By construction, p remains within
each ball By, and thus p never belongs to M), since By, C M. This contradicts the assumption that
every point of X lies in some M.

Thus X cannot be meager in itself. The statement about closed sets Ay, follows by a similar argument,
ensuring that one Ay must admit a nonempty open subset. |

§4.7 Strong and Weak Convergence
§4.7.i Strong Convergence

Definition 4.10 (Strong convergence). A sequence (x,) in a normed space X converges strongly
(or in the norm) to an element z € X if

Jim |2, — x| = 0.

We typically write 2, — x or lim z,, = x, and we refer to x as the strong limit of (x,).

Intuitively, strong convergence means that x,, approaches x in the norm sense, so ||z, — z|| becomes
arbitrarily small.

§4.7.ii Weak Convergence

Definition 4.11 (Weak convergence). A sequence (z,) in a normed space X converges weakly to
an element z € X if, for every bounded linear functional f in the dual space X', we have

n—oo

We denote this by ¥, — x, and call = the weak limit of (z,).

Thus, weak convergence can be understood as pointwise convergence of the sequence (f(xy)) for all
fin X'

Lemma 4.16 (Basic properties of weak convergence)
Suppose (x,) is a weakly convergent sequence in a normed space X, so x, X 2. Then:
(a) The weak limit x is unique.

(b) Every subsequence of (z,) also converges weakly to x.
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4 Fundamental Theorems of Normed Spaces

| (c) The sequence ||z, is bounded.

Proof. (a) If we also had z,, = y for some y € X, then for all f € X’ the sequence f(z,) would
converge to both f(x) and f(y). Uniqueness of the limit for scalars implies f(z) = f(y). Since this
holds for all f € X', one deduces x = y by a standard separation argument (Corollary 4.3-4).

(b) Since f(x,) converges (as a sequence of scalars) for every f € X', the same limit must apply to
every subsequence, hence each subsequence converges weakly to x.

(c) Each (f(z,)) is a convergent (thus bounded) sequence of scalars. By the Uniform Boundedness
Theorem, the family of functionals g, € X” defined by g¢,(f) := f(z,) has bounded norms ||g,||. But
from the canonical identification (Section 4.6-1), ||gn|| = ||zn||. Hence (||z,||) is bounded. [ |

§4.7.iii Comparison of Strong and Weak Convergence

Theorem 4.17 (Strong vs. weak convergence)

Let (z,,) be a sequence in a normed space X. Then the following statements hold:
(a) If x, — x strongly (i.e. ||z, — x| = 0), then z, = = weakly, with the same limit.
(b) The converse does not hold in general: weak convergence need not imply strong convergence.

(c) If dim X < oo, then weak convergence does imply strong convergence.

Proof. (a) Strong convergence ||z, — x| — 0 directly forces f(z,) — f(x) for every f € X', simply
because

[f(zn) = f(@)] = [f(zn —2)] < [If]| l2n — 2 — 0.

Hence z,, = z.

(b) A classical example arises in a Hilbert space with an orthonormal sequence (e, ). One can show
en — 0 (since (e, z) — 0 for every z € H), but ||e, — 0] = 1 never goes to 0. So weak convergence
need not imply strong convergence in infinite dimensions.

(c) In a finite-dimensional space X, all norms are equivalent, and a finite number of linear functionals
(the “dual basis”) can distinguish any point in X. If x,, converges weakly to z, then componentwise
(with respect to a basis) we see ||z, — z|| — 0, hence strong convergence as well. [

Moreover, there are particular infinite-dimensional spaces—such as ¢! under a result of I. Schur
(1921)—in which strong and weak convergence coincide. However, this is the exception rather than the
rule.

Example 4.2 (Hilbert space). If H is a Hilbert space, then z,, — x if and only if
(Xp, z2) — (x,z) forall z € H.

This equivalence relies on the Riesz Representation Theorem, which identifies every functional f € H'
with an inner product (-, z) for some unique z € H.

Example 4.3 (¢P with 1 < p < oo). For a sequence (z,,) in /P, write x,, = (5]("));";1 and x = (§;)32;.
Then z,, converges weakly to = precisely if

(A) ||zn| is bounded, and
(B) For every coordinate j, fj(n) —&;.

Since the dual of ¢ is ¢? (where 1/p + 1/q = 1), the bounded linear functionals on ¥ come from
sequences in £9 whose standard basis picks out individual coordinates.
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4 Fundamental Theorems of Normed Spaces

Lemma 4.18 (Weak convergence criterion)

In a normed space X, a sequence (x,) converges weakly to z if and only if
(A) (||zn||) remains bounded, and

(B) f(xn) — f(x) for every f in some total subset M C X', where “total” means that the linear
span of M is dense in X'.

Proof. (=) From Lemma 4.16(c) we get that ||x,|| is bounded. And trivially, if f(z,) — f(x) for all
f € X', it is true in particular for a total subset M C X'.

(«=) Assume (A) and (B). Fix any f € X'. By denseness, there is a sequence (f;) C span M approaching
f in the norm of X’. Moreover, from (B) one sees f;(z,) — fj(x). Carefully choosing large j and n
makes |f(z,) — f(2)| as small as desired. Thus f(z,) — f(z) for all f € X', i.e. z, = . [ |

§4.8 Convergence of Sequences of Operators and Functionals

Definition 4.12 (Operator convergence). Let X and Y be normed spaces, and let {T,,} C B(X,Y)

be a sequence of bounded operators. We say (T},) converges uniformly (or in norm) to an operator
T e B(X,Y) if
T, —T|| — 0 in B(X,Y).

It converges strongly to T if
|Thx —Tx| — 0 for every z € X.
It converges weakly to T if

f(Thx) — f(Tz) forallz € X and feY'.

One shows readily that
(uniform convergence) = (strong convergence) —> (weak convergence),
but the converses fail in general, as illustrated by classical examples in £2:
Example 4.4 (Strong, but not uniform, operator convergence). Define T}, : £2 — ¢% by
To(x1,22,...) = (0,0,...,0, Zpi1, Tnto,s - ),

where the first n entries are replaced by zeros. Each T,, is bounded with operator norm ||T,| = 1.
For any fixed x € €2, the tail (2541, Tnt2,...) goes to zero in £2, so T,z — 0. Hence {T},} converges
strongly to the zero operator. It does not converge uniformly, however, since ||T;, — 0|| = || T,]| =1 4 0.

Example 4.5 (Weak, but not strong, operator convergence). Again in £2, define T}, : £> — ¢2 by
shifting the first n components to zero:

Tn(wl,.’L’Q,...) = (0, O,...,O, xl,xg,...).

Then for any linear functional f € (¢2)" = /2 (by Riesz representation), we find f(T,z) — 0 by a
tail argument in the inner product, implying T,z converges weakly to 0 in /2. However, choosing
z =(1,0,0,...) shows that ||T,,z|| does not tend to 0, so {7}, } cannot converge strongly to 0.

Definition 4.13 (Strong and weak* convergence for functionals). Suppose {f,} is a sequence of
bounded linear functionals on a normed space X.

o Strong convergence: There is an f € X’ such that || f, — f|| = 0. One writes f,, — f in
norm.
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o Weak* convergence: There is an f € X’ such that f,(x) — f(z) for all z € X. We denote
this f, s f.

These two notions coincide exactly with the strong vs. weak operator convergence in the finite-
dimensional codomain F.

Lemma 4.19 (Strong limit is bounded)

Suppose X is a Banach space, Y is a normed space, and T, € B(X,Y’) are such that T,,x — Tz
pointwise in Y. Then T is automatically a bounded linear operator in B(X,Y).

Proof. Linearity of T follows from that of 7T},. Boundedness is ensured by the Uniform Boundedness
Theorem: since X is complete, the maps T;, cannot all be large on different ’s without violating uniform
boundedness. Formally, sup,, ||75.| < ¢ < oo implies ||Tz|| < ¢||z|| for each x, so T' € B(X,Y). [ |

Theorem 4.20 (Strong operator convergence criterion)

Let X and Y be Banach spaces, and let {T},} C B(X,Y). Then T,, — T strongly (i.e. T,x — Tx
for all z € X) if and only if:

(A) {lITx|lI} remains bounded;

(B) For every x in a total subset M C X, the sequence {T,,z} is Cauchy in Y.

Proof. (=) If T,,x — Tx for all z, by uniform boundedness we get a bound on ||}, giving (A). And
trivially (7,,z) is Cauchy in Y for every z (particularly those = in M).

(<) Assume (A) and (B). Fix z € X, and choose y in the span of M with ||z — y|| <e/(3¢). Since
(Thy) is Cauchy in Y, there is N so that for m,n>N, | T,y — Trny|| <e/3. A short argument bounding
| Tz — Tzl by [|Thz — Toyll + | Thy — Tyl + | Ty — Tim|| shows (T,,z) is also Cauchy. Completeness
of Y then ensures T,z — Tz, and Lemma 4.19 confirms 7" € B(X,Y). [

~N
Corollary 4.21 (Weak* convergence of functionals)

For a sequence of bounded functionals {f,} on a Banach space X, the condition f, LN f holds if
and only if

(A) {||fnll} is bounded,
(B) For every z in some total subset M C X, {f,(x)} is Cauchy in the scalar field.

In other words, this “weak™” convergence of functionals parallels the strong convergence of operators
in a one-dimensional codomain.

J

§4.9 Open Mapping Thoerem

If V is a vector space over the field F and A C V, then for v € V and « € F, the sets A+ v and A
are defined as
A+v={a+v|ac A} and aA={aa|ac A}. (4.12)

Lemma 4.22

A bounded linear operator T from a Banach space X onto another Banach space Y has the
property that T (B (0, 1)) contains an open ball centred at 0 € Y.
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Proof. Let B, = B(0,27"). So By =B (O, %) For any z € X, z € kB for some k > 2 ||x||. Therefore,
X = Upren kB1. Since T is surjective and linear,

Y=TX)=T (U l-zBl) = G KT (By) . (4.13)
keN k=1
kT (Bl) - kT (Bl) - Y, SO
Y = |J kT (B1) = |J kT (By). (4.14)
k=1 k=1

Since Y is complete, by Baire’s Category Theorem for Complete Metric Spaces, kT (Bj) contains an

open ball B (ag,r) for some k. Let yo = 92 and € = 7.

B (au,7) CFT BN = KT B — Bw.e) =B (2.7 ) CTTB. (4.15)
Let B* = B (yo,¢). By translating, B* —yo = B (0,e) C T (B1) — yo. Now we want to show that
B* —yo C T (By). It suffices to show that T'(B1) —yo € T (By).
Let y € T (B1) —yo. Then y+yo € T (B1). yo is also in T'(By1) as B (yo,€) C T (B1). Then there are
sequences Uy, v, € T (B7) converging to y + yo and yo respectively. Since uy,, v, € T (B1), up = Tw,
and v, = Tz, for some w,, z, € B.

1 1
lwn — 2| < lwnll + |20l < 3t 3= 1 = w, — 2, € By. (4.16)

T (wy, — 2z) = up — vy, converges to y + yo — yo = y. Therefore, y € T (By), proving that T (By) —yo C
T (By). As a result, B* —yo = B(0,e) C T (By).
B, =B(0,27") =2""B(0,1) = 2 "By, s0

T(B,) =T (2 "By) = 2-"T (By). (4.17)

Since B (0,¢) C T (By), scaling by 27" gives us B (0,27 "¢) C T (B,,). Now, finally, we shall prove
that B (0, %5) C T (By). Take y € B (0, %5). B(0,27¢) C T (By), so y € T (By). Then there exists
v =Tz € T (By) such that

g
ly —oll = lly = Taall < - (4.18)

Soy —Txy € B(0,272¢) C T (Bs). Similar as before, there exists zo € By such that

£
ly = Ty = To| < <. (4.19)

Continuing this way, in the n-th step, we shall find x,, € B,, such that

n
y— Z Tz;
i=1

9

< Gar1- (4.20)

x; € By, so ||z|| < 27% Set z, = x1 + 22 + - - + z,. We claim that (2,,) is a Cauchy sequence. Fix
¢ > 0 and take N € N such that 2V¢ > 1. Now, for n > m > N,

n

>

i=m+1

n n
< D> lull< Y 2t=2m<2 N <e (4.21)
i=m+1 i=m-+1

20 — 2m| =

So (z) is a Cauchy sequence, and hence it converges to some x € X since X is complete.

n n n (@)
||33’:‘nh_{1§o§:195i = i || < i 3 il = 3 il (4.22)
1= 1= 1= 1=
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Therefore,

@] < [yl + > o] < 54—2”@-\\ < 5+Zz =1 = ze€By=B(0,1). (4.23)
i=2 =2 =2

Since T is bounded, it is continuous. z, converges to x, so Tz, must converge to Tz due to continuity.
However, from (4.20),

n
y_ZTfL'i

i=1

< (4.24)

Hy - TZnH =

2n+1

gives us that Tz, converges to y. Therefore, Tx = y. Since © € By, y € T (By), proving that
B (0, ) € T (Bo) =T (B(0,1)). m

Theorem 4.23 (Open Mapping Theorem)

A bounded linear map 7" from a Banach space X onto another Banach space Y is an open mapping,
i.e. it maps open sets to open sets.

Proof. Let A C X be open. We need to show that T'(A) C Y is open. Take y = Tx € T (A). We need
to find r > 0 such that B (y,r) C T (A).
Ais open and z € A, so B (z,e) C A for some ¢ > 0.

B(m,e)gA:B(o,s)gA—x:>B(o,1)g§(A_g;). (4.25)

By Lemma 4.22, T'(B (0, 1)) contains an open ball B (0,ry). 7' (B (0, 1)) is contained in T’ (% (A— :E))
Therefore,

B(0,r0) C T (i (A—:E)) _ %T(A—x) _ é T (A) — Ta] = % T (A) ). (4.26)

Therefore,
eB(0,m9) CT(A)—y = eB(0,70) +y =B (y,r0e) CT (A). (4.27)
Since y € T (A) was arbitrary, T'(A) is open. [ ]

Corollary 4.24 (Bounded Inverse Theorem)

If a bounded linear operator 7 : X — Y between Banach spaces is bijective, then 7! is continuous
bounded.

Proof. Firstly, we will show that 7! is linear. If Tz; = y; and Tas = ys, then T (ax; + fx3) =
ay1 + By by the linearity of T'. As a result,

T (ay1 + Bya) = axy + Bra = Tty + BT tys. (4.28)

Now we will show that 77! : Y — X is continuous. If A C X is open, (T’l)_1 (A) =T(A) is
also open by Open Mapping Theorem. Therefore, T~! is continuous, and hence it is bounded by
Theorem 2.20. |

§4.10 Closed Linear Operators

Lemma 4.25
Let X and Y be Banach spaces. Then X x Y is also a Banach space with respect to the norm

1@, )l = NIzl + [lyll - (4.29)
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Proof. One can check that the abovementioned norm on X x Y satisfies the properties of a norm. Let
zn = (T, yn) be a Cauchy sequence in X x Y. Given € > 0, there is N € N such that for m,n > N,

1z = 2mll = 20 = Zmll + lyn = ymll <& = |lzn = 2mll <eand |lyn —yml <e. (4.30)

So, both x, and ¥, are Cauchy sequences in X and Y, respectively. Since X and Y be Banach spaces,
x, and y, converge to x € X and y € Y respectively. We claim that z, converges to z = (z,y).
Given € > 0, there are positive integers N1 and Ny such that for n > Ny and m > N,

o —all < 5 and flym -yl < . (4.31)

Now, for n > max { N1, Na},
2 = 2ll = e — 2l + lyn —9ll < 5 + = = <. (4.32)
Therefore, z, converges to z proving that X x Y is complete. |

Definition 4.14 (Closed Linear Operator). Let X and Y be normed spaces, and T: D (T) C X — Y
a linear operator. T is called a closed linear operator if its graph

G(T) = {(z,Tz) | z € D(T)} (4.33)

is closed in the normed space X x Y equipped with the norm defined in (4.29).

Theorem 4.26 (Closed Graph Theorem)

Let X and Y be Banach spaces, and T': D (T) C X — Y a closed linear operator. If D (T) is
closed in X, T is bounded.

Proof. By Lemma 4.25, X x Y is a Banach space. Closed subsets of complete metric spaces are also
complete. Therefore, both G (T') and D (T') are complete. Let P : G(T) — D (T) be the projection
map.

P(z,Tz)=x. (4.34)
P is linear since it maps « (z,Tx) + 5 (y, Ty) to ax + By. P is also bounded, since

1P (z, Ta)|| = ||zl < |lz]| + [|Tz]| = ||(z, T2)]- (4.35)

P is bijective. Therefore, by Bounded Inverse Theorem, P~! is bounded. So, we have ||(z,Tz)| <
I[Pl llz||. Therefore,

|7l < 1T + o]l = [ Ta)| < || 27| 1] (4.36)

Hence, T' is bounded. n

Theorem 4.27 (Closed linear operator)
A linear operator T': D(T) C X — Y is closed precisely when the condition below is satisfied:

If z, € D(T) and z,, — =z, while Tz, — y, then x € D(T) and Tz = y.

Proof. (=) Suppose T is closed. By definition, its graph

G(T) = {(z,Tx): = € D(T)}
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is a closed subset of X x Y. Now assume z, € D(T) with z, — z in X and Tz, — y in Y.
Then (zy, Tzy) — (z,y) in X x Y. Since G(T) is closed and each (z,,Txy,) € G(T), it follows that
(x,y) € G(T),s0ox € D(T) and Tz = y.

(<) Conversely, suppose that whenever z,, € D(T), z, — x, and Tz, — y, we conclude z € D(T)
and Tr = y. We claim that G(T') is closed. Take any sequence (x,,Tx,) = (z,y) in X x Y. Then
x, — x and Tz, — y, so by hypothesis we must have x € D(T') and Tx = y. Hence (z,y) € G(T),
proving G(T') is closed.

This completes the proof. |

This property is not the same as the property that a bounded linear operator T" automatically has:
for a bounded linear map, the domain is all of X and it is already guaranteed to be continuous, so
sequences in X with x,, — z imply (T'z,,) — Tz. In contrast, an unbounded operator on a proper
domain may fail to be closed, or may be closed but unbounded, as the next example illustrates.

Example (Differential operator)

Take X = ([0, 1] (continuous functions on [0,1]), and define
T:D(T) - X, T(z) = o,

where D(T) is the set of all z € C[0, 1] that are continuously differentiable. Then T is not bounded
but is indeed closed.

Proof. We check closedness using Theorem 4.27. Suppose (z,,) C D(T) with z,, — x in the uniform
norm on C0, 1], and (T'z,,) = 2}, — y for some y € C[0, 1]. Since uniform convergence on [0, 1] implies
x], — y also in the uniform norm, we can write

t
xn(t) = x,(0) +/ 2 (1) dT.

0
Passing to the limit, we see

¢

o(t) = a(0)+ [ y(r)dr.

0

so 2'(t) = y(t) and = € D(T'). Consequently, Tx = a2’ = y, showing T is closed. [ ]

Observe that in this example the set D(T) of differentiable functions is not closed in X, so T' cannot
be bounded (the Closed Graph Theorem would have forced boundedness otherwise).

Closedness versus boundedness. Closed does not imply bounded, and bounded does not imply
closed.

o A closed operator can be unbounded (e.g. the differentiation operator above).

o Conversely, one can have a (trivially) bounded operator that is not closed if its domain is a proper
dense subspace, as in the identity on a dense but smaller domain of X. Then by extending that
operator to a limit point not in the domain, one breaks the condition in Theorem 4.27.

Lemma 4.28 (Two criteria for closedness:)

Let T : D(T) — Y be a bounded linear operator with D(7') C X, where X and Y are normed
spaces. Then:

(a) If D(T) is a closed subset of X, then T itself is closed.

(b) If T is closed and Y is complete, then D(T") is a closed subset of X.
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Proof. (a) Suppose (z,) C D(T) and z,, — z. If (T'zy,) — y as well, we must show = € D(T") and
Tz =y. Since D(T) is closed and z;,, — z, it follows x € D(T'). Also, because T is bounded, Tz, — Tz
(i.e. T is continuous). Thus y = T'z, establishing that T is closed.

(b) Pick = € D(T), so there is a sequence (z,,) C D(T") with z,, — z. By boundedness,
[Tzn = Tem| = T | 2n = 2ml],

so (T'zy) is Cauchy in Y. Completeness of Y ensures Tz, — y in Y. Since T is closed, x € D(T") and
Tz = y. Hence x was already in D(T'), showing D(T) is closed. [ |

68



B

=)

&2

bliography

John B. Conway. A Course in Functional Analysis. Springer, 1990. 1SBN: 978-3540960423.

Erwin Kreyszig. Introductory functional analysis with applications. Wiley, 1989. 1SBN: 978-
0471504597.

Walter Rudin. Functional Analysis. McGraw-Hill, 1991. 1SBN: 978-0070542365.

Elias M. Stein and Rami Shakarchi. Functional Analysis. Princeton University Press, 2011. ISBN:
978-0691113876.

69



	Preface
	Recap of Real Analysis, Topology and Linear Algebra
	Metric Spaces
	p space

	Normed Space and Banach Space
	Normed Space, Banach Space
	Examples of normed spaces
	An Incomplete metric space and it's completion
	Example of metric space  (X,d) whose metric can not be induced from a norm

	Finite dimensional normed spaces and their subspaces
	Further Properties of a normed space
	Convergence of sequences in normed spaces

	Finite dimensional normed spaces and their subspaces
	Compactness and Finite Dimensions
	Linear Operator
	Bounded and Continuous Linear Operator
	Examples of Bounded Linear Operators

	Linear Functional
	Normed spaces of operators

	Inner Product Space and Hilbert Space
	Inner Product Space
	Further properties of inner product spaces
	Orthonormality

	Fundamental Theorems of Normed Spaces
	Zorn's Lemma
	Hahn-Banach Theorem
	The Adjoint Operator
	Additional Properties of the Adjoint Operator
	Reflexive Spaces
	Baire's Category Theorem in Complete Metric Spaces
	Strong and Weak Convergence
	Strong Convergence
	Weak Convergence
	Comparison of Strong and Weak Convergence

	Convergence of Sequences of Operators and Functionals
	Open Mapping Thoerem
	Closed Linear Operators


